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Abstract

The note is aimed at giving a complete characterization of the following equa-
tion in p:

L(5 = 25T (s + 525) B I(2420)\2
PTGEresE - ) (Fe=er)

1 p—1

The method is based on some key transformation and the properties of the
Gamma function. Applications to fractional nonlinear Lane-Emden equations
will be given.

1 Introduction and main results

In this note we consider the following equation for p

where p > —"-— and (s, n) satisfies

O<s<g7neN+.

(1.1)

(1.2)

Equation (1.1) appears frequently in the study of fractional Lane-Emden equation (see [2, 5]), the frac-
tional Yamabe equation with singularities (see [4, 7]) and also some high-order equations (see [3, 8], where
s = 2). For example, consider the singular solutions for the fractional supercritical Lane-Emden equation,

n
— 25

(=A)w = [ulf"tu, p>
n

By Lemma 1.1 of [5], the singular radial solution of (1.3) us is given by

(g —29)0(s+ 52
us () :A|$|7P2j, where AP~! = (QV p 1)_2(, p)l).
L) (5™ = o55)

p—1 p—1

By Herbst’s generalized Hardy’s inequality ([9])

/n/n _y‘n+2s dxdy > T n—423 /]R“ || ¢dz,

ks )?
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ug is stable if and only if the following inequality holds

» : S = - (1.5)
P(pfl)r( 22 - pfl) I( 42 )

while it is unstable if " R s 9
F(f_pfl)r(s—’_p 1) (F(nz 8)>2 (1 6)
F( s )F(n72s __s ) F(n72s) .

In [5], it is proved that for 1 < s < 2,if p > 1,p # Zf%i and p satisfies (1.6) then all stable and finite
Morse index solutions to (1.3) must be trivial. An open question is the classification of the range of p for
which (1.5) or (1.6) holds. In this paper we shall give an affirmative answer to this question.

Our first result concerns the classification of the roots of (1.1).

Theorem 1.1. Assume that n > 2s,s > 0,p > —2—. There exists ng(s) € Nt such that

n—2s

(1) if n <ng(s), then (1.1) only has one real root p and

425 =2+ 2a, /1
N —25—2+2a,yn

where ay, s satisfies ﬁ < aps < %"&%s + ﬁ and is the unique positive root of the function f, s(a)
defined in (2.3) of Section 2.

(2) if n > ng(s), then (1.1) has exactly two real roots py and p2, where

n+2s—242a,/n n+2s—2—2a,:vn

b= n—2s— 2+ 2a, s\/n’ b2 = n—2s—2-2a,./n

Moreover, there holds

5
< < < < . 1.7
n_g2s PSSP oo (1.7)

n+ 2

Remark 1.1. The integer no(s) is the largest integer such that
n—2s—2—2a,:/n<0. (1.8)
Hence when n > ng(s),n — 2s — 2 — 2ay, s4/n > 0 and thus py is well-defined.

As for the inequalities (1.5)-(1.6), we have the following necessary and sufficient conditions.

Theorem 1.2. Assume that n > 2s,5 > 0,p > "5-. Then there exists no(s) € NT such that for the
inequality (1.6), we have

(1) if n < ng(s), then the inequality (1.6) holds if and only if

n 425 — 2+ 2a,5y/1
n—2s— 24 2a,s/n’

p>p1i=

(2) if n > ng(s), then the inequality (1.6) holds if and only if

n+2s— 24 2a, /N n+2s —2— 2a, /0
p1 = <p<p2:= - )
n—2s — 24 2a,sy/n n—2s—2—2a,s\/n
where
n < <n+28<n+23—4< -
0.
n —2s P — 2s n—2s—4 P2



Remark 1.2. The root p1 appears in the Lane-Emden equation with singularities and also fractional Yamabe
equation with singularities, while the root py is essential in the study of stability of solutions to the fractional
Lane-Emden equation. In the literature, when s = 1, the root pa is usually called Joseph-Lundgren expo-
nent (See Joseph and Lundgren [10] and Farina [6]). When s = 1, the root p1 plays an important role in
constructing singular solutions for Lane-Emden equation with subcritical exponent (Chen-Lin [1]).

