A NEW TYPE OF NODAL SOLUTIONS TO A SINGULARLY PERTURBED
ELLIPTIC EQUATIONS WITH SUPERCRITICAL GROWTH
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ABSTRACT. In this paper, we aim to investigate the following class of singularly perturbed elliptic
problem

u=0 on 0A,

where e >0, n€R, A={z € R* : 0<a < |z|] <b}, N>2and f is a nonlinearity of C' class
with supercritical growth. By a reduction argument, we show that there exists a nodal solution u.
with exactly two positive and two negative peaks, which concentrate on two different orthogonal
spheres of dimension N —1 as ¢ — 0. In particular, we establish different concentration phenomena
of four peaks when the parameter n > 2, n =2 and n < 2.

{ —&®Au+ |z|"u = |z|" f(u) in A,
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1. INTRODUCTION

We study the following singularly perturbed elliptic equation with superlinear nonlinearity in
an annulus in R?2V (N > 2)

(1.1) { —?Au+[z|"u = |z["f(u) in A,

u=20 on 0A,

where ¢ > 0,7 € R, f is of C'-class and supercritical at infinity, and A = { € R?V : 0 < a <
|z| < b}. There has been plenty of results with respect to solutions with point concentration in
bounded domains. Based on an energy expansion, Ni and Takagi [32] investigated the existence of
positive solutions to the following problem with homogeneous Neumann boundary conditions and

Date: March 23, 2022.

2000 Mathematics Subject Classification. 35J50, 35J65, 35J60.

Key words and phrases. Nodal solution. Orthogonal sphere concentration. Variational method.

(1) Corresponding author: jcwei@math.ubc.ca.

(2) The research of J. Wei is partially supported by NSERC of Canada. Z. Liu was supported by the NSFC
(No. 11701267), the Hunan Natural Science Excellent Youth Fund (No. 2020JJ3029) and the Fundamental Research
Funds for the Central Universities, China University of Geosciences (Wuhan, No. CUG2106211; CUGST2). J. J.
Zhang is supported by NSFC(No.11871123).

1



2 Z.S.LIU, J. C. WEI, AND J. J. ZHANG

subcritical nonlinearity
(1.2) —2Au+u = f(u) in Q c RV,

and showed that any least energy solution has at most one local maximum, which lies on the
boundary for sufficiently small e. Ni and Wei [33] considered problem (1.2) with homogeneous
Dirichlet boundary conditions and demonstrated that any least energy solution has at most one
local maximal point, which concentrates around the point which stays with the maximal distance

from the boundary. Dancer and Yan [17] studied (1.2) for f(s) = |s[P~ s, p € (1 M) if N >3,

p > 1if N = 2. By using the Lyapunov-Schmidt reduction, the authors proved the existence of
positive multi-peak solutions under the homogeneous Dirichlet boundary condition in a general
domain 2 with nontrivial topology. For the further related results, we refer to [6,14,19,21,23] and
the reference therein.

In [35], Noussair and Wei studied problem (1.2) with the homogeneous Dirichlet boundary

condition and f(s) = |s|P71s, p € (1 N+2) if N>3,p>1if N=2. They obtained the existence

of a least energy nodal solution and showed that the nodal solution has exactly one positive and
one negative peaks converging to two distinct points P!, P2 of Q as ¢ — 0, respectively. D’Aprile
and Pistoia [24] considered problem (1.2) with the homogeneous Dirichlet boundary condition and
established the existence of nodal solutions with multiple peaks concentrating at different points
Q. We also see [1,4,5,8,18,42,43,45] and the reference therein.

Ambrosetti, Malchiodi and Ni [2, 3] considered another type of concentrating solutions which
concentrate on lower dimensional manifolds. They were concerned with the problem

—e?Au+V(r)u = f(u) in B,
(13) { u=20 on 0B,

in an annulus B = {x € RN : 0 < a < |z| < b}, where V is a smooth radial potential and
bounded below by a positive constant. By introducing a modified potential M (r) = V=1V, with

0= ﬁ — 3 and M'(b) < 0 (respectively M’(a) > 0), they proved there exists a family of radial

p081tlve solutlons which concentrate on the sphere |z| = r. with r. — b (respectively r. — a) as
e — 0. They also conjectured in [2] that for N > 3, there also exist solutions concentrating to
some manifolds of dimension 1 < k < N — 2. Concentration of positive solutions on curves was
considered by del Pino, Kowalczyk and Wei [22]. It was mentioned in [34] that such solutions are of
particular interest for applications to models of activator-inhibitor systems in biology. For related
results about concentrating on higher dimensional manifolds, we can also refer to [10, 11,27, 28]
and the references therein.

By virtue of a Hopf-fibration approach, Ruf and Srikanth [37] considered problem (1.1) with
n =0, f(s) = |s[P~1s (p maybe supercritical) in R*. They transformed the problem in an annulus in
R* to a three-dimensional one, which can be allowed to get solutions with single point concentration
similarly to the well-known results by Ni-Wei [33] and del Pino-Felmer [21]. Inverting the Hopf
reduction, they obtained solutions concentrating on S'-orbits in R* which tend to the inner
boundary of A as e — 0T. Later, Pacella and Srikanth in [36] used a reduction approach to
consider (1.1) with n = 0, f(s) = |s[P71s, 1 < p < 2 and proved the existence of positive and
sign-changing solutions concentrating on one or two ( — 1) dimensional spheres. As pointed out
n [37], it seems impossible to extend the results in [37] to odd dimensional cases. Actually, only
even dimensional cases are considered in [36,38,39]. In [40], Santra and Wei first used the Hopf
fibration to study problem (1.2) with the homogeneous Dirichlet or Neumann boundary condition
in an annulus A for any N > 2. Actually, they reduced the problem to one in R?, which yields that
the nonlinearity is allowed to be polynomial growth of arbitrary order. Moreover, the solutions
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concentrate on the inner boundary and outer boundary of A under the Dirichlet and Neumann
boundary conditions, respectively. Via a Hopf reduction, Manna and Srikanth [29] considered the
least energy solution of (1.1) with f(s) = |s|P7ls , 1 < p < £&3 and showed the existence of
positive solutions with two peaks concentrating along two spheres which are orthogonal to each
other. For related concentrating works, we can see [15,30,39,41,46] and the references therein.

Recently, Clapp and Manna [16] studied the problem
—?Av+v= v 20inQ, v=0ondQ,
in domains of the form

Q= {(?Jl,yz) ER™IXR™L: (g1, 1) € 6)},

where m > 1,n > 3 and © is a bounded smooth domain in R with © ¢ R*! x (0,00) and
pE (2 2—") . For particular choices of ©, the authors established the existence of single-layered

' n—2
and double-layered sign-changing solutions, which concentrate on spheres that converge to a single
m-dimensional sphere contained in 92. As mentioned in [16], the existence of sign-changing
multi-peak solutions with more than two peaks is largely open. The aim of this paper is
to exhibit some new concentration phenomena for sign-changing solutions of problem (1.1).

We state the following conditions for f € C*(R,R).
(f1) f(t)=o(t) ast — 0, f(t) = o(tP~!) for p € <2, 2]1\>f_+12) as t — 0o, and f is odd.
(f2) There exists p > 1 such that t2f'(t) > uf(t)t > 0 for t # 0.

Remark 1.1. By virtue of (f1) and (f2), we can conclude that

t
)= (1 +pF) >0, t£0, F(t) = [ f()ds,
0
which is called as the well-known Ambresstti-Rabnowitz condition. Moreover, by (f2) we also
conclude that
f@®)

t— ~ is strictly increasing for t > 0,

which plays an essential role in proving the existence of ground state solutions by using Nehari
manifold arguments.

To state the next condition, we consider the following problem in the whole space

{ ~Au+u= f(u) in RNFL

(1.4) u >0, in RN+,

whose energy functional J(u) : H'(RV*1) — R is given by

_ - Vul? + = _ F .
J(’U,) 5 it ’ u\ 5 /N+1 u’dx /N+1 (u)d$

Now we state condition (f3) as follows.
(f3) Problem (1.4) admits a unique positive solution U(z) = U(|z|) (see [31]) such that

(1.5) |DU (x)| < Cy exp(—olz|), = € RN forsome C1,0 > 0andall |o| < 2.
Let us consider A under the coordinate system

A=1 x (I x SN=1 x gN-1),
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where I = (a,b), I = [0,7/2) and SV¥~! has the standard polar coordinate expression. For any
x € A, we write

x=x(r,0,01,05, 08, _1,0705 0% ),
where 7 € I and 0 € I, 0] € [0,27) for i = 1,2, 0% € [0,7) for i = 1,2 and j = 2,...,m — 1. We
now state our main results.

Theorem 1.2. Assume (f1)-(f3) hold, then problem (1.1) has a nonradial nodal solution ue with
exactly two positive and two negative peaks, which concentrate on two orthogonal spheres with
dimension of N — 1, placed by the angle 6 = 0,0 = 7, belonging to the inner boundary |z| = a if
1 > 2, and belonging to the outer boundary |z| = b if n < 2.

Theorem 1.3. Assume (f1)-(f3) hold, then problem (1.1) with n = 2 has a nonradial nodal
solution u. with exactly two positive and two megative peaks. More precisely, two positive peaks

concentrate on two orthogonal spheres with dimension N — 1, placed by the angle 6§ = 0,0 = 7,

which are contained in the surface || = $3/3a2 + b2 (or |z| = Va2 + 3b%), and two negative peaks
also concentrate on two orthogonal spheres with dimension N —1, placed by the angle = 0,0 = %

2
which are contained in the surface |z| = 1v/a2 + 302 ( or |z| = 1v/3a% + 12).

We emphasize that in [12], Bartsch, D’Aprile and Pistoia investigated an almost critical problem
with domain satisfying some certain symmetry and used a Lyapunov-Schmidt reduction scheme to
construct a four-bubble nodal solution with two positive and two negative bubbles. See also [13].
The authors in [20] also studied an almost critical problem in a ball and obtained the radial nodal
solutions with many bubbles concentrating at the center of the ball as ¢ — 07. Different from the
above works, in this paper we are concerned with the supercritical case. The proof is mainly based
on a Hopf-fibration reduction, energy estimates, blow-up argument, Morse index techniques and
the Nehari manifold approach. Moreover, the precise locations of concentration are also considered.

Hereafter, the letter C' will be repeatedly used to denote various positive constants whose exact
values are irrelevant. This paper is organized as follows. Some notations and preliminary results
are given in Section 2. Section 3 is devoted to the energy estimates of nodal solutions. In Section
4, we prove Theorem 1.2 and investigate the inner and outer boundary concentration. Section 5
is devoted to the proof of Theorem 1.3 and the concentration on the interior of the annulus A is
studied.

