QUALITATIVE PROPERTIES OF STABLE SOLUTIONS TO
SOME SUPERCRITICAL PROBLEMS
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ABSTRACT. In this paper, we study De Giorgi type Conjecture on the symme-
try properties of stable solutions to the Lane-Emden equation

Au+ [uPlu=0 in R"
with n > 11, p > pyr(n) in a suitable range and the Liouville equation
Au+e*=0 in R"
with n = 10.

Dedicated to Professor E.N. Dancer on the occasion of his 75th birthday.

1. INTRODUCTION
In this paper, we consider the Lane-Emden equation
Au+ |uf7lu=0 in R", (1.1)
and the Liouville equation
Au+e*=0 in R" (1.2)

The structures of the positive solutions of (1.1) and (1.2) have been studied inten-
sively in the last several years. When n = 3, (1.1) arises in the stellar structure in
astrophysics. When n = 4, (1.1) is relevant to the famous Yang-Mills equations.
When n = 2, (1.2) is an interesting problem in differential geometry and is known
as the “Prescribing Guassian Curvature” problem.

For the equation (1.1), the Sobolev exponent

_f Hoo if 1<n<2,
p(m) = miz >3

n—

plays a central role in the solvability question. In the subcritical case 1 < p < pg(n),
it was established by Gidas and Spruck in their celebrated work [22] that (1.1) has
no positive solution. If p = (n+2)/(n—2), then (1.1) is a special case of the Yamabe
problem in conformal geometry. In [5], using the asymptotic symmetry technique,
Caffarelli, Gidas and Spruck was able to classify all the positive solutions of (1.1)
for n > 3. They showed that any positive solutions of (1.1) can be written in the

form
n—2
() A/n(n—2) :
Ugo A (2) = | 5————5 )
oA A2 + |z — x0)?
where A > 0 and g is some point in R™. In [7], Chen-Li gave a new proof for (1.1)

by applying the moving plane method. In n = 2, the equation (1.2) is also classified
1
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in [7] under the additional assumption that

/ e'dr < oo. (1.3)
R2

It is proved in [7] that if w is a solution of (1.2) such that (1.3) holds, then

32)\2
(4 + X\2|z — x0]2)?

u=In

for some A > 0 and some point z € R2.

In the supercritical case p > pg(n), it is more difficult to classify the positive
solutions of (1.1). The first result in this direction was given by Zou in [33]. It
was proved in [33] that if ps(n) < p < ps(n — 1) and if u is a positive solution of
(1.1) with algebraic decay rate 2/(p — 1) at infinity, then v is radially symmetric
about some point o € R™. In [25], Guo generalized Zou’s result to p > ps(n — 1)
by assuming that

2 2 1

2
li -1 =—Mm—-2— ——7)|7 1. 1.4
‘xlggoo\wlp u(z) [p—1(” p_l)]P (1.4)
Moreover, it is shown in [25] that (1.4) is a necessary and sufficient condition for a

positive solution of (1.1) to be radially symmetric about some point. If we focus on
radial solutions, then the structure of positive solutions of (1.1) has been completely
classified in [24]. They showed that for any a > 0, (1.1) admits a unique positive
radial solution u = u, () with u4(0) = a. Moreover, no two positive radial solutions
of (1.1) can intersect each other when p > pyr(n), where p;yr(n) is the exponent
given by

() =1 if 3<n<10,
PjL\n) =19 (n=2)°-dni8vn-1 .
: (73—2)(71,—10) if n>11.

The analogous result for second order equation (1.2) is considered in [26]. It is
proved in [20] that if n > 4 and if u € C?(R™) is an entire solution of (1.2), then u
is radially symmetric about some point xg € R™ if and only if

lim w(z)+ 2In(|z|) — In(16) = 0.

|z|— 00

Another important topic is the classification of stable solutions. In general, a
solution of the semilinear equation

Au+ f(u)=0 in R"
with f be a Lipschitz function is called stable if
/ \Vy|?de — [ f(u)y?de >0 Y € CF°(R™).
RTL R’n,
One of the most interesting questions concerning stable solutions is the following

De Giorgi’s conjecture.
Conjecture: Let u be a bounded solution of the equation

Au+u—udP=0 in R"
such that 8‘97“ > 0. Then the level sets of u are hyperplanes, at least if n < 8.