The following corollary gives a complete classification on the stability of the singular radial solutions to
(1.3).

Corollary 1.1. Assume thatn > 2s,s > 0,p > ——_ Let u, be given by (1.4). Then there exists no(s) € N
such that

(1) if n <ng(n,s), then us is stable if and only if p > p1;
(2) if n > ng(n,s), then ug is stable if and only if

n+2s—2—2a,s/n
n—2s—2—2a,s/n

p = p2 =

In all the results above, we have the two numbers ng(s) and a, s which are to be implicitly determined.
By (1.8), ng(s) is the largest integer satisfying the following inequality

2
n < (an7s+1/a%7s+25+2) . (1.9)

The range of ay, s is important in applications. The bound ﬁ <aps < %”\7%3 + in is too rough. Next,
we give more refined and quantitative estimates on a, ;. These results show that a, s is very close to the

constant 1 when n is large.

Theorem 1.3. Assume that n > 2s,s > 0.

(1) For any 1 > 0, there exists ni(s,e1) such that an s < 1+ e; whenever n > My (s,e1) := max{(l +¢e; +
vmax{(1 +e1)2 + 25 — 2,0})%,n1(s,21)}, where ny(s,e1) is the largest real root of

((—5% —2e1)n* 4+ [ — 27 + (185 + 48)(1 + &1)*]n?
+ [(—365% — 965 — 144)(1 + 1) — 24s® — 30s + 88]n”
+ [(245® + 192s% + 2885 + 192)(1 + 1) + 605 + 64s — 144]|n
+ 485 + 21657 + 35252 + 2885 + 192) = 0.

(2) For any 2 > 0, there exists na(s,e2) such that an s > 1 — e whenever n > Ma(s, e2) := max{(l — ey +

vmax{(1 —e2)2 + 25 — 2,0})2,n2(s,22)}, where na(s,e2) is the square of the largest real root of the
following equation (about variable t)

((gg +269)t8 — 2(1 — £2)3° + [18(1 — £2)2 — 185 — 39]t*
+[—4(1—e2)®s —6(1 —e2)]t?

+ [(125* 4 365)(1 — £2)* + 365” + 1445 + 158]t*

—12(1 — £9)st — 245> — 1325 — 2605 — 192) =0.

(8) limy, s 400 Gns =1 for any fized s> 0.

Remark 1.3. Theorem 1.3 gives precise thresholds for a, s. In fact, for a fized range of s, say s € (2,3),
we have 0.7 < a, s < 1.5 as long as n > 44. Moreover, from the Table 1, we have a quantitative estimate of
the constants T1(s,e1) and Tia(s,e2) (See Theorem 1.3).



Table 1: The location of a, ;. For simplicity, we set a, s :== A.

s& A A<15 | A>06 | A<12 | A>08 | A<11 | A>09
s€(0,1] | n>28 n > 20 n > 46 n > 37 n>"7T9 n>71
se(1,2] | n>36 n > 26 n > 63 n > 51 n>110 | n > 100
s€(2,3] | n>44 n >33 n>79 n > 65 n>141 | n > 128
s€(3,4] | n>52 n > 39 n > 96 n>"79 n>172 | n> 157
36(4,5 n > 59 n > 46 n>112 | n> 93 n>204 | n> 186

Remark 1.4. Using the estimates for a, s we can have some estimates on the critical dimension ng(s).
More precisely, for any €1 > 0 we have

no(s) < max{ny(s,e1), (1 +e1 + /(1 +¢1)2 + 25 + 2)?}.

If we select that e1 = 1, we get the Table 2 below.