2. PRELIMINARY RESULTS

Consider R?V as the product of two copies of RV, that is, R?N = RY x R", and so we can
denote a point = € R?YN by 2 = (y1,y2), i € RY,i = 1,2. Let us take in RY spherical coordinates

(pl,ei,...,e}vfl), (p270%7'”7912\f71)7
where p1 = |y1] and pz = |ya| and 0] € [0,27], 0% € [0, 7] for j =2,...,N —1;i=1,2.

Remark 2.1. For z = (z1,....,2x) € RN, we consider the spherical coordinate (p,01,...,0n_1),
0; € 0,m],i=1,....,N =2, 0y_1 € [0,27], p = |2|, then

z1 = psinby...stnfy_1,

29 = psinby...sinbn_scosOn_1,
21

ZN—1 = psinbficosts,

ZN = pcost.
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Furthermore, let us define
T

) 5]7
then for each a point x € A, we have the following expression of coordinate
x=(r01,..,05 1,02, ..,.6% _1,0).
Note that function u € HE(A) depends only on r and 6, that is, u = u(r,6), and u is invariant
under rotations in yi, y2. Thus,
ue X = {ue Hy(A): u(x) =ullyi]yal)}-
Actually, the expression of the Laplacian in these coordinates is given as

2N —1 N -1 _cosf sind U,
ApeNt = Upp + . Uy + U,Q[ i

p1 =rcosh, pay=rsing, r=|z[, 0€]0

r2 sinf 0039] r2’

Let us define the new variables )
p= 57‘2 =20
and the function v(p, ¢) = u(r(p),8(y)) = u(v/2p, 5). Then we have

Up = /200y, Upr = 2pVpp +Vp,  Ug = 20y,  Ugg = dVUpyp.

By defining 2 = 21_352, we have v satisfies
N N—-1 cos v 2
—62 Vss + ?’Us + T’U@ 14 22

v f(v) a
T T T _m>» € (4,
sinp  s2 } + si=3  ¢1—3 s€( 2

So we have the reduced equation for v as

{ —2Av + S f() in €,

), ¢ € [0,m].

|

(2.2)

E

v=20 on 01},

where @ = 1 — 2, Q = {z € RN*!| a—; < x| < %} Obviously, v is axially symmetric. Define

n
PR
Hy(Q) C H(Q) by

Hy(Q) = {u € Hy(Q) : u(@,zn+1) = ull2’], |zn+1])}-
Observe that any nodal solution in Hy(2) is axially symmetric and shall have at leat two local
maximums or minimums. It is easy to see that Hy(2) is a closed subspace of H{(Q) and
H&,rad(g) C Hy(€2). The energy functional J. associated with (2.2) is defined as
2 2
T (u) ::i/ Vul + 1 “—d:c—/ W) g e ),
2 Ja 2 Ja Q

|| kg

and is of class C'. The following remark implies that we can directly look for sign-changing critical
points of J; at Hy(Q2).

Remark 2.2. Let us define group G := O(N) x Zy and the action of a topological group G on a
normed space H} () by a continuous map
Gx HY} Q) — HJ(Q): g-u—gu, YVgeC
such that
l-u=u (gh)u = g(hu), Vg,h € G
and
u> gu islinear, ngHH&(Q) = HuHHé(Q), Vg € G, andu € H} ().



[§ Z.S.LIU, J. C. WEI, AND J. J. ZHANG

Then we define space of invariant points as follows
Fix(G) := {u € H}(Q) : gu=u, Vg€ G}.
It is easy to check from the definition of Hy(S2) that Fix(G) = Hy(S2). Hence, by the well-known

principle of symmetric criticality developed by Palais (see [44]), we have if u is a critical point of
Je restricted to Fiz(G) then u is a critical point of J. at HE(Q).

For d € (%,%), let W(x) = U(3%5) with U € H (R 1) defined in (f3), it follows from (1.4)
that W will satisfy

—Au + u_ 7f(u) in RN+,

2.3 e de
(2:3) >0, lim u(r)=0 in RVFL
|z]—o0

Define the Nehari set in Hy(€2) corresponding to J. as follows
Ne = {u e Hy(Q) : ut #0, J(uvF)ut =0},

where u® denote the positive and negative part of u, respectively. We will prove the existence of
the least energy nodal solutions to equation (2.2) by using deformation technique for .J; restricted
at Nehari set V.. We can see [9,35] for the similar results.

Theorem 2.3. The following conclusions hold:

(i) For any u,v > 0 belonging to Hy(Q) \ {0} and uwv = 0, there exist exactly two constants
t >0 and s > 0 such that tu — sv € N.

(ii) For fized € > 0, equation (2.2) has a sign-changing solution u. € Hy(S2) such that
Ce i= Jo(ue) = infyepn. Jo(u).

Proof For any nonnegative functions u,v € Hy(2) \ {0}, by (f1) and (f2), there exist exactly
two constants ¢, s > 0 such that J.(tu)tu = 0 and J.(sv)sv = 0, respectively. If the supports of u
and v are disjoint, then tu — sv € N.

It remains to prove (ii). It is easy to see from (f2) that J. is coercive and bounded from below on
N:. Thus, there exists a minimizing sequence {u,} C N: such that J.(u,) — c. as n — oo. It is
easy to obtain from (fa) that {u,} is bounded in Hy(€2). Up to subsequence, we may assume that

up — ue. weakly in Hy(Q),

2N + 2
up, — ue strongly in LP(Q2) for p € (2, ~ +1 ).
From (f1)-(f3) we deduce that [, [uf[Pdz > C for some C > 0, and so [q |uZ[Pdz > C. Since
JL(u)uf = 0, by the weak lower semi-continuity, there exists a unique ¢ € (0,1] such that

JL(tul )tur = 0. Similarly, there also exists a unique s € (0,1] such that J.(su_ )suZ = 0. Hence,
tul + suZ € N;. Based on the definition of c., by (f2) we have

ce < J(tul +suZ) = J(tul) + J-(sus)

-2

e [vat P Pide + 5 [ (VP o+ fu )]
20 Q Q

w—2 _ _

P2 9 i Bade [ 90z P+ oz 2]

-2
H lim inf [/ (|[Vun|* + |Un|2)dl‘]
Q

2# n—00

IN

= Ce,
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which implies that ¢ = s = 1. That is to say, u. € N: and J.(u:) = c.. It suffices to prove
JL(ue)p = 0 for any ¢ € C§°(£2). Assume by contradiction that J.(u.) # 0, then by the continuity
of J., there exists § > 0 and ¢ > 0 such that || J.(v)| > cif [v—uc|| < 35. Define D := (3,3) x(3,3)
and [(s,t) = sul + tuz for (s,t) € D. Note that, by (f2), we have for (¢,s) # (1,1)

(2.4) Je(sud +tug) = Je(sul) + Je(tuz) < Je(ul) + Je(ug) = ce,

which yields that

C = I(s,t
c (t%g)aiD Jeol(s,t) < ce.

Let us set v := min{ %5, %‘S} and denote B(ue,d) by the ball in Hy(Q2) of radius ¢ centered at ..
Arguing as Lemma 2.3 in [44], we obtain a deformation ~y satisfying

(a) v(Lu) =uifu¢g Je_l([cs —2v, ¢ + 2v]),

(b) (1, J&=* N B(ue, 6)) C JE,

(c) J-(v(1,u)) < Je(u) for all u € Hy(Q).
Based on the above facts, we have immediately

(2.5) (tn;)axi Je(v(1,1(t,s))) < ce.

Let us define g(s,t) :=~(1,1(s,t)) and

JL( I JL(su; )u),

)= (Ot
<1J +(s,t),iJé(g_(s’t))g—(s,t))'
f2

t
Since u. € Ng, by (f1) and (f2), we have deg(Go, D,0) = 1. By virtue of the definition of
¢ and conclusion (a), we have ¢ = [ on dD. And so, we immediately obtain deg(Gi,D,0) =
deg(Go, D,0) = 1, It yields G1(s,t) = 0 for some (s,t) € D. So, g(s,t) :==~v(1,1(s,t)) € Nz which
yields a contradiction by combining (2.5) and the definition of ¢.. The proof is complete. O

In order to prove that sign-changing solution u. € Hy(f2) of equation (2.2) in Theorem 2.3
is a nonradial symmetric solution, we need to estimate the Morse index with respect to energy
functional J. which is defined at Hy(2). Consider the Hilbert space H := Hy(€2) N H?(f2), which is

endowed with the scalar product from H 2(Q) Denote by ||| i the induced norm. Define functions
Yi:H—-R, YTi(u / |Vut2dz = / Vu - Vutdz,
Uy :H—-R, Uy(u /| B —u+ f(u))u *dz.

We recall some results in [7] where some properties of the above functionals were obtained at space
H () N H%(Q). The same proof is valid for the following Lemma.

Lemma 2.4. The following conclusions hold:
1) Ty € with derivative u) € Hy given by
Y. € CY(H) with d T, HY(Q b

T\ (u)v == / ((—Au)v + VuVo)dz.
F+u>0
(i) W4 € CY(H) with derivative given by

V(= [ ol S )+ (e f)olde,
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(iii) The set No N H is a C*-manifold of codimension 2 in H.
(tv) m(ue)=2, where u. is a sign changing solution obtained in Theorem 2.3 and m(u) denotes
the Morse index of critical point u of J. at Hy(2).

Lemma 2.5. Nodal solution u. € Hy() of equation (2.2) is nonradial.
Proof Let u € Hp,qq(2) be a radial nodal solution of (2.2). Then by the elliptic regularity

estimates, we have u € H. Using conclusions (i) and (ii) of Lemma 2.4 and (f2), a direct
computation yields

W2 — () (uE)2
Jé’(u)(ui,ui):/962|Vui|2dx+/g( ) |J;|(2 S g,

uF)ut
S_(M_l)/(zmdx<0'

(2.6)

On the other hand, it follows form Lemma 2.2 in [29] that we can construct a v € Hy(f2) by
taking v(r, ) = u(r)(c+ cos(2¢)) for ¢ € [0, 7], where the co-ordinate system of € is taken as the
standard polar co-ordinate system and c is chosen so that u and v are orthogonal in L?(£2). That
is to say,

b%/2 pm
/2/2 /0 u*(r)(c + cos(2¢))rY sin¥ "lodrde = 0.

Av takes in the standard polar coordinate system the form

N 1 N — 1 cosp
Av = vy + 7”7« + 7721)%9 + 7“72

—T
sing *’

and then
1 4e? 4(N —1)e?

= W(f(U) — fl(w)u)(c + cos2p) + g cos2p + o cos?¢p.