De Giorgi’s conjecture was proved in dimension n = 2 by Ghoussoub and Gui
in [21]. For n = 3, this is proved by Ambrosio and Cabré in [1]. Savin proved
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in [28] that for 4 < n < 8, the above conjecture is true under the additional limit
condition that

u(zy,...,xn) = 1 as x, — foo. (1.5)
For n > 9, a counterexample is constructed by del Pino, Kowalcyzk and the third
author in [12]. The conjecture is still open for dimensions 4 < n < 8 without the
additional assumption (1.5).

For the equation (1.1), there are also come results concerning stable solutions.
In [2], Liouville type results for solutions with finite Morse index was established.
By making a delicate use of the classical Morser iteration method, Farina was able to
classify finite Morse index solutions in his seminal paper [16]. It was proved in [10]
that if u € C?(R"™) is a stable solution of (1.1) with 1 < p < pyr(n), then u = 0.
Moreover, (1.1) admits a smooth positive, bounded, stable and radial solution for
n > 11,p > pyr(n). Actually, it can be showed that the radial solutions considered
in [24] are stable when n > 11,p > pyr(n). The results in [16] also have a lot of
generalizations, we refer to [3], [15], [18], [14], [10], [30]. As for the classification
of the stable solutions of (1.2), it is proved in [17] that for 1 < n <9, there is no
stable solution u € C%(R") of (1.2).

In view of these results, the structures of the stable solutions of (1.1) and (1.2) are
almost completely classified. However, there are some intriguing problems which
are still open. In [6], the authors proposed the following conjecture, which is a
natural extension of De Giorgi type conjecture:

Conjecture: Let n > 11,p;(n) < p < pyjr(n — 1), then all stable solutions to
(1.1) must be radially symmetric around some point.

Remark 1.1. When p > pyr(n — 1), (1.1) has a positive stable solution which
is not radially symmetric. Indeed, let u be a positive radial stable solution of the
equation

Au+juPlu=0 in R
forp>pyr(n—1) (see [16]), then u can also be viewed as a stable solution of the
equation

Au+ufPlu=0 in R™
But it is obvious that this solution is not radially symmetric in R™.

Our first objective in this paper is to give some partial results toward the above
conjecture. The first result is the following.

Theorem 1.2. Let pyr(n) < p < pes(n), where pes(n) is the exponent determined
by (2.48). Let u be a positive stable solution of (1.1) which is also even symmetry
with respect to the planes {x; = 0},i = 1,2,---n, then u is radially symmetric with
respect to the origin. If pyr(n) < p < min{p.s(n),psi(n)}, then the above result
holds without the assumption that u is positive.

Remark 1.3. By using MATLAB, we can give some examples for p.s(n).

n psr(n) Pes(n) psr(n—1)
n=12 8.926649916142160 4}.122982411949268 6.922024586816338
n=18 2.930691300639456 3.077225865671428 3.926649916142160
n=14 2.434258545910665 2.555971473206198 2.930691300639456
n=15 2.137]31 75529505 2.244306493060017 2.43258575910665

For the equation (1.2), we have the following result.
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Theorem 1.4. Let u be a smooth stable solution of the equation (1.2) for n = 10,
then u is radially symmetric with respect to some point in R™.

Remark 1.5. Ifn > 11, then the equation (1.2) has a smooth stable solution which
is not radially symmetric. For more discussions, we refer to [11].

The rest of the paper will be organized as follows. In section 2, we consider
rigidity results on the unit sphere for some second order equations. Rigidity results
on compact manifolds have been considered by several authors, see for instance
[22], [4], [27], [19], [20], [13]. We point out that in the above papers, the proof of
the rigidity results depends heavily on the classical Bochner formula. In section 3,
we first use a monotonicity formula to study the qualitative properties of solutions.
Then, by combing the rigidity results and the qualitative properties of solutions,
we can verify the assumption of Theorem 1.1 in [25] and obtain the symmetry
properties of stable solutions. In section 4, we give the prove of Theorem 1.4.

Notation. In some situations, we will write a point € R™ as = (r,0), where
(r,0) is the spherical coordinates and S"~! C R™ is the unit sphere. In the rest of
the paper, ¢ will denote a positive constant which may vary from line to line.

2. A SECOND ORDER EQUATION ON THE UNIT SPHERE

In this section, we consider the equation

Agna1¢— B+ 0P 1o =0, (2.1)
where

2 2
-2 (np—9-—- =
and Agn-1 is the Laplace-Beltrimi operator on the unit sphere. In the rest of this
section, we will always assume that n > 11.