Table 2: The estimate of ng(s) for various s.

s,m1(8,€1),n0(n, 8),no(s) ni(s,e1) < no(n, s) < no(s) <
s € (0,1] 22 24 21
se (L2 28 27 97
s€ (2,3 33 30 33
s € (3,4] 39 33 39
s € (4,5] 1 36 11

(1.10)



Remark 1.5. Although the explicit formula of a, s may be very complicated for general s > 0, we have seen
by Theorem 1.3-(3) that ay s lies around the constant 1. Therefore, the roots p1,ps obtained in Theorem 1.1
and 1.2 have the following asymptotic formulas:

n+2s—2—|—2an)s\/ﬁNn+23—2+\/ﬁ
n—25—2+2an./n  n—25—2++n
n+2s—2—2a,y/n _n+2s—2—/n
n—2s—2—2an./n n—25—2—+\/n

p1 =

p2 =

On the other hand, to get more precise estimates on the roots p1,p2, we just need to select suitable €1,£5 in
Theorem 1.3.

Remark 1.6. Recall that when s = 1, the Joseph-Lundgren exponent is given by the following formula (see
Joseph and Lundgren [10], see also Farina [6] ):

( 3 { 00 ifn <10,
bPiL\n, s = 1) =9 (n—2)2—4n+8y/n—1 .
: (7’272)(71710) ifn=>11.

For the bi-harmonic case, i.e., s = 2, Joseph-Lundgren exponent is given by (see Gazzola and Grunau [8],
see also Davila, Dupaigne, Wang and Wei [3]):

00 if n <12,

pJL(na s = 2) = n+2—\/nz+4—n\/n2—8n+32 Zf n>13
n—6—\/n2+4—n\/n2—8n+32 =

In our setting, we obtain the universal Joseph-Lundgren exponent for any s > 0, that is,

n+2s—2—2a,:n
n—2s—2—2a,./n

pJL(na S) =p2 =

In particular, when s =1,

( ) 00 if n <10, (1.11)
U el e |
where
n—1
an,l = .
n

In this case (i.e., s = 1), the root p1 was obtained in Chen-Lin [1] for Lane-Emden equation with subcritical

exponent, where
n+2a,1v/n n+2vn—1

pr= n—4+2a,1vn n—4+2/n—1

See Remark 1.2.

When s = 2,
( %) { 00 if n <12, (1.12)
psL\n,s = =\ n+t2—2a,2v/n . .
771_6_2%;\/5 if m > 13,
where

o 2(n —1)(n? — 2n — 2)
™2 n(n2 444 n/(n—4)2 +4)

Here we notice that
lim a,;1= lim a,2=1
n—-+o0o n—-+oo
Remark 1.7. We may also consider equation (1.1) when n is any positive number satisfying n > 2s. In fact
from the proof below we have used n as a continuous real variable. Theorems 1.1-1.2 hold for general real
number n > 2s.



2 Key transformations and analysis

At the first glance, equation (1.1) looks complicated. In this section we introduce a key transformation which
puts it in more symmetric form.
First we let

Since T'(s + 1) = sT'(s), (1.1) becomes

(2.1)

Y

L(%E)(s+ £ +1) _ (NHQ%))Q

o5+ Pk AT
Here we notice that, the sum of the variables of the Gamma function in both the numerator and the denom-
inator on the left hand side of the above equation (2.1) is equal to%% + 1 and "_225 + 1, respectively. To
make sure that all the variables in the Gamma function in (2.1) have the term in + %s or the term in - %s,
we introduce a new parameter a € R satisfying

n—(2s+2)
2

k:= +ay/n. (2.2)

For the reason why the term /n appears, see Remark 3.1. This is a key point. Now (2.1) reads as

L(in+ 35+ 5+ say/n)0(Gn+ 35+ 5 — 5a/n) (F(in + %s))2
L(in—3s+ 3+ 3ay/n)(4n — 35+ 5 — say/n) I(in—3s)
Now we focus on the new variable a € R. Taking the logarithm on both sides above we see that (2.1) becomes

1 1 1 1 1 1
lnF(Zn + 28 + 5 + ia\/ﬁ) - lnF(Zn—F 55)

1 1 1 1 1 1
+InT(=n+ =5+ = — —ay/n) —InT(=n+ =s))

4 2 2 2 4 2
1 1 1 1 1 1
- (lnI‘(Zn —5stg+ ia\/ﬁ) - lnF(Zn - 58)
1 1 1 1 1 1
— (lnF(Zn —55+5 - ia\/ﬁ) - lnl"(zn - 58)) =0.