By making the change of variables and integrating by parts, we have

J (u)(v,v) :/Q ria[f(u)u — f(w)u?](c + cos2p)?dx + /Q 4;22u2cos2g0(c + cos2p)dx

4(N —1)e2
+ (72)53U20082g0(6+ COS2<,0)d.CL‘
Q r
0 b2 b2/2
=G / [f(wu— f'(u)u?]rN~dr + 46> Cy / rN=2u2dr
a?/2 a2 /2

2
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for some C1,Cy,C3 > 0 independently of . Take Cy = (a?/2)* 2 if a < 2; C4 = 1 if a = 2 and
Cy = (b*/2)*=2 if @ > 2. Then by (2.7) and (f2), we have

b2/2 b2/2
T w)o,0) < C [ Ifwu— e Cdr 4 420+ (N = DGIC [t
a?/2 a2 /2
b/2 b2/2
<C /2 (1 — p) f (wur™N =%dr 4+ 4e?[Co + (N — 1)C3]Cy /2 PN=a2
a?/2 a2/2

< Cl(,u — 1) /al;//;[u2 _ f(u)u]rN—adT

=—C(p— 1)52/ |Vul|?dz < 0
Q
for C' > 0 independently of &, where the third inequality we choose € small enough so that
462[02 + (N — 1)03]04 < Cl(,u — 1).

We now prove that {u™,u™, v} C Hy(Q2) are linearly independent vectors. If v and u™ are linearly
dependent, then v = ku™ for k € R. Clearly, k # 0. According to u and v being orthogonal, we

have
/ uvdzx :/ kuu®dr = k/ lut2dx > 0.
Q Q Q

It is a contradiction. Similarly, we can obtain v,u~ are linearly independent. Hence, we see that
the Morse index of any radial nodal solution u is greater or equal to 3. Recalling Lemma 2.4 (iv),
we deduce that u. € Hy(2) is nonradial. The proof is complete. O

3. THE ENERGY ESTIMATES

We now state an upper estimate for energy c. defined in Theorem 2.3.
Lemma 3.1. For small € > 0, there exist di,ds > 0 such that
c. < 2N (@ TVE £ a8V W) o)),
where U € HY(RN*Y) s the unique positive solution of equation (1.4).
Proof Define

Adla) = o0 W) ol ()
1
Bula) = o1 WAl Q) ol (),

dy
where P = (0,d;) and @ = (0, ds) for some dj,ds > 0 and d; # dz, and ¢ is a non-negative smooth
radial function supported in Ba,(0) with [V¢| < % and

[ 1 forrel0,4],
o(r) = { 0, forr e [2v,+00),

where v is chosen so that
|d1 dy|
— F

Note that W; and Wy are least energy positive solutions of equation (2 3) with d = d; and
d = dy, respectively. Clearly, A.,B. € Hy(§2). Observe that the supports of ¢( a/2)W1(z Py,

max {ME , 27d§} < min{dist(P,d), dist(Q, o90)),
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qb(zg/];)Wl(xtP), o(= b E EQ) and d)(xjg)Wg(HQ) are disjoint each other for small e. Based

on the definition of ./\/257 there exist exactly two constants t., s > 0 such that
(3.1) Ce:=t- A — s-B- € N,

whose energy is given as follows

g2 1 AL FC
JJQ%:QAJVQ&u+2AJQLM_A;éﬁ%x

According to (3.1), one has

(3.2)
gl—N
/ Ve Pdx
2 Ja

l—NtQ 9 EI—NSQ 5
E/WAE\ dw+—€/ VB, |*de
Q

gl=N¢2 T — — P\ gl=N¢2 x+ P z+ P\
= d
AN Dm0 e+ S5 [ v (o S W)
1N g2 2 1-N 2 2
-Q e Vsz r+Q r+Q
/‘ ( o @y _ )) R /Qv o W) )| e
=L+ 12+ I3+ 14
A direct computation yields
1 (v-1)¢ 2
n=n—gd" e [ v (eEnU))|
2w/€( )

and

2

1 (N-1)% dy

Iy=Iy=5d ﬁé

1 (N-1)%

_ 2 2
5" R [ IvUPay 0|

@@W@)

2v/£(0)
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where we use the fact that Wi () = U( e —7z) and Wa(-) =U (W) Using the dominate convergence
theorem, the following estimates hold true ’

2
o~ (1+N) / C
Q 2|z|*
—(14+N) 2 |A:[? —aany 2 [ 1Bl
= tZ dx 4 e )35/
Q

o 2jale 2fae
BEFW(2E) P (=5 )W (2£8)

_ _(1+N)t2/ d —(1+N)t2/ 1 d
€ e /g 2] T +e e /g 2] T

|&( g/2)Wz(”” %) B2 Wa(*E2) P

(3.3) ~(1+N) 2/ di 4 e~ () 2/ 2 d
+e sz A 2] T+e€ sz A 2] €T

_ (N1 o ()T (y)I? |¢(59)W1(1+P)|2
=d, iz o/ dy + o3 dy
B2-y/e 2|P+€d y‘a B2'y/s(0) 2|5d y— P‘a

+d§N1)3s2[/ [¢(ey)U(y)[? dy+/ [6(ey)U (y) | dy]
LB, 0) 21Q + edS Pyl By (0) 2|edS?y — Q|

2v/e
~1)g s

(N-1)5 52
—d, 5 URNH U?dx + O(s)] +dy 5 [/RNH Udz + O(E)} :

Moreover, we have

sy [ FC)
Q [z|*

:8—(1+N)/ F|(v’45)dx+8_(1+1v)/ F(B:) .
xaa

||
(3.4) w Wi (£E)) (m(xjﬁ’) 1(TER))
__—(1+N) —(1+N)
=~ U+ / 2 de + e Ut / = dx

F(s:0(59)Wa(229)) F(s:0(5E2)Wo(219))
+57(1+N)/ d2| | dz —i—ef(HN)/ d dx.
Q x|

0 |z

By Fatou’s lemma and (f2), if - — oo as € — 0, one has

E,(1+N (t€¢( a/2) ( ;P)) (N—l)% (t5¢(5y> (y))
2 /Q ‘x’cx do = d, /Bzw/e e

t2 |P+€d2y\a

and if s, — co as € — 0,

c—(1+N) (3€¢( a/z) ( ; )) g S

Sg 2+, (0) sg|Q+gd2§y|0‘

Then it follows from (3.2) that ¢., s are bounded uniformly for £. Assume that

(35) te > 1o > O, Se — Sp = 0,
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as € — 0. By the dominate convergence theorem,

F(tep(57) W1 (%25)) o
5_(1+N)/ c /2 - dfC :dgN_l)i/ F(tEé(Ey)gU(y))dy
Q !m\ Bayy(0)  |P 4 ed?yl®

(N-1)

[, Py + o).

Similarly, we also have

Bt scb(zi/f) 1(ZE5)

o [ o ar=d" [ Pty o)
Fseo(43)Wa(259)) -
(36) .~ /Q d2|/m|a dzx = dy V2 U F(soU (y))dy + O(E)} ,
RN+1
F(s:0(EEQ)Wa(2£9)) .
o [ S V[ [ Ry + 0]

In view of the above facts, we immediately have

_1ye [t2 t
D) g (0 = 24V [ 0 / VU de + 0 / U2dz — / F(toU)da:nLO(e)}
2 N+1 2 JrN+1 RN+1
(3.7) _ns [
2dy |2 — F .
+2d! [2 /RN+ VU 2dx + 2/ do /RNH (soU)dx—i—O(s)}
Based on the definition of ¢. and recalling Theorem 2.3, we have
Ef(NJrl)ca
e 2 2
=24V max 7/ yVU|2dx+—/ U2dx—/ F(tU)d:J:—i—O(s)]
te(0,400) | 2 JRN+1 2 JrN+1 RNA+1
(38) (N-1)2 s s?
+ 2d, max —/ ]VU|2da:+—/ Uzda:—/ F(sU)dac—{—O(s)}
s€(0,400) | 2 JRN+1 2 JrN+1 RN+1
<o[d™ V% 4 a5 W) + 0(e),
The proof is complete. U

Since u. € Nz and uF # 0, by Sobolev’s inequality and (f;), we have for any € > 0, there exists

C: > 0 such that
2 F +
CHU:I:HP / |v :i:| |u5| dz S/ (UE)dl‘
Q

Eds kg

< = [ eluP + CofuPye,
from which we deduce that there exists C' > 0 independent of € such that
/ luPdz > C > 0.
Q

By Sobolev’s embedding, Moser’s iteration, we can show u. € L*°(Q), and then by the elliptic
estimates, u. € C1(Q). Indeed, it follows from (3.8) that there exists C' > 0 independent of £(small
enough) such that max,eq [ue(z)] < C. Let us(P:) = maxyeq u:(x) and u-(Q:) = mingeq us(z)
for some P., Q. € (.
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Define
Q' i={r=(x,oy11) €Q: zn1 >0}
(3.9) O ={z=(x,2n41) €EQ: zy41 <0}
0 :={r=(x,2n41) € Q2: zy41 =0},
then Q@ = Q' U Q2 U Q°. Assume that
(3.10) lim P. = P, lim Q. =Q

e—0t e—0t

for P,Q C Q.
Lemma 3.2. Ase — 0T, we have
() mm{dzst(iPE,BQ) dist(£Q:,00)}

— 00, and

B .

(”) mm{dzst(:ﬁ:PE,Q‘;) Jdist(£Qc,2
Proof We firstly prove the first conclusion of Lemma 3.2. We use similar arguments as Theorem
2.2 in [33] to show conclusion (i), see also [37]. We firstly prove dist{P.,02}/e — oo as ¢ — 0.
Since e2Au, = ﬁ(uE — flue)) and e2Au.(P.) < 0, we have u.(P.) < f(us(P:)) which implies
by conditions (f1) that there exists ¢; > 0 such that u.(FP:) > ¢;. Assume on the contrary that
there exists ¢ > 0 such that lim._,o dist{P-,09Q} /e < c. Thus, we may assume that P. — Pe 01,
that is, |P| = a*/2 or |P| = b?/2. Using a “boundary straightening" around the point P, we
may assume that P is the origin and the inner normal to 9Q at P is the direction of the positive
xN41-axis. Define we(z) = us(G(ge + £x)) where G is a “straightening map” defined by

Gg: Bn/e(o) N {xNJrl > _ag} C RN 5 0

and G(q:) = P.. Here, kK > 0 and a. > 0 is bounded and a. — a > 0. By elliptic regularity
theory, w. — wp in CfOC(R]OXf) (see [33]), where RN+1 = {z(x,2n41) € RN 2y, > —a}, and
wq satisfies

_ fw)
P \O‘ [Pl
w(z) =0, on 8]1%\{11.