Lemma 2.1. Let ¢ € H*(S"1) be a weak solution of (2.1) such that

—92)2
[ vsewpan s P2 panny [ epa @)
Snfl 4 Snfl Snfl

for every 1 € H*(S™™1), then ¢ € C?(S™~1).

Proof. We take ¢ = \¢|WT_1¢> into (2.2), where « is a positive constant which will
be chosen later. Then

n — 2)2 —1
p / opras < =20 1 : / [ +1do + / Vo (|6l ¢)%do.  (23)
Sn—1 Sn—1 Sn—1

Multiplying the both sides of (2.1) by |¢|?~1¢ and integrating over S"~!, we can
get that

VsnflafVsnfl(|¢|”_1¢)d9+ﬁ/ |¢|”+1d‘9:/ |oPTde.  (2.4)
Sn—1 Sn—1 Sn—1

(2.4) is equivalent to
4y D) / 1 /
— Vgn- 7 de Ty = PHYdg. (2.5
o [ Wl T opan s [ 1o [ erran (25)
By combining (2.3) and (2.5) together, we can obtain that

(v +1)2 ot (n—2° (v+1)°8 1
=R [ epras < (P SRR pertian. (26)
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It is easy to check that

1 2
oo D7
4y
when 1 <~ < 2p+24/p(p—1) — 1. By applying Hélder’s inequality, we have
1)2 v
p- O [ jopran ol [ lopianF (27)
47 Sn—1 Sn—1

It follows from (2.7) that [g,_, [¢[P*7df is finite. By formula (5.10) in [16], we know
that there exists a constant v such that (p +v)/(p — 1) > (n — 1)/2. Therefore,
|p|P~1 € L9(S™~1) for some g > (n — 1)/2. The standard regularity results in [23]
imply that ¢ € C?(S™~1). O

Lemma 2.2. Let pjr(n) < p < psr(n — 1) and let ¢ € C?(S"1) be a positive
solution of (2.1) such that (2.2) holds, then
18] Lo (sn-1) < a(p,n), (2.8)
where a(p,n) is given by
[(H—Q)QV—(’HUZB]Z%Y(TL _ 1)ﬂ.n—1

4py—(y+1)?
on—2—(p+v)

a(p,n) = { }TEEGTIeED . (2.9)

Proof. Let 6 € S"~! be a point such that ¢(6y) = [|@|| o (sn-1) = 1. By taking
suitable orthogonal transformation, we may assume that 6y is the south pole. Let
us introduce the following coordinates on S™1,

91 = SiIlfSiIl fn_g cee Sin§2 sin 61,

0y =sinésing,_o---sinés cos&y,

03 =sinésin&,_o---coséo,

enfl = COS€7
where £ € [0,7),& € [0,27),&, € [0,7) for k = 2,3,---n—2. The coordinate of the
point 6§y is given by (0,0,---,0). By (2.1), we know that ¢ satisfies the equation

1 d, . ,._o.do 1

————— —(sin" 2L (6)) + ——Agn—2¢ — Bo + ¢* =0, 2.10
e g RO+ Ao =6+ o (210)
where S™~2 is the unit sphere in R"~! and Ag.—2 is the Laplace -Beltrami operator

on S™" 2. We define .
a(6) = / o(6.0)d0
Sn—2

where w,,_s is the area of "2, Tt follows from (2.10) that ¢ satisfies

Wn—2

1 d, ., . do .1 o
md—g(sm fd—g(f)) — Bo+ - /3"—2 @P(£,0")do" = 0. (2.11)
By the Jensen’s inequality, we can get that
1 d, ., . do s s ,
S T O - P <0 0. 212

Let & be the first point such that qg(fl) = 2. It follows from (2.12) that & is strictly
decreasing in (0,£1). We will focus on the case § < 7 since the case {; > T can
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be dealt with similarly. Let v be the constant used in the proof of Lemma 2.1. By
(2.11), we can obtain that

. R & 1 13 .
¢(¢£1) — d)(O) = A Sm”2§/0 Sinn_2 T[ﬂ¢(7) _
&1 1 3

> —pP - sin” 2 rdrd
= /0 sinnzﬁ/o :

5
> _>Lpp,
277

1

Wn—2

/ P (7,0")d0'|drdE
Sn—2

This implies & > nlpr. By the above analysis, we can get that

&1
/ PPHIdf = / / sin™ 2 £gPT (¢, 0')do' de
{e<er} 0 Jen-

& )
- ”"‘2/ sin" "% 0P () dg (213)
0
on—2—(p+v)

pty+ =2l
(n— 1)7r"*277 '