Correspondingly, we denote the left hand side (LHS, for short) of the above equation by the following

LHS :=g1(n,s,a) + g2(n, s,a) — gs(n, s,a) — ga(n, s,a) = 0;
LHS ::gl(nv Sva) =+ 92(71, S, a’) - (93(”’7 S,a) + g4(na S, a)) = 07

LHS ::fl(nvsaa) - f2(n>s>a’) =0
which can be written as
fn,s(a) :== fi(n,s,a) — fa(n,s,a) = 0. (2.3)

We note that, to make sure that all the expressions in the Gamma function above are meaningful, we
need that —2 < k < n — 2s, equivalently,

1n—2s 1 < <1n725+ 1
——— - — << = — F+ —.
3 Vi n NN

Using the above notations, we first observe that f,, s is an even function.

(2.4)

Lemma 2.1.

fn,s(_a) = fn,s(a)‘



Proof. Tt can be checked directly. O

By evenness we can only discuss the function f, s(a) for positive variable a € [0

1n— 1
) n\/ﬁ + ﬁ) Only.
To obtain further properties of f,, s(a), we introduce the following function

_d ~ I'(x)
U(z) = £<ln(f‘(x))> = Tl
It is known that -
. 1
v () = (-1)m* m!; G ML

For z > 1, we note that

1 Foo 1 > 1
mam / G L

+oo 1 1
< - - y=—
—/o @t+y— YT @ —1)m

Therefore, by letting m = 2k and m = 2k + 1 respectively, we have the following estimates on the derivatives
of ¥(x):

— 25k < UON() < =2k, (25
S <0 (@) < SO0 m =2k + 1. '
Lemma 2.2. Ifn > 2s, s >0, then f, s(0) > 0.
Proof. Consider the function InT'(3n + 15+ z) — InT(4n — 15+ ) for > 0. Since s > 0, we have
d 1 1 1
2 (rGa+ - (0 — -
o (TGt g +0) —In (2” 12+ )
1 1 1 1
—U(nt S W(in— - .
(2n+4s+x) (2n 4s+x)>0
Hence we obtain that
1 1 1 1
Fns(0) 72(1nr(§n+ls+2)—1 r(= n—l—zs))
1 1 1 1 1
2<1nI‘(§n 18 + 5) - lnF(in — Zs))
=2(InT ! ! InT L
= (n (§n+18+ x) —InT(= n—zs—i—x)) la=1
1 1 1
—2(lnF(§n+Zs+x) InT(= n—is—i—x)) le=0
>0.
O

We further prove that

Lemma 2.3. Ifn > 2s and s > 0, then fns(ﬁ) > 0.

Proof. By definition we have that

frs(—) = lnf(in—kés—l— 1) —1In F(4n+ls)

T 2
(1nF(4n— %s—&— 1) — lnf(in— %s))

We divide into two different cases.



Case 1: s > 1. Then we have
1

fn, 3(7) lnF(4n + 55 +1)— lnF(4n + 58)

1 1 1
T (7= 55 +1) = InD(zn - -s))
(n (4n 28+) n (4n 25)

1 1 1 1
—U(ont = -
(4n+ 25+91) (4n 28+92),

where 61,05 € (0,1) by the mean value theorem. Since (in+ 3s+61) — (dn—3s+65) =s+6, — 62 > 0,
and z > 0, ¥'(z) > 0, we obtain the conclusion.

Case 2: 0 < s < 1. Then we have

1 1 1
fnS(T) lnI‘( n+ 55—}—1) InT(- n—§s+1)
1 1
(lnI‘( n+§s) InT(= n—is))
_ 1 1 1 (0%}
—s(\Il(Zn—i— ?s—i—l) \I/(Zn—&-7s))7
where a1, € (—1,1) by mean value theorem. Since (;n+ Sts+1) — (jn+ %s) =14+ 95%2s>1—-5> 0
and z > 0, ¥’'(z) > 0, we get the conclusion. O

Lemma 2.4. Let a > 0. Then we have f;L7S(O) =0 and f;7s(a) <0 ifa>0.