—Aw + w >0, in R]a\{:[l,

Form Theorem 1.1 in [25], we deduce that wg = 0. It contradicts with wp(0) = lim._,o w:(0) =
lim. g u:(P:) > ¢1. The other cases can be proved similarly.

It remains to prove the second conclusion of Lemma 3.2. We first claim P., Q. ¢ Q° for € small
enough. Here we only prove that P. ¢ Q° for £ small enough, and similar arguments to @ hold
true. Assume by contradiction that there exists {e,} satisfying e, — 07 such that

(3.11) P., = (x.,,0) € Q°

with |x8 | = d.,, and such that d., — d for some d > “2 , as n — +oo. Clearly, uc, (P:,) > ¢ and
|xc,| > 4 for large n. Thus, for ﬁxed n, we can always ﬁnd k points

P! = (x.,0)€Q with[x. |=|x,], i=1,..k

En
such that
P! —Pl|>co, i#], 4,j=1,...k
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for some ¢y > 0. Clearly, |P! | = \P5n|. The definition of Hy(Q) implies that u.,, (P-,) = ue, (P! ),
and 80 ue,, (P. ) > ¢y for i = 1,..., k. Recalling Theorem 2.3, we have for any given R > 0

En

or = [ o e, e, — Flue,))da
Q

[ "2

>Z/

(3.12) 1

f(uen)ugn — F(ue, ))dx.

nR(PL, |$|a

Here, we have used the fact that the supports of B, g(P! ),i = 1,...,k are disjoint for any given
R > 0. By making the changes of variables v (y) = uc, (eny+ P~ ), using elliptic regularity theory
and the boundedness of {uc, } in Hy(€2), we obtain v. — v’ in C% (RN*!) as e, — 0T. Moreover,
the elliptic Li-estimate with ¢ > 1 yields v* € C?_(RN+1) n W24(RN+1). Obviously, v¢ # 0 due
to us(0) > ¢; > 0. Then using the similar argument as in Lemma 3.1, v* solves equation (2.3)
with d = |P|. By applying the well-known Moser iteration, we can show that |v¢| € L>®(RN).
Furthermore, by comparison principle, we obtain

. _ % _
(3.13) [v'(z)| < Cre P12 U for x € RV, i =1,k

— oL R —
for some o}, > 0. For any given large constant R in (3.12), we put kg := Cre” 5 for some Cy > 0.
Then for n large enough, we have

(3.14) vl —w ) < KR

ZHCQ(BQR(O —

From (3.12), we deduce that
(3.15)

k
|
=1

Br(0) |enx + PL |
k
_ Z e, Nt
=1

o (e~ F (L ))da

11 i i
/BR(O) W(ﬁf@ o' = F(v'))dz + A )}

- N+1|p|g(N-1) 1, = _ A
=> e P [/BRP_Q/Q(O)(Qf(U )T — F(U ))d:c+A)]

k
= p|5(N-1) 1oz i g [ L i i
WSS [/RN“(J(U)U FO)do — [ (GHOO = F(O)de + 4|,

where D := RN\ Bps_a/2(0), and U'(-) = v*(|P|2-) is a nontrivial solution of equation (1.4),
and

; 1 1. , L1 |
A :/ —_— (= i [— A ¥ d —/ _ - Nt — F(v'))d :
Br(0) Iz-:n:c+Pgn|a(2f(”€n)”6n (vz,))dzx Bn(0) ‘P’a(gf(v Ju (v'))dzx
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which can be rewritten as

’ 1 1 1. ,
AZ :/ < - — - > _ 7 i F i d
Br(0) |5na:+Pgn|a |Pi | (Qf(van)vgn (van)) T

E'VL
1 1 1 ) ) )
[ e ) G, — P )
Br(o) \|PZ | [P/ 27 e :

. L : e i _1 AP i
+ /BR(O) Lf)’a(Qf(va")ven F(Uan) 2f(v )’U + F(U ))dl’

::Ai (en) + -Aé(gn) =+ Aé@ﬂ)'

Since v, is uniformly bounded and f is of class C', by the mean-value theorem, one has

1 1
lenw + P21 [F

(3.16) |Al(en)| < C dzx < Cgen,.

Br(0)
By the dominate convergence theorem, we also have

(3.17) AL (e,)] < c/ LI
Br(0)

@—’P’ad$—>o, n — 0.

From (3.14) and the fact that v, is uniformly bounded and f is of class C', we deduce that for n
large enough,

(3.18) |A%(e,)] < C|Br(0)|kgr = C|BR(0)|C_'1€_%.
It follows from (3.13) that there exists Cy > 0 such that
(3.19) /D (% FO)T — F(T7))da < Che et
for some py > 0 and Cy > 0. Combining (3.15)-(3.19) we obtain
1inrgi£f en_(N'H)cgn
(3.20) > lim inf k| P|% (V1) [J(U) — Cen — [ Ai(en)| — C|BR(0)|Cre= 5" — CyeteR

=k|P|z(N-1) [J(U) — C|Br(0)[Cre= 5" — CoeriF|.

Since C,C1,Cy > 0 in (3.20) are independent of R and ¢, for n large enough, and U is the least
energy positive solution, from (3.20) we have

(3.21) en~ N > BPISV-D | J(1) — O|Br(0)|Cre™ 5" — CoetrR

Choose

P3O
20" V% 4y VR
then letting R — oo, (3.21) implies a contradiction with Lemma 3.1. Therefore, P. ¢ Q°. Similarly,
Q- ¢ Q°. We now show P ¢ Q°. Assume on the contrary that there exists {e,} satisfying &, — 0T
such that

(3.22) P., = (Xe,, T, N+1) €QY = P €Q°

k> +1,
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with |x., | = de, and such that d., — d for some d > “—22, as n — +o0o. We can use the almost

same arguments as above to get a contradiction. Therefore, P € Q' and Q € Q!, which imply by
the symmetric of u. € Hy(Q2) that

min{dist(£P:, Q°), dist(£Q., %)}
5

— 00,

as € — o0o. The proof is complete. ]

Define function space

H' :={ue Hy(Q)n HY(Q): Ou =0},
6$N+1 Qo
_ 1 2 8'&
H™ :={ue Hy(Q)NH (Q°): = 0},
8$N+1 Qo

which will be used in the following lemma.
Without loss of generality, we assume Ps, Q. € Q' then we have the following results.

‘PE_Q€|
€

Lemma 3.3. As e — 0, we have — 00 ase — 0.

Proof Assume on the contrary that |PE;7Q€| — Kk < 0o. Let us show first that x > 0. Since

2Au, = ﬁ(uE — f(ug)) and €2Au.(P.) < 0, we have u.(P.) < f(us(P.)) which implies by

condition (f1) that there exists ¢; > 0 such that u.(FP.) > ¢;. Similarly, we also have u.(Q:) < —co
for some ¢y > 0. Thus, we have u.(P:)—us(Q:) > c1-+c. If there exists one point R. € P.Q-.NINY,
then by recalling Lemma 3.2, one has

min{|R: — P-|,|R: — Q:|}/e — o0, ase — 0T,

which implies the conclusion of Lemma 3.3 holds true. Thus, segment P.Q. C Q'. From the
boundedness of {u.} in L>°(§2) and Schauder’s estimates, we deduce that ¢|Vu.| < C for some

C > 0 independently of . Thus,
P _
1t 2 < ue(P2) — 0e(Q)| < el Ve T

for some £ € Q. Therefore, k > 0 and O := lim._, @ ¢ RN\ {0},
Let us define u. = u. + . by

" — .z el
T @, w€Q?

then since u. € Hy(Q), u. satisfies the following equation

f(w)

—52Au+ﬁ: 2] e Qb

xr A

(3.23) gu — 0, x €0,
u=0, x € 00\ Q°,

whose energy functional J, o1 : H* :— R defined by

52

1 u? F(u)
_ - 2 - _
Joon(u) = 2/ Vulde 5 [ e /Q L

Ql
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We have similarly that . satisfies

—2Au + % = J’f(r;) z € 0?,
x T
(3:24) % =0, x € Q°,
u =0, r € 002\ Q°,

whose energy functional J, o2 : H™ :— R defined by

€2 9 1 u? F(u)
_— de+ > | % de— d
Je02(u) 5 /Qz |Vu|“dx + 5 /Q2 P T /92 PE x
By the definition of Hy(f2) and the fact that functional J.(u) is even at u, we immediately get
Je o1 (te) = Je 02(te) and J(ue) = J. g1 (te) + J q2(@:). It follows from (3.8) that

(3.25) J() < eV @V D2

+ a2 ) + o).

Set we(y) = us(ey + P-), then by the elliptic regularity theory, we can easily show that w.(y) — w
in C2 ,(RV*1) and w satisfies

w f(w) . N
—Aw+ —— == in RN+,
(3.26) { Pl P>
w(0) > 1, w(0) < —eo,

which implies w is a nodal solution of equation (3.26) whose energy functional is

o1 5 1 w? F(w)
00 =5 fowia 94 fo T o ol

+2 + +
/ IVwiPJr/ il d:v:/ Jww?
RN+1 RN+1 |P|a RN+1 ’P|0¢

From the above facts, we deduce that

Thus, we have

Totw) = [ ipralgf 0t — Fwlda
(3.27)

1 1
> [ SF VW = F(W)Jdz = Jp(W),

RN+1 |P|a

where W is the unique positive solution of (2.3) with d = |P|. Without loss of generality, assume
|Q| < |P|, then by (3.25) we have

Joon(ue) < 2N PINVE[I(U) + O(e)),

which implies by Fatou’s lemma that

Tpw) = [ | ol e - Fw)da

N+1 |P|a
. _ _ 1 o
(3.28) < hIEn_}gle (N+1)[JE,Q1(U€) 9 2791 (ue)ue]
1 1
< 2/RNH Fiala/ (VW = F(W)lda

= 27 5(W).
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Combining (3.27) with (3.28), we have Jp(W) = Jp(wF). Since W is the unique positive solution
of (2.3) with d = |P|, W minimizes the functional Jp on the following Nehari manifold

Np={uecHjQ): u#0, Js(u)u = 0}.