Z Wn—2

By Lemma 2.1, we know that

(n—42)2 _ (71-1)25 s
/s -1 o< D (wrl)Z [P wn (2.14)
- o

We get from (2.13) and (2.14) that

2 2
(n—42) 7(’YI¢) B. ety

P Twp_1(n — )72

[ _ (D2 RN
s s E=PE=D)

Wp 922~ (P+Y) (2.15)
n—2)2y—(y4+1)?81 22 n—
_ (L
- on—2—(p+)

Hence (2.8) holds. O

n<A{

2
}—2<p+v)—(p—1><n—1> .

Corollary 2.3. Let n(¢) be the number of the connected components of{é—ﬁﬁ #*
0} and let k be a positive integer such that k(k +n — 2) + 3 > p(a(p,n))P~t. If ¢
is a positive solution of (2.1) such that (2.2) holds, then n(¢) < k + 1.

Proof. The equation (2.1) can be written as
Agn-16 = Blo— B7T) + ¢ — f7°7 = 0. (2.16)

Assume n(¢) > k + 1, then there is a connected component Qg of {¢ — 5ﬁ # 0}

such that the area of € is less than k—ilwn,l. let 1g, be the function defined by

1 o 1 in Qo,
2710  on SN\Q.

Multiplying the both sides of (2.16) by (¢ — ﬂﬁ)lgo and using integration by
part, we can get that

- / VanoroPdo—p / (6—B75T)2d0+ / (67— BFT)(¢— B7T)d0 = 0. (2.17)
(971 Qq 04
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Let A1 (£20) be the first eigenvalue of the eigenvalue problem
{ Asn,—lq)+)\q):0 in Qo,

=0 on 09.
By (2.17) and the mean value theorem, we can get that
~h(@0) = B +plap) ] [ (0- 57T R0 z0. (29
o
It follows from (2.18) that
= A1(Q0) = B+ plalp,n))P~! > 0. (2.19)

Since the area of ) is less than T}dwn—l’ where w,,_1 is the area of the unit sphere
in R™. By using Schwartz symmetrization, we can get that

A1(Qo) > k(k +n —2). (2.20)
In view of (2.19) , (2.20) and our assumption, we obtain a contradiction. O

In general, it is difficult to refine the above estimate. However, the following
result shows that the main difficulty is that we can not estimate the number of the
1
connected components of {u — 7= > 0}.

Lemma 2.4. Let ¢ be a positive solution of the equation (2.1), then {d)fﬂp%l < 0}
has at most two connected components.

Proof. Let ©; be a nodal domain of {¢ — BFT < 0} and let 1o, be the function
defined by

1 o 1 in Ql,
ST 0 on SPTN\Q.
Multiplying the both sides of (2.16) by (¢ — Bﬁ)lgl and using integration by

part, we can get that

[ 1VsiroPan—p [ o-prrrass [ (- prnan =0, (.21
(921 1951 Q
Let A1(£21) be the first eigenvalue of the eigenvalue problem

{Asnlqwmcb:o in Q,

®=0 on 09Q;.
By (2.21) and the mean value theorem, we can get that
() = 6+ [ (8- 57T)d8 2 0 (222)
(951

We know from (2.22) that

2
M) <(p-1)B=2(n-2- Zﬁ) < 2n.
Let S, be the Schwartz symmetrization of {21, then

)\1(511) < )\1(91) < 2n.

Since 2n is the third eigenvalue of the operator Agn-1, we conclude that the area
of Q7 is bigger than %wn,l, where w,,_1 is the area of the unit sphere in R". By

the above analysis, we can get that {¢ — 617%1 < 0} has at most two connected
components. [
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Corollary 2.5. Let ¢ be a positive solution of (2.1) such that ¢ depends only on
the variable &, then {¢ — Bﬁ # 0} has at most five connected components.

Corollary 2.6. Assume ¢ is a nonconstant positive solution of (2.1) such that ¢
depends only on the variable . If we further assume that

T
¢(€) =¢(r—§) for §€ (0’ 5)7
then the number of connected components of {¢ — Bp%l # 0} equals either 3 or 5.

Remark 2.7. By some numerical computations, we can check that if ¢ is solution
of (2.1) such that (2.2) and the conditions in Corollary 2.6 hold, then ¢ should be
a constant solution of (2.1). We will come back to this problem later.