Proof. By direct computation we have that

Fu.s(@) Z%\/ﬁ((‘l’(in + %s + 1Ot\/ﬁ) - \I’(in — 1s + 1a\/ﬁ))
(\Il(in—kfs—fa\f) V(= n—fs—faf)))

Since fi, s(a) is an even function, it follows that f s(0) =0.
For a > 0, let us consider the function ¥(in + x) + U(in —z) for in >z > 0. By (2.5) we infer that

d 1 1 1
2w v _):\1,/, —W(cn— f .
dm( (4n+ r) + (4n ) (4n+x) (4n x) < 0,for x >0
As a consequence we deduce that
d Ll .
L fusta) = v (WG + ) + (G = 2) Lo ey
1
—(U(gn+a)+ xp( n=2)) lamts avm ) <0.
0
Lemma 2.5. Ifn > 2s, then
fn,S(a) |a %"\;H-\F —00.
Proof. If a = ;”\/ES + f’ by a direct calculation, we have that 1 in = 75 + 5 — fa\/ﬁ = 0. Thus In F(
15+ 1 — fay/n) = +oo. Note that
1 1 1 1 1
lnF(Zn —5s+5+ ia\/ﬁ) = lnF(g(n —25)+1),
1 1 1 1
lnI‘(fn +=s+=—=ayn)= lnI‘(s),
2 2 2
1 1 1
lnI‘( T +2+2af) InT(= n+1)
Therefore, f(n,s,a) \a:% nozey 4 = —00. O



Lemmata 2.1-2.5 yield the following result.
Theorem 2.1. Assume that n > 2s,s > 0 and a satisfies (2.4).

(1) The equation fn s(a) = 0 admits precisely two real roots which are opposite numbers, we denote them

as fay s. Moreover, ﬁ < lp,s < %n\;%s n ﬁ

(2) The inequality fn.s(a) > 0 holds if and only if —an s < a < Gp,s.
Now we return to the variable k. Recalling that k£ = % + a+/n, by Theorem 2.1 we immediately
have
Theorem 2.2. Assume that n > 2s,s > 0 and a satisfies (2.4).

(1) The equation (2.1) of variable k has and only has two real roots, we denote as ki, ks. Moreover,

—(2 2
ky = %QH) - an,s\/ﬁa ko =

n—(2s+2)

D) + an,s\/ﬁa

1n—2s + 1

where % <ans <35 Tn

(2) The inequality (1.6) holds if and only if k1 < k < ka.

Now we turn to the original equation (1.1) and the corresponding inequality (1.6).

Proofs of Theorems 1.1-1.2. Applying Theorem 2.2 above, we get ki, ko, where k1 = w — Gn, sV,

ko = % + ay, sy/n. The only difference between Theorem 1.1-1.2 with Theorem 2.2 is that in Theorem

1.1-1.2 £ > 0. Since p > 1 in Theorem 1.1-1.2, recalling that 2_51 =k, we have k > 0. However in Theorem
2.2, the region of k, that is —2 < k < n — 2s, is natural from the fact that the Gamma function is positive. It
can be easily checked that —2 < k; < n — 2s, "_225 < k <n—2s since ﬁ < lp,s < %"\7% + ﬁ Therefore
the solution k; may be non-positive. So we need to divide into several cases, the borderline determined by

the following equation

— (2 2
k= w — ap,sv/n=0.

Solving this, we have either

Vn=ans— /02 ,+254+2 or Vn=a,s+ /a2, +2s+2.