Clearly, w* € N5 and minimizes Jp on Np. Hence, it is easy to show that w¥ is also positive
solution of (2.3) with d = |P|. By the uniqueness of positive solution, we obtain w™ (z) = W (z—21)
and w™ (z) = —W (z — Z2) for some Z1, 72 € RN¥*L. Therefore, w™(x) < 0 for any z € RV ! which
is a contradiction. The proof is complete. O

In Lemma 3.1, we replace P and @ by P. and @), respectively. Similar arguments as Lemma
3.1 yield

(3.29) ce < 2eMHH(IP|VTVE 4 1QI YY) [J(U) + O(e)].
Assume u, € Hy(Q) is the nodal solution obtained in Theorem 2.3. We now show

Lemma 3.4. lim e~ VD J (u.) = 2(PN=D3 £ QWN=D3) J(1).

e—0t

Proof Let us define

r. = min {dist(Pa, 00), dist(Qs, 00)), |PE_2Q€|},

Then by recalling Lemma 3.3 and the definition of Hy(2), we can deduce that r./e — 400 as
e — 0T, and

Bre (PE)’ Brs(_PS)a Br‘e (Qs)a Bre(_QE) C Qa

which are disjoint each other. Set
D := B, (P:) U By.(—F:) U B, (Q:) U B, (—Qe).

Since u. € Hy(f2) is a sign-changing solution of equation (2.2), by (f2) we have
(3.30)
8_(N+1)J5(u5)

>e v [ y;\ (3 (e — F(u))da

1 1 1 1
— o~ (N+1) ) W(gf(ug)ua — F(ue))dx + o—(N+1) /B o) W(if(u‘a”)ua — F(ue))dx
—(N+1) E L1 —(N+1) E L1
te / 7&(710(“8)“8 - F(US))dx te ﬁ(ff(usn)us - F(ug))d$
Br.(Q:) |z[* "2 Br.(—Q:) |72

=By + By + B3 + By.

By making the change of variable v.(x) = u-(ex + P:) for # € B,_(P:), using elliptic regularity
theory and the boundedness of {u.} in Hy(Q), we obtain v. — v in C? (RVT!) as e — 0.
Moreover, the elliptic Li-estimate with ¢ > 1 yields v € CZ (RN 1) NnW24(RNV*+1). We note that v
is a nontrivial solution of equation (2.3) with d = |P|, and U(-) = v(|P|*/?.) is a nontrivial solution
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of equation (1.4). Based on the above facts, by the Fatou’s lemma, we get

o 11
hEIE(I]Ef By = 11;355# s (P2) m(if(ve)ve — F(ve))dz
1 1
(3.31) > [ B g/ ) = e

> |P|FND(0)
> |PIEN D),

where we use the fact that J(U) > J(U) since U € H'(RV*!) is the unique positive solution of
(1.4). Arguing similarly as above, we also have

liminf By > |P|2N =1 J(U)

e—0t

liminf By > |Q|zN -V (U
(3.32) iminf Bs > |Q|2 (U)

liminf By > |QzN =Y J(U).

e—0t

Since functional J is even, by combining (3.30)-(3.32), we get immediately
(3.33) liminf e~ VHD g () > 2(PWV-D5 4 QWV=D3) J(U).

e—0t
Therefore, the conclusion follows immediately from (3.29) and (3.33). The proof is complete. [

Recall that . (x) has been defined in Lemma 3.3, . (z) = uc(x) for x € Q! and satisfies equation
(3.23). Note that J_ 1 (i) = 3c., where c. has been defined in Theorem 2.3. Let us define the
least sign changing energy level of J, g1 as follows

ct = inl\%_ Jegr(u), N i={ue HY\{0}: J.on(u")u™ = J. u(u”)u™ = 0}.

€
ueN¢

+_ 1
Lemma 3.5. ¢ = 5c..

Proof Using the similar arguments as in Theorem 2.3, we can prove that there exists a least
energy sign changing solution v € H of equation (3.23) with J, g1(u) = ¢f. Since . is a nodal

Ce

solution of equation (3.23), then § > ¢f. Define v = u(x,—an41) for z € Q?, then v is a
sign-changing solution of equation (3.24), and then by symmetry, J. g2(v) = ¢I. Define

[ u(x)  zeQh
u(w) = { v(z), =€0?

then u € Hy(Q2) and
Jl(w) =0, and J.(u)=J.g2(v) + J.n(u) = 2¢.

Based on the definition of ¢., we have ¢ > %. The proof is complete. O
Let us define

Op ={yeR" | ey+ P el }, Q) ={yecR"|ey+Q. 0l },
where Qé,i are the support sets of ﬁgc, respectively.

Lemma 3.6. As e — 0, we have Qp — RNt and Qf, — RN
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Proof We first show that Qg,i are both connected domains. Assume on the contrary that the
number of nodal domains of . is bigger than 2. Let us denote nodal domain by {Q}},i =1,2,....k
with £ > 3. Let us define @, = .1 + Ue 2 + Ue 3 With

Ue; #0, Ue1 >0, Uz <0 and suppt(uc;) N suppt(ue ;) =0, fori#j, i,j=1,2,3.

Then it is easy to see that
Jé’Ql (ﬂ57i)ﬂg7i == O, for ¢ = 1, 2, 3.
By (f2), we have J. g1(u.;) > 0 for all i = 1,2,3. In virtue of Lemma 3.5 and the definition of
N, we have
3

1 o ) 5. 1
505 S J&Ql (’ug,l + U&Q) < Z J€791 (ua’i) = JE,Ql (Z u&i) = 505.
=1 =1

It is a contradiction. It is easy to see from the classical elliptic regularity theory that u. € C?(Q'),
which implies that Qéi are both connected domains.
Without loss of generality, we assume Q}gg — 9}5 and ng — Qé as € — 07. Now we only need

to prove 9}5 = qu—) = RN*! Let us define the part boundary of nodal domain Qé + as follows
O:={xe 89;#, x & Q° and x € 00}.
Since Qéi are both connected domains, © is also the part boundary of nodal domain 917,.
Obviously, 4 |e = uZ | = 0. We first show
min{dist(P:, 0), dist(Qs, O)}

(3.34) - — 0.

as € — 07. We only prove that dist(P.,©)/e — oo, the remaining part can be obtained similarly.
Assume on the contrary that there exists k1 > 0 such that lim._,o dist(P:,©)/e = k1. Thus, we
may assume that P. — P € © and there exists P. € © such that

dist(P.,0) = |P. — P.|, and P.— Pase— 0",

| Pe— P |

Then we have — K1 < 0o. Since it is easy to obtain from the Maximum principle that
there exists ¢; > 0 such that u.(P.) > ¢;. Then by u.(P.) = 0, we have u.(P:) — u.(P.) > c1.
Arguing similarly as in Lemma 3.3, we have r; > 0. Set O := lim._,o Z==f= € RVF1\ {0}. Set

we(y) = te(ey+ P:), then by Lemma 3.2 and the elliptic regularity theory, we can easily show that
we(y) = w in C2 (RVT1) as e — 0, and w satisfies

D)
(3.35) AU B = P
w(0) > ¢1, w(0) = 0.

By the well-known strong Maximum principle, we deduce that w is a nodal solution of equation
(3.35). Hence, using the similar arguments as Lemma 3.3, we have Jp(Wp) = Jp(w™), where Wp
is the unique positive solution of (2.3) with d = |P|. It implies a contradiction. Then, (3.34) holds
true. Using the fact that Qéi are both connected domains, combining (3.34) and Lemma 3.2, we
get immediately

in RNJrl’

min{dist(Px, 69;#), dist(Qe, OQ;_)}
€
from which we deduce immediately the conclusions of lemma. The proof is complete. ]

— 00, ase—0",
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Lemma 3.7. Assume u. € Hy(2) is the solution obtained in Theorem 2.3. Then u. has only two
positive local mazrimums and only two negative local minimums.

Proof Since u. € Hy(Q2) and P: is a local maximum point, the antipodal point —F; is also a
maximum point of u.. Correspondingly, - and —@Q. are minimum points of u.. Assume u, solves
equation (3.23) which has been defined in Lemma 3.3. Let us define v (y) := uZ (ey + P-) and
v (y) := u; (ey + Q¢), then by Remark 1.1, we have

_(N+1)Js QL (aa)
N+1 an( ) N+1 8(21( )
(N+1) # — 1 / \VTha ‘ Ue o ug| }
=~ Vau_ |* + dx
(3.36) 20+ 2 e :r\a ) +(| | || )

_n-l [/ (\V6+|2+7| il )dx—i—/ <‘W—,2+7|5§|2 )d:c}
2u+2lJoy T lex + P.|* a, ez + Q|

=Je a1, (vF) + Jel, (v ).
Here, J&Q}D and Js,Qb , denote functional J. whose integral region are QJIDE and Q} _, respectively.

It is easy to see from Lemma 3.4 and (3.36) that HT};FHH%Q}D) and HT;E_HHl(Q}p) are bounded
uniformly for €. Using the elliptic regularity theory and Lemmaf?).G7 we deduce that

(3.37) o - ot in CEL.RYTY  and o7 — o in CF(RMTY)

as ¢ — 0T. Obviously, o and v~ are nontrivial solutions of equation (2.3) with d = |P| and
d = |Q)|, respectively. In virtue of Lemma 3.4, 3.5 and 3.6, from (3.36), Fatou’s lemma and (fs),
we deduce that

(PN=D3 4+ QW13 (U)

= lim inf {s—(N“)JE,m (@) + e NI on (as )}

-1 ~+12 —_ 92
= liminf £ [/ (|V775+’2+’|U€)dw+/1 (|v17812+|”€|)d4
QPS

=0 2u+2 + P.|» lex + Qc|@

/,L—l _+2 —72 |7 |
22M+2[/RN+1(|W " ypy d +/N1 "+ g ]
= Jp(v") + Jg(v7)
> J*(WIS) + JQ(WQ)
= (PWDE 4 Q1T (1),

(3.38)

Here Jp and Jj are the energy functional of equation (2.3) with d = |P| and d = |Q|, respectively.
So, Wp € HY(RN+1) and Wp € H'(RN*1) are the least energy solutions of equation (2.3) with
d = |P| and d = |Q|, respectively. By (3.38) we have immediately

(3.39) o - o7 in HY®MY)  and oo — o in HY(RN

as e — 0.
We now prove that 4. has at most one local maximum point. Assume on the contrary that .
has two local maxima at P. and P/. Then there are three cases to be considered as follows:
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Case 1: Suppose lim._,o |P- — P!|/e = 0. Observe by two local maximum points that
(3.40) Vi (0) = VoI ((P. - P.)/e) = 0.