Since an s — /a2 . +25+2 < 0, we have that ky > 0 if and only if n > (an,s + (/a2 , + 25+ 2)?. The rest
of the proofs follow from Theorem 2.2. O

3 The location of a, ; and further discussion

In the section we focus on the constant a,, s, which is crucial in our discussion above, i.e., the critical dimension
no(s) and the roots of p; and py of (1.1). In the following, we shall give both lower and upper bounds of the
function f,, s(a). Using these bounds, we can have better estimates for a,_ s which yields that

lim a,s=1 for any fixed s> 0.
n—-+oo



Lemma 3.1. Forn > 2s+4,n > (a++/max{a2 + 2s — 2,0})2, we have the following upper bound for f, s(a)

fn,S(a)
1 1 143
S3(1 1‘,» _41+4a7;+ 1 1s 3(2a\/ﬁ+2))
45 7
= - —3a® 4+ 3)n* + 2a>n2 + [ — 27+ (18s + 42)a?|n?
3(n—2sf4)3(n+25)2{( a® + 3)n* +2a°n% + [ — 27 + (185 + 42)a?]n 51)
+ (8a%s + 6a)n? + [(—365> — 1205 — 144)a® — 24s% — 305 + 86]n>
+ (8a%s? + 24as)n? + [(24s° + 16852 + 2885 + 192)a’ + 60s% + 565 — 144]n
+ 24as®n? + 48s* + 2165 + 34452 + 288s + 192}
and the following lower bound
fn,S(a)
>s( 1 jtie’n 1 (za "—%)3)
" \ints (Gn-5-12 (An-35-1)3 3
4s 5
= —3a +3)n® — 2a®n3 + (184> — 18s — 39)n? (3:2)
3(n+25)(n—25—4)3(( @ +3)n a'n? + (18 s n

+ (—4a®s — 6a)n? + [(125 + 365)a> + 365> + 1445 + 158]n
— 12asn? — 245° — 1325% — 260s — 192).

Remark 3.1. Here we obtain better estimates through the transform k = W—i—a\/ﬁ. The term w

seems natural which guarantees that all the variables in the Gamma function of the equation (1.1) have the

part %n—&— %s or in — %s

Proof. If n > (a + \/max{a® + 2s — 2,0})? then all the expression in the Gamma function of the function
fn.s(a) are positive.
We take the Taylor’s expansion of the function g;(n, s, a):

91(n, s,a) :\If(in - %s)(% + %a\/ﬁ) + \I/’(in + %S)%%i?fn)?
R s AL
+ ‘1’”(% - 02123)(5—53‘!@3;
sty =i~ Lg(L s Loy s wida Lyt dov®
TR PR S a8
ul5.0) =w(kn — 22 = Lo w1y G e/
1 0 1_1 3
+ V(G- 2 )(2 23? n)

10



Adding these up and applying the mean value theorem, we have

fnxs(a) = gl(TL?S’a’) + 92(n78aa) - 93(7178704) - g4(n785a)

1 1 1 1
1 1 1 1 1 1
1= - W (i - -2
+<\Il(4n+28) \I/(4n 25))(4+4a n)
1 o, 1 6y (2 + Sayn)?®
\I’H - il _ \I’H - _ el %
+( (zn+ 5% "= S)) 3!
1 012 1 fa2 \ (3 — 3ay/n)?
" " 2 2
M e R e ) e
1 1 1 1
= s(qf’(zn + %s) + \If"(zn + %S)(Z + Za2n)
911 + 921 " 1 a3 (% + %a\/ﬁ)3
R U
021 + 022 " 1 Qy (% B %a\/ﬁ)s
SEAS T
Tty (n+39 3! ’

where §;; € (0,1), a4 € (—1,1). Now in view of the derivative estimates of ¥(x) in (2.5), we get the upper
and lower bounds of f,, s(a). Notice that

frns(a) <eci(n,s,a) ((—3@2 +3)nt + lower—order—term),
fln,s,a) > ca(n, s, a) ((—3a2 +3)n3 + 1ower—order—term>.
Let n = t2. Then all the lower order terms are lower order polynomials, that is,
frs(@) n=r2< ci(n, s, a) ((—3a2 +3)t® + lowcr—order—tcrm>,
fn,s(@) ln=z> c2(n, s, a) ((—3@2 +3)t° + lower-order—term).

Let a®> > 1, then there exists t; = ti1(a) > 0, such that for any ¢t > t;, there holds (—3a? + 3)t® +
(lower-order-term) < 0. Hence for any a > 1, there exists t; = t1(a) > 0 such that f, s(a) < 0 when
n > t?. By Lemma 2.2, we see f,s(0) > 0. Thus, there is a point ag € (0,a) such that f, s(ag) = 0.
Furthermore, since f, s(a) is non-increasing, then ag is the only real root on interval [0, +00).

On the other hand, for any a > 0 such that a? < 1, then there exists t; > 0, such that for any ¢ > tg,
there holds (—3a? + 3)n® + l.o.t > 0. Therefore, for £1,&5 > 0, there exist t; = t1(e1),t2 = t1(g2) > 0, such
that when n > max{t?, 2}, there holds

frs(L+e1) ln=z< c1(n, s, 51)( —3(e? +2e)t® + lower—order—term) <0,
frs(1 —€2) |n=iz> ca(n, s,€2) (352 (2 - 82)t6 + lower—order—term) > 0.
Thus, there is an a € (1 — 2,1+ £1) such that f, s(a) = 0 for n > max{t?,t3}. Besides, since ¢ is arbitrary
small, we get that a — 1 as n — 4o0. O
2s

By the inverse transformation of k = P and k = w + a+/n, a direct consequence of the above
lemma is the following corollary, which complements Theorem 1.1.

Corollary 3.1. For any 1,65 > 0, there exist a € (1 — e2,1 + 1) and ng = ng(e1,€2), for n > ng, the
equation (1.1) has and only has two real roots py and po:

n+2s—2+2ay/n n+2s—2—2ay/n

L s 21 2ayn 2T R 25—2—2am

and a = ap,s = 1 as n — +00.
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Remark 3.2. Generally speaking, when 1,69 — 0+, ng will be larger and larger; however, when 1,e9 are
far away from 0, ng will be smaller. That is, to make sure the existence of such roots, we need to choose the
parameters 1,9 suitably away from 0. On the other hand, to get more accurate estimates on the roots, we
need to select 1,9 — 04 properly, which requires that n must be large.

Now we turn to the inequality (1.6). By the transformation above, the inequality (1.6) is equivalent to
fn,s(a) > 0. Then we have the following

Corollary 3.2. Assume the inequality (1.6) holds. Then for any 1,62 > 0, there exists an a = ap s €
(1 —e2,14¢€1) and ng = ng(e1,e2), such that for all n > ng, we have the following

n+2s—2—|—2a\/ﬁ< <n+28—2—2a\/ﬁ
n—2s—2+2a/n L n-2s—2—2a/n

and a = ans = 1 as n — +o0.

Remark 3.3. Generally speaking, when 1,9 — +0, ng becomes larger while ng becomes smaller when €1, e
are far away from 0. Therefore, to find the optimal bound, we need to choose both parameters in an optimal
way.

To obtain the optimal ng(e1,e2) and also optimal upper and lower bound about p in (1.6), we need to
generalize Lemma 3.1. As before, we take the Taylor’s expansion of the functions g;(n, s,a) to m order.

11 (3+3ay/n)t?

, S, — \I/(]) + = :
(. s,a) ;O N A
1 6u (5 +3ay/n)"F?
glmt Lt (g aavn) T
+ o o
m 1 (l _ la\/ﬁ)j+1
— g (= Ze)N2 2
g2(n;,a) ;) R A P
. \I;(m+1)(1 n 92 )(% — %a n)m+2
4 2 (m+2)
- 1 1 (3+3ay/n)it?
— @) (= Ze)N2 T2
ga(n, s,) jz:; R A PR
1 01 (3 + tay/mn)mt?
gt L P2 (5T 9 .
+ Gr—739 ’
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Here ¥ = ¥, Adding these up, we have that
f(n,s,a)

:gl(n,s,a)JrgQ(n,s,a)fgg(n,s,a g4(n,s,a)

)

o 1 1 i1 1
_ Gz S g, o
Z(\I’ (n+39) - vGn =3 G+ 1)