Since v+ is a positive solution of equation (2.3) with d = |P|, 7(0) = maxgy+1 o7 and
vt (|z]) = vT(r) is strictly decreasing at r, it is easy to obtain that Av*(0) < 0. Therefore,
by (3.37), we also have AvZF(0) < 0 for small ¢ and then

(3.41) Avt(z) <0 for |z| <o

with ¢ small enough. In virtue of (3.40) and (3.41), it is easy to deduce that P! = P..
Case 2: Suppose lim._,o|P. — Pl|/e = f > 0. Assume O := lim._ @ € RN*+1\ {0}, then
T > 0 satisfies

o)
PP

—Avt 4 ’
Vot (0) =0, Vot (

: N+1
(3.42) in R,

Qi3

|a
):07

which contradicts with the fact that v (r) is strictly decreasing at T.
Case 3: Suppose |P. — P!|/e — o0 as € — c0. Assume lim._,o P/ = P’. Recalling Lemma 3.3 and
Lemma 3.4, we can get respectively |Q. — P!|/e — oo and

dist(PL, 00k )

3

— 00, ase—0".
Let us define

_ /
re = min {dz’st(Pe, 89;#), dist(P., 89;7+)), dist(Qe, 89;,_)), |PEP€|},

2
then by Lemma 3.4, we have r./e — oo as ¢ — 0. Set

Ue1(y) = tic(ey + Pe),  Vep(y) =1te(ey + F), v=3(y) = 1t(ey + Qc), y € Br.(0).
Using the elliptic regularity theory, we have

- . 2 mN+1 - . 2 N+l - . 2 mN+1
Veq — U1 in Cj (R ), Ve — U2 in Cj (R + ), Ue3 — U3 in Cj (R + ),
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as € — 0%. ¥y, 79, and 3 are the positive solutions of equation (2.3) with d = |P|, d = |P'|, and
d = |Q|, respectively. Using change of variables and Fatou’s lemma, we can obtain

1. . f _(N+1)J —

im inf e e ()

:hm inf 5_(N+1) /Q i(lf(fae)ﬂz-: - F(ﬂg))dﬂf

e—0 1 |;1;|0‘ 2

Zhgélfgiwm /Bre(Pg)uBrs(Pg)UBrg(Qa ll\(if( eJfie = Flli))do
= lim inf [/T (P M(;f(ve,l)vs,l F(v, 1))d$}
3 wtimigt | [ (Pea)ea — FlEa))i
wlimipt | [ e o) (s — Pl
1 1

2| fows P f @0~ Foe| 4 | [ G S0 — Fia)ydal

/RN+1 |Ql‘a(1f(v3)vs - (vg))dx]

> (IPEO 4 |QEN D 4 PV ) ),

where U is the unique positive solution of equation (1.4). Lemma 3.4 implies a contradiction with
(3.43). Similarly, we can also show that u. has only one local minimum. O

Remark 3.8. Since us has only two positive local maximums and only two mnegative local
minimums, points +P., +Q. must belong to the xyi1-axis for sufficiently small €, that is,
{P.,Q:} Cc L:={zeQ: z=(0,8), &£ € R}.
In the following, we will prove the exponential decay of wu..
Lemma 3.9. For any 6 € (0,1), there exists C,c > 0 independent of € such that for any x € Q,
|u(2)] + €| Vue (2)| < Ceme(t-0)minfle=Pelle=Qz[}/e,

Proof Assume that v (y) := uf (ey + P-) and v (y) := uZ (ey + Q.), Then recalling Lemma 3.6,
for any R > 0 there exists constants €9 > 0 such that for all € € (0,2¢), we have

Bre(P.) CQp  Bgre(Q:) C Q..
By the elliptic regularity theory and the boundedness of {u.} in Hy(f2), we obtain = — v
in C2.(RN¥*1) as ¢ — 0T. Moreover, the standard elliptic L9-estimate with ¢ > 1 yields
ot € CF (RN NW24(RN*1). Arguing similarly as in Lemma 3.7, we get o= — v in H}(RV 1)
as € — 07. By the standard elliptic estimates, there exists C' > 0 (independent ¢) such that for
any Ba(y) € Qp NQY

+

sup |07] < ClIoE || 12(Ba(y)-
Bi1(y)
It then follows that

lim [oF(z)| =0 uniformly fore > 0small enough.
|z| =400
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Thus, for any 1 > 0, take R large sufficiently, we have |vZ(x)| < n for |z| > R. From (fi), we can
choose 7 such that for any § > 0, f(t)/t < 0 for [t| < 7. Then v satisfies

—A|oE| + 1—57“)6 __ <0 >R,i=1,2,
(3.44) { el (=) e <0 Jal = R
[0E| <, z| = R,

where P! = P. and P? = Q.. By the maximum principle in a standard way, we show that
02 (y)| < Cem -0y e RN

for & > 0 small enough and some positive constant C, ¢ independently of €. By a scaling technique,
we have
—c(1—8)|z—PY| )
jif(x)| <Ce™ =, zeRM1 i=12
By the Harnack inequality, we also have

—c(1=8)|z—PY|
uf(z) +elVat(z)| <Ce™ =, xzeRNTL

The conclusion of lemma follows from u. € Hy(2). The proof is complete. O

4. PROOF OF THEOREM 1.2

In this section, we will divide two cases to complete the proof of Theorem 1.2.

4.1. Case 1 < 2. Note that n < 2, then a > 0. Since u, is a least energy sign-changing solution
of equation (2.3), it is natural to expect that the points {£P.}, {£Q.} should converge to points
+P,+Q in the annulus which have the smallest distance from the origin. They are indeed the
points on the inner boundary.

Proof We proceed the proof by contradiction. In virtue of Lemma 3.2, without loss of generality,
we assume that {P.},{Q:} € Q', and that P. = (0, “2—2 + 1) and P. converge to point P with

|P| = % + v for some v > 0. That is to say, v. — v as ¢ — 0. Without loss of generality, we also
assume
a2

Q- = (0, 5 + 7¢) and U, < 1.
Now we divide two cases to state our proof.
Case 1: v, — 0, that is, |Q| = % and [P — Q| = v. Consider the ball By (P) with center at
P = (0, “2%) Set a cut off function ¢ € C°(RNF!) with ¢(z) =1 for = € By (0) and ¢(z) =0
for z € RN*F1\ Bz (0). Define the function

. - p . p
Tt o+ Pyu(EE

)= A; + B,

where w is the unique positive solution of equation (2.3) with d = |P|. It is easy to see that there
exists a unique t. > 0 such that J.(t.h1)t.ht = 0. We now show t. — 1 as e — 01. Indeed, based
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on the definition of A (z), the supports of A, and B, are disjoint each other. So we have

JL(t-AQ )t AL
/ f(teA
Ix\a

2
: / R |V(g0(5ac)w)]2dm+/ . Md:p
By (P) By (P) lex + P|»

22 / VAfda+ 8 |
Q

L[ ftstengne, ]
By (P) telex + Pl

which implies by the fact that |w(z)| < Cexp(——2—|z|) for some § > 0 that

\P\
w|?
/ \Vw|?dx + / dx 4 O(e)
RN+1 +1 ’P’oe
(4.2) = IV (p(ex)w)|*dx + de
: By (P) By (P) [ex + P|

2
> [ _flteww”
BS%(P) tewlex + P|@
By (f2), we deduce that {t.} is bounded in R. Without loss of generality, we assume t. — o > 0
as € — 0. Moreover, from (4.1) we deduce that

2
(4.3) / | Vw|?dz + Md:c</ Sleww
By (P) B

Bé(ﬁ’) lex + P|* _&(P) te|lex + P|*

Be
It then follows that tg # 0. In virtue of (4.1), passing the limit as e — 01, we get

2 t 2
(4.4) / Vw|2dz +/ W g — / AL )
RN+1 R

RN+ [ Plo N1 tow|Ple

Recalling that w is the unique positive solution of equation (2.3) with d = |l’3 |, Remark 1.1 yields
to = 1. Thus, using (1.5) and the dominate convergence theorem

N g (1. )

2 12— (N+1 +2
; / Vht 2 + = o / e | g - *<N+1>/
2 Q |z IfE\a
1 1 2 F(t
:tg |:/ A ‘V((,D( ) )‘ de + = |<p(£a:)w] dac—/ ) (590(5%)w)dx:|
(4.5) 2 2 (P) 2 By (P) lex + P|e »(P) ez + P|*
1 2 F
+ 2 {/ | V(p(ez)w)dx + = A 7‘80(5@1}4 dz —/ R 7(15590(5@10) d:c]
2/By (-P) 2/By (-P) |ex — P|* v (—P) |ex — P|®
1 1 2 F
9 / Vewl?de + = w da:—/ ) o+ O(c )]
2 Jrva 2 JrN+1 |Ple RN+ |Pla
Thus, by equation (2.3) and o = 1 — 2 > 0, we have that
(4.6) lim e~ 1 (¢.0F) = 21P| 52 J(U) < 2|P| "7 J(U).

e—0
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Define

ho (@) = e — Qous (=95 4 (e + Quyun(B ),

where 1) is a non-negative smooth radial function supported in Ba,_(0) with |V¢| < % and

x_Qs
IS

(1 forrel0,r],
o(r) = { 0, forr e [2r.,+00),
where 7. is chosen so that 4r. = min{dist(Q., 9N'), dist(Q.,0)}. Note that there exists a unique
se > 0 such that J.(sch )sch; = 0. In virtue of Lemma 3.9, using the similar argument as above,
we can also obtain s, — 1 and furthermore
_ (N-1a
(4.7) lim e~ (V) I (s.h0) = 21012 J(U).

e—0

Note that A} and hZ have disjoint supports for ¢ small. Let us define
he = t.ht + s.h-.
Then h. € N and by (4.6) and (4.7), we have

lim e~ Wt e, < lim e VY g (h,)

e—0 e—0
= lim |e= VI (h) + &N T (sehD)
— (N-1)a — (N-1)a
<2(Pz - + Q= )J(U),

which contradicts with Lemma 3.4. , o
Case 2: v. — v > 0, that is, |Q| = % + 7 and [P — Q| = v — v > 0. Consider the ball B

with center at Q = (0, “2;9). Set one radial cutoff function ¢ € C§(RVF!) with ¢(z) =

x € B%(O) and ¢(z) =0 for z € RN\ B% (0). Define the function

(@)

for

[N

_ A T — Q A T+ Q
9= (x) = —p(z - Q)W(T) — ¢z + Q)W(T)y
where w is the unique positive solution of equation (2.3) with d = |Q|. There also exists #. > 0
such that J.(t.g- )tcg- = 0. Arguing as in Case 1, we can obtain the similar estimate as (4.6)

. _ - A (N=1a — (N-1)a
(48) lim e~V (Lg) = 21Q1 7 J(U) <20Q 7 IO,
where t. — 1 as € — 0" and « > 0. Define
x — P z + P

g;—(l‘) = P(r — Po)ue( ),

where 9 is a radial smooth cut off function supported in Ba,_(0) with |V¢| < % and

)+ (x + Pr)ue(

[ 1 forre0,r],
Hr) = { 0, forr € [2r; +00),

where 4r. = min{dist(P.,0Q'), dist(P-, ©)}. It follows from Lemma 3.3 that r./e — +o00. Using
the similar argument as Case 1, we have J. (5.9 )3.94 = 0 for some 5. > 0, and
(N-1)a

(4.9) lim J.(s.h;) = 2N T P2 J(U),
e—0

where 5. — 1 as ¢ — 0. Hence,

95(55) = 559: + t_Egg_ € Ne-



A NEW TYPE OF NODAL SOLUTIONS 27

Combining (4.8) and (4.9), we have

lim e~ Ve, <lim 6_(N+1)J5(g5)
e—0 e—0

:;g% 8_(N+1)J€(§gg:) + 8_(N+1)Js(fag;)

— (N—-1)a — (N-1)a
<2(QI = + [P ) J(U),

which contradicts with Lemma 3.4. As a consequence, |P| = |Q| = “2—2 Recalling Lemma, 2.4,
Theorem 2.3 and Lemma 3.9, equation (2.2) has a nonradial nodal solution concentrating at four
points =P, +@Q in 2. More precisely,

_ a? - a?

£P=(0,£7) +Q=(0,£+7).

That is, P = Q. Then the corresponding solution of equation (1.1), still denoted by ., concentrates

exactly at two orthogonal (N — 1)-dimensional spheres in surface |z| = a, placed the angle § = 0

and § = T. O
2

4.2. Case n > 2. Contrary to Case n < 2, we expect that the points {£P.}, {£Q.} should
converge to points =P, +@Q in the annulus which have the largest distance from the origin, since
a=1—2 < 0. There are indeed the points on the outer boundary.

Proof We begin to prove by contradiction. According to Lemma 3.2, without loss of generality,
we assiime that {P:},{Q:} C @', and that P. = (0,% v v.) and P. converge to point P with

|P| =% — v for some v > 0. That is to say, v, — v. W1thout loss of generality, we also assume
b2
Q- = (0, 5 Ve) and Ve < Ug.
If . — 0, that is, |Q| = snmlarly to Case n < 2, we have
~1)a _ (N-1)a
lim =N e, < 2(1P| %3 +1Q15 7))
E—

— (N-1a — (N-1a
<2(|PIT= 4 Q=) J(U),

where 15 (0, bz_”) and o = 1 — 7 < 0 is used. This is a contradiction. If 7, — v > 0, that is,

|Q| = % — i, similarly to Case n < 2 we have
lim e~ e, < 2P| + 0152 J(U)
e—0

— (N—-1)a — (N—-1a
<2(lP|z + Q= )J(U),

where Q = (0, ) and o =1 — 2 < 0 is used. This is a contradiction again. Thus, we get that
|P| = |Q| = % Therefore, equatlon (2.2) has a nonradial nodal solution concentrating at four
points P, +£@Q in 2. More precisely,

_ b? b2
LP=(0,47) +£Q=(0,+).

That is, P = Q. The corresponding solution of equation (1.1), still denoted by u., concentrates

exactly at two orthogonal (N — 1)-dimensional spheres in surface |x| = b, placed the angle § = 0

and 0 = Z. O
2
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5. PROOF OF THEOREM 1.3

In this section, we consider the case n = 2, that is, a = 0. Our aim is to investigate the location
of the spikes of concentrating solution as ¢ — 0. Define the function

aq ag
|PL — Py,
a1 + ag aj + as

Euran(Pry Po) = min{ Py — Py, dist(Py,00)), dist(Ps, aQ)}},

where P, Py € £ := £N Q! and a1, a2 > 0. Here, £ has been defined in Remark 3.8. Let

F = max E P, Py).
ai,a2 (P17P2)E,C1X,C1 al,CLQ( ) )

We now state the following upper-bound of ¢, defined in Theorem 2.3.

Lemma 5.1. For § > 0 small enough, we have

2(1-8)Fay ,an

ce < 45N+1(J(U) + Ce™ z
Proof Let us define
@a1,a2(P17P2) = {.’E S Q‘ CL1|1,‘ — P1| = a2|$ — P2|}

for every (Py, P2) € L' x £, and set
Ri = min {dist(a, 0Q), dist(P,, O, oy (P, P2>)}

respectively for ¢ = 1,2. It is easy to see from the definition of Oy, 4, (P1, P2) that Bg, (P1) N
Bpr,(P2) =0 and Bpg,(P;) C Q for i = 1,2. Moreover,

. a2

dist(Py,© P, P)) = P — P
18 ( 1 al,az( 1 2)) ay +0/2’ 1 2’7
. a1

dist(Py, © P, P)) = P, — P
18 ( 25 al,aQ( 1 2)) ay +0/2’ 1 2’7

which implies that R; > &, 4, (P1, P2) for i = 1,2. Let wé be smooth radial symmetric and
decreasing functions so that 0 < ¢ < 1 and ¢ (x) = 1 for |z| < % —1 and ¢i(x) = 0 for |x| > %.
Then it follows that

z+ P, z+ P
) z

Ul(z) :=U( . -

WL

) +U(

S ), i=1,2,
(3

z— b
€

where U is the unique positive solution of equation (1.4). Obviously, Ui € Hy(2). By (f1)-(f3)
and Theorem 2.3, it is easy to see that there exist t2 > 0, i = 1,2 such that tIU}! — 2U2 € N..
Using the similar arguments as in Theorem 1.2, we can obtain that {t'} is bounded uniformly for
e small. Recalling (1.5), we have

(5.1) U(a) + VU ()] < Ce0-Dk
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for 6 > 0 small. Since the supports of U(*—= Loy (2=Ls P) and U (L
follows from (5.1) and the boundedness of {t’} for small e that

)?/)5( Piy are disjoint, it

(5.2)
Jg(tlUl)
e A Gt AT KA ) AP AT LA ES MATCARELA)
_(t5)252 —P1 $—P1 @ gi 1 l‘—Pl 2 "
= /é Rl(Pl)w(U( Ul () Pde + S5 [ UG R
1282 X X
N T Ea O T A e AN | (= S T G ) (7
Br, (P1) Br, (=P1)

1\2

s rU<“P1>wg<“Pl>| do- [ r@oEE g
BRl( Pl) BRl( Pl)

Ok

9 /qu(o) (!V(U(x)wi(az))P + \U(a:)wal(x)P) dz — /BR1 o F(U(2)0) (z))dz

€

:2€N+1

<2eN T max J(tU) —i—Ce_z(l_‘s)(Rél_l)]
L te(0,00)

<2eNHH J(U) + 06_2(1_5)}?} .
Using the almost same argument as in (5.2), we have

(5.3) J.(12U2) < 2eNH

J(U) + 06—2(1—@}?} .
Combining (5.2) and (5.3), using the fact that the supports of U} and U2 are disjoint, we have
ce = Jo(ue) < J(t1UL — £2U2)
= J(tUD) + J(t2U2)

(54) S 4EN+1 J(U) + C@Q(la)mi"{zbnb}}
< 4N J(U) + Ce—2(1—5>W}
The conclusion follows from the arbitrariness of P;, P,. The proof is complete. O

Recall that u. € Hy(Q2) is a nodal solution of equation (2.3). Let us define
R. 4 :=max{R > 0| Bg(P.) CQl.}, R._:=max{R>0/Br(Q:)C Q. _},

Rs;ﬁ:
€

where Q! + are the support sets of uZ. In virtue of Lemma 3.6, we have — o0 as e — 0.

Obv1ously,
Br.,(P)NBgr._(Q:)=0, and Bg_, (P.),Br. _(Q.)C Q' cCQ

Set
vF(y) = i) + of(y) = T (ey + P ;ﬂ) + it (ey - Ps)w(R’i),
vz () = oY) + w5 () 1= 2 (e + Q) R'f_) + i (ey — Qo) F'iy’_ )
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where 9 is the following smooth radial and decreasing cut-off function

(5.5) on={ g Bl s

0, forre [%,—l—oo),
with [¢/(r)| < C and & > 0 small constant. It is easy to see that v (y) € Hj(Br.. ). Here, i, .
have been defined in Lemma 3.3. Recalling Theorem 2.3 and Lemma 3.9, we have for any t,s € R
Je(ue) >J-(tul) + J-(su>)
—Je, 01 (tﬁ;) + Je,QQ (tﬂ;) + Je,Ql (Sﬁ;) + Ja,QQ(Sﬂa_>

_(N+1)

Jor, | (tul (ey + P.)) + Joz, (tif (ey — P2))

(5.6) +Jas, (52 (ey +Q2)) + oz (siiz (ey — Q2)

ZENJrl

T, ) +T5,  0(t3) +TB, 0 (v1) + TBa (0 (sv2)

i i

€ £ £ £

— C(t)e_Q(l_é)R€’+(%_6/) _ 0(8)6_2(1_6)}%&*(%_6,)'

Here, J_ o, denote functional J. whose integral region are Qi = 1,2. Jou Joz2 Jo1
s Je, 0y g g ) ) Qp 4 Qy QQ 4
(58] €y IS8
1

Jaoz2 and Jp L (0) denote functional J whose integral region are Q};E’Jr, Q%,Eﬁ, Q0.+ QzQeﬁ

€y

and Br,4 (0), regspectively. Moreover, C(t) and C(s) are bounded from above since we can always

choose tg, s are bounded above.
It is easy to prove that for € > 0 small enough,

{ —Au+u= f(u), € Br(0),

(5.7) w=0, v € 0B, . (0)

£

have positive ground state solutions ve 1 and ve,— in Hj(Br_, (0)) and Hj(Br._ (0)), respectively.

Using the well-known Gidas-Ni-Nirenberg’s theorem [26], we see that v. . and v, _ are both radial
symmetrical, and that ve 4, v, are nonincreasing with respect to r. It is easy to see from (fs)
that {v. 4} and {v. _} are bounded uniformly for ¢. Hence, since v ,v. — are nonincreasing, we
have

(5.8) | l‘im Ve,+(2) =0 uniformly for € > 0 small enough.
T|—00

Then, by the comparison principle, we see that for ¢ > 0 small enough, there exists a constant
¢, C > 0 satisfying

(5.9) o) < g (R (2 =) < Ce 0o (25

with any § € (0,1) independent of . As in the proof of Theorem 4.1 in [14], we can extend v, 4
to the whole space RV*! and denote it by

_ ) vex, for Jz| < Re+(X -0,
Yot = { Ver, for |z| = Re,i(g —d),
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where V; 1 is a radial symmetric positive solution of the following equation

—Au+u= f(u) for |z| > R.4+(1 -0,
u(Res(E =) = ves(Res(E =), and  lim_u(a) =0.

Using the comparison principle and the above facts, we have that for any § € (0,1), there exists a
constant C' > 0 such that

1
(5.10) Vee(r) + V2 (r)] < Ce 007 for [ > Re (- — o).
Thus, there exist exactly ¢, + > 0 such that
(5.11) J/(tg’:twe’:t)ts7:tw€’:t =0.