1,1 +2
+ (\I,(erl)(}n %5) _ \p(m+1)(in _ @S» M

4 2 (m+2)!
10 10 (5 — zay/n)"+?
gt Lo 2 gy Lo Y22 N5 T v
+( (4n+ 5 s) (4n 5 s)) 1 2)]
m ) 1 .y (l + la\/ﬁ)j-i-l + (l _ la\/ﬁ)j-i-l
= G+ (= Fiyi2 T2 23
S(Z‘P (gt 359 G+1)! )

7=0
011 + 621 1 amp (5 +zav/m)™
2Ty (mt2) - 2 T2

T e Pl

Qo ) (2 - %a\/ﬁ)m+2)
2 (m 4+ 2)! ’

where 6;; € (0,1),a € (—1,1). When m = 2, we have the following

0 0 1
i 12; 22\I,(m+2)(1n+

Lemma 3.2. Assume that n > 2s +4,n > (a + y/max{a® + 2s — 2,0})%. Then we have

1 1+ 31a°n 2! (i N larzn))

f"’s(“)gs(l — 24" 8

D I e T
4s

= ((—3a2 +3)n* + [ — 27+ (185 + 48)a’|n?

3(n —2s —4)3(n +2s)?
+ [(—365* — 965 — 144)a”® — 245° — 30s + 88]n”
+ [(24s® + 192s* 4 2885 + 192)a” + 605> + 64s — 144]n

+ 48s* + 21653 + 35252 + 288s + 192),

and 1 1.2
1 1t tan 20 1 1
fas(@) 2 s( 5 = T (5 + ca’n)
m+s (Gn—-5-12 (n+5)3°24 8
3! 11 4, 1, )
Tn—s—nitoz T " T e
4s

= —3a® + 38 + [ — 6a* + (=65 + 36)a®
3(t2+25)3(t2—2s—4)4(( @*+3)n” + [ = 6a® + (=65 + 36)a

— 125 — 51]n° + [ — 36sa* + (245 — 276)a® — 12s* + 90s + 316]n*

+ [ — 725%a" + (485® + 2885”4 648s + 1152)a® + 965> + 4085+
64s — 886]n°

+ [ — 48s%a® + (—48s" — 768s® — 3312s® — 4608s — 3072)a” — 485"

— 7205 — 22085 — 14765 + 1152 n* + [(—96s° — 192s* + 8645°
+ 460852 + 61445 + 3072)a® — 1925° — 8165 — 51253
+ 16565” 4 15365 — 1024] n + 192s° 4 14405° + 4288s*

1 62245% + 46085 + 20485 + 1024).

) (3 + 30V + (5 = savn) ™!

Remark 3.4. Combining with the Taylor’s expansion of function f, s(a) in (3.3) and the derivative estimates
of U in (2.5), we can obtain the formula with higher order expansions. By this way, we can reduce the bounds

n1(s,e1) and na(s,e2).
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Proof of Theorems 1.3. This is a straightforward consequence of Lemma 3.1 and Lemma 3.2. O

4 Example: an application to s € (2,3).

Let p,n, s satisfy (1.6). From Lemma 3.1, we get that

Lemma 4.1. Assume that (1.6) holds. Then if n > 59, we get that 0.7 < a < 1.5 and hence we obtain the
following estimate for the second stability exponent

n+2s—2+43yn n+2s—2-3yn

<pp< . 4.1
n—2s—2+3/n P2 h_25s_2-3/n (41)

However, if we apply Lemma 3.2 with higher order Taylor’s expansion, we may improve the bound 59
and still get (4.1). Precisely, we have

Lemma 4.2. Assume that (1.6) holds. Then if n > 44, we get that 0.7 < a < 1.5 and that

n+2s—2—|—3\/ﬁ< <n—|—23—2—3\/ﬁ
n—2s—2+3yn bz n—2s—2-3yn’

These estimates are important in deriving monotonicity formula and classifying stable solutions for the
Lane-Emden equation (1.3) in the range s € (2,3). See [11].
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