Obviously, J(t.+w.+) > J(U), where U is the unique positive solution of equation (1.4).
Moreover, we state the following estimates.

Lemma 5.2.

(5‘12) JBRE 4 (0) (ts,ive,i) > J(ts,iws,i) + 06_2(1+5)R5’i(é_5,)’

€

where C,6 > 0 is independent of € and &' has been given in (5.5).

Proof Note that by the standard elliptic estimates, w. + — U in HY(RN 1) n CZ (RVT1) as
e — 0%, where U is the unique positive solution of equation (1.4). Thus, it is easy to see from
(5.11) that t. + — 1 as e — 0". And then,

J(te ywe 1) — J(U), J(we ) — J(U), ase—0T.

Let us define g 1 (t) := J(twe 1), then by (f2) we have as ¢ — 07

1
gé”i(ts,i) = /RNH(|VU)5¢ 24 |w57i|2)dx — E /RN+1 f,(ts,iws,i)|t5¢w5¢|2da£
1
2 2
= /1RN+1(|vw€’i t lwe x| T)dz — tg,i /RN+1 ff (e, £ We 3 e+ we £ dw

N / (VU + U?)dz — / wf(U)Uda
RN+1 RN+1
~(-n [ SOV,
RN+1
which implies that there exist C' > 0,¢+ € (0,1) and g9 > 0 such that
(5.13) ge +(t) < =C fore<egandte (1 —ty,1+1s).

By (5.11), we have g.  (t.+) = J'(te xwe+)we + = 0, and then the following holds for ¢ small
enough,

1
J(we 1) = J(te zwe ) + igz{:/,i(fs,i)(tai - 1)2
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for &+ € (1 — t4,1 + t4+), which implies by (5.13), (5.9), (5.10) and the fact that v. 1 €
H}(B r. 4 (0)) are the positive critical points of Jp Ay (0)> that for £ small enough,

€

1
§C’t€’i - 1‘2

SJ(ta,:l:ws,:t) - J(ws,:lz)

et — 1
:% /I|<Rs,i(|vv57i|2 —|- |'Ug,i|2)d$ —_ / R + (F(tg’i’llg’i) — F(/Us,i))dx

|lo|<—=

(5.14)

tes]?—1
MNPl L (ool 4 s P+ [ (F(0e2) — Plteoe )i
Dl D1
|ts,i|2 —1 2 2
B [ (Vs 4 Ve — [ (P(Vew) = FlteaVew))do
DQ DQ
§C€—2(1—5)R€,i(§—5')’
where

1
Dy = {m ERMR. L (= - &) <|z| < R }
13

¢
1
Dy = {o e RV o] 2 Reu(£ - ).
5
It follows from (5.14) that

(5.15) e — 1] < Cem (1D Re (220
Let us note that
(5‘16) JBRs,:t (0) (ta,:tva,:l:) = J(te,:l:we,:l:) + JDl (te,:l:va,:t) - JDQ (ta,:l:va,:l:)7

where Jp,, Jp, denote functional J whose integral region are D;,7 = 1, 2, respectively. Combining
(5.9) and (5.10), there exists C > 0 such that for t € (3, 2)

| Ty, (t0e )0 & — Ty, (tVe 2 )V i| < Ce™ 2070 Rez (520

which implies by (5.15) that for e small enough

(5-17) ‘JDl (ta,:tvs,ﬂ:) - JD2 (ts,:l:‘/s;t) - JDl (’Ua,ﬁ:) + JDQ(V&:‘:)‘ < 0873(176)1%5,1[(%,5/).
Using integration by parts, by (f1), (f2) and (5.8) we have for any o € (0, 1)

2—o0 1—-0

Ipu(Ve) =5 2, (VoW =52 [ (I9VesP + [Vesda
2
2—o0
+/ ( f(Ves)Ver — F(Ver))d
Dy 2

2—0 1 1 dVe +(Re (= ¢")
< _ R YAYAY e v/ ) €T \e
< 5 wzv[Rs,i(5 §")] Vs,i(Rs,i(E §)) o )

where we also use the fact that

/D [~ Ver AV 4+ [Veu|* = F(Ves)Ve4]de = 0.
2

Using the similar argument, we also deduce that for any o € (0,1),

1 1 dve 4 (Re (2 — ¢
L s (s (L -y PeBe (L2 00)

—0
JIp, (Ve +) > 7WN[R6¢(
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According to the above facts, we have
Jp, (Ve,x) — JIp, (Ve 1)
1 1
ZWN[Ra,i(g - 5/)]Nva,i(RE,i(g —3'))x
(2" dVe(Roe (2 =) o dloes(Res(t - 6’))1)
2 dr 2 dr )
An easy computation yields
d*V. 1 N AVer & f(Vex(Res(2—0))Ves)

_ + + V.. =
dr2 " r+R.o(L—¢) dr et Vo (R (X —6)

(5.18)

, >0

and
_d2775,:|: N dﬁa,:l: + _ f(va,:t(Re,:l:(é - 5,))ﬁa,ﬂ:)
dr? " r+ R (-5 dar T ver(Rex(L—07)) 7
775,:|:(R5,:|:5,) - 07

when

re (0, Rg,ié’),

Vee(z) = Ve (|z| + Rsi(% — 5’))/\/E¢(R€i(é —4))

and . .

Vet (2) = Vet (|2] + Ret (2 = 0)) /0ot (Repa (£ = ),
respectively. Using (f1) and (5.8), and the standard elliptic estimates, we have that ‘75,1 —V, in
C%.[0,00) as € — 0T, and Vy satisfies

2vy - . N
PR Vi=0, re(0,00), Ve(0)=1, Vi(r) <1,
and then Vi (r) = e™". Similarly, &+ — 9+ in C?[0,1) as ¢ — 07, and ¥ satisfies
d2’t~)i - N -
gz U= 0, re(0,1), 9£(0)=1, v4(1)=0.

It is easy to see from the above facts that

d(Vi(r) — ox(r))
dr

which implies by the uniform convergence of f/ei and ¥ 4 in C2 [0, 1) that for € > 0 small enough

d(Vs,i(T)d; Ve (7)) > C%i(Rg,i(é — ).

>0,
r=0

r=Re +(£-0")
Let o close sufficiently to 1 in (5.18), then by (5.9) we have
JIp, (Ve, 1) — JIp, (Ve 1)

1 1
(5.19) e &N [ve,2:(Re s (2 — "))?
> Ce 20140 Re (£ =)
for some C' > 0. It then follows from (5.17) that there exists C' > 0 such that

JIp, (te,+Ve+) — JIpy (te+Ver) > JIp, (Ve x) — Iy (Ve x) — Ce301-0)Re (2 =0

(5.20) 1
> Ce—Q(l—&-&)Rg,i(g—él),
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which, together with (5.16), implies that the conclusion of Lemma 5.2. The proof is complete. [

Lemma 5.3. For e > 0 small enough, we have
Ce 2 EN+1 <4J(U) 4 0672(1+5)R5,+(%75’) + 062(1+6)RE’_(‘16I))

with 6 > 0 small enough and independently of € and &' has been given in (5.5).
Proof Since v, + are positive ground state solutions of equation (5.7), it is easy to see that

JBRs,i (0) (tg,ivg,i) S JBRs,i (0) (vf,i)-

€ €

Thus, it follows from (5.12) that

g, (0)(Vex) = J(tetwex) + Ce 210 Re £ (=0

(5.21) 2

> J(U) + Ce 240 Rex (207

On the other hand, we take t.;,s.; > 0,7 =1,2 in (5.6) such that
+ 3yt =\ — —
é,BRH (o) (teivi)vi. =0, é,BR577 (0) (8,107 )v; . = 0.

£ £

Therefore, by the fact that v, 4 are positive radial ground state solutions of equation (5.7), and
combining (5.6) and (5.21), we have the conclusion of Lemma 5.3. O

The proof of Theorem 1.5. Let
U(P,Q) i= min{J [P — Q1. dist(P,0),dist(Q, 05},

and

Fo = (P, Q).

max
(PQ)eLtx Lt
It follows from Lemma 5.1 and Lemma 5.3 that

(1—0)Fa, 0, < (1+9) El_i)%l+ min{ R, +, R. 4+ }(1 —ed').

Since § can be taken small arbitrarily and a1, as are arbitrary, we can obtain that
(5.22) 0 < Fo < lim min{R. 4, R _}.
e—0t
On the other hand, since maximum and minimum points P., Q. belong to the zy4i-axis for

sufficiently small e, there exist point R. € P.Q. such that R. € 8Q;i. Moreover, for some
b&i > 0,

P=Rel = 5P = Q. [~ Re| = P = Q.
Thus, based on the definition of R, +, we have immediately
R.+ < min {b&*ype _ Q. — P Q) dist(P., 09), dist(Q., e—m)}
T be,-i— + ba,— ba,+ + ba,—
By (5.22) and the definition of Fj, we obtain
ba":l: 1

—
ey +be_ 2

as € — 0T. That is to say, ¥(P:, Q.) — Fp as € — 07, and by (3.10), one has (P, Q) = Fy. Since
nodal solution u. of equation (2.2) belonges to Hy(2), we also have ¢)(—P., —Q.) — Fpase — 07,
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and (—P,—Q) = Fo. Since maximum and minimum points of u. belong to the z - -axis for
sufficiently small e, by using the similar arguments as Lemma 5.1 in [35], we can obtain

dist(P.00") = dist(Q.001) = L|P - Q|
dist(~P,00%) = dist(~Q.00%) = [P~ Q|

where Q', Q2 have been defined in (3.9). It is easy to conclude from the above identity that the
locations of four concentration points are as follows

. 3a2 +0* - a® + 30 5 3a® + b ~ a® + 3b?
P = (07 7)7 Q = (07 7% —P = (07 _7% _Q = (07 _7)7
8 8 8 8
or,
. a® 430 - 3a® + b* . a® + 3 = 3a® + b
P=0,—g—) @=0,—5—), P=0-———) -Q=0,——F—)

8 8 8
Recalling Lemma 2.4 and Theorem 2.3, we have proved that there exists a nonradial nodal solution
ue of equation (2.2) whose maximum and minimum points concentrate at four points in the
xn41-axis contained in Q. The corresponding solution of equation (1.1), still denoted by wu.,
concentrates exactly at four N — 1-dimensional spheres in A, two of them (corresponding to P, Q)
are characterized by the angle # = 0, and by the radial coordinate

1 1
r=-v3a2+0b2, and r:§\/a2+3b2

2
the others (corresponding to -P, —Q) paced the angle 6§ = 7 and the radial coordinate

1 1
r= ix/az +3b2, and r= 5\/3a2 + b2

The proof is complete. O
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