Remark 2.8. We can prove that if ¢ is a solution of (2.1) depends only on the
variable &, then ¢ does not change sign. The proof of this fact will be given in the
appendiz.

Lemma 2.9. Let ¢ be a positive solution of (2.1) such that

/ o®;dd =0 for i=1,2,--- . n, (2.23)
Sn—l
where ®;,1 = 1,2,--- ,n are the linear independent eigenfunctions of the operator
—Agn-1 corresponding to the eigenvalue n — 1, then
2n+ 5, 1
[/l oo (sm-1) = ( » )Pt (2.24)
Proof. We define R B
¢=0¢— 9,
where ¢ is given by
— 1
¢ = / odb.
Wn—1 Jgn—1
Then ¢~> satisfies the equation
Agn-1¢ — B+ ¢ = 0. (2.25)

Multiplying the both sides of (2.25) by é and using integration by part, we can get
that

/ VedPdo+8 [ 20— / (&~ ) 6-Bdo=0.  (2.26)
Sn—1 Sn—1 Sn—1

By (2.23) and the definition of ¢, we know that

/ $df = 0,
Sn—l

/ ¢D;dd =0, i=1,2---,n.
Sn—1
By (2.26) and the Poincaré’s inequality, we have
2n/ ¢*db +B/ ¢*db —p||¢|\’;;1(sn,1)/ ¢*do < 0. (2.27)
Sn—1 Sn—1 Sn—1

If ¢ # 0, then
2n + ﬁ - p||¢||i;1(5'n71) S 0.
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It follows that 5 5
n -+
1Pl oo (sm—1y > ( »

Hence (2.24) holds. U

)reT, (2.28)

Lemma 2.10. If ¢ is a positive solution of (2.1) such that {¢ — »3"%1 # 0} has at
least three connected components, then

2n+ . 1
18l oo (m-1) = ( . )71 = B(p,n). (2.29)
Proof. The proof is essentially the same as the proof of Corollary 2.3. O

Remark 2.11. We notice that
2
(-1B=2(-2-—2) <2,

then
2n+ﬂ)p+1 > g7,

Bl o (sm-1y = (

Lemma 2.12. Let p be a constant such that pyr,(n) <p < pyr(n—1). There exists
a positive constant ¢ such that if ¢ € C*(S"~1) is a nonconstant solution of (2.1)

for pyr(n) <p <D, then
/ ¢2do < C/ [V gn—1¢|2df. (2.30)
Sn—l Sn,]

Proof. Suppose (2.30) does not hold, then there exists a sequence {¢,,} such that
¢ satisfies

AS"*lqﬁm -

2
- 1(” —2- ﬁ)¢m + o g =0 (2.31)

and

/ ®2 df Zm/ |V gn1¢pn|2dO. (2.32)
Spn—1 Sn—1

Since —¢,, is also a solution of (2.31), without loss of generality, we can assume
that

G (Om) = Ruld ¢m(0) > 0. (2.33)

It follows from the proof of Lemma 2.1 that [g,_, ¢Z df remains bounded. So (2.32)
implies

1. n— 2 = U. 2 4

o m - |Vgn-1¢m|°df =0 (2.34)

By (2.8) and (2.34), we can get that there exist two constants py and ¢g such that

lim py, =po, lim ¢, =co.
m——+o0 m——+oo

Moreover, ¢y is a constant solution of (2.1) for p = pg. Therefore,
1 2 1

fQ, po—1 |
po—l(n 100—1)]U

cg=0 or ¢y=]

We get from (2.33) that
A (Om) = (B — S5~ (0n)) i (6m) < 0. (2.35)
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Therefore,

1
¢m(6m) 2 (5m)Pm71 . (236)
It follows from (2.36) that ¢¢ is not zero. Let

(bm: pm ot +'(/Jm7

then lim,, 1 o0 ¥ = 0 and v, satisfies the equation

Agn-1Ym + (Pm — 1) Bntm + (Ym + ﬂ”’" D ﬁp’" 5 = PmBmtbm = 0. (2.37)
It is easy to verify that

Pm
(wm + Bpm 1) - 717)Lm71 _pmﬁmwm S cmeH%oo(Snfl)
for some positive constant ¢ independent of m. We define
_ Um
U =

1%m || oo (gn—1y

then v, satisfies

Pm
(wm + Bpm_l )pm - ﬂ’r%m_l - pmﬁmwm
[tom | poe (5n-1)

Agn-1Vm + (Pm — 1) Bmvm + =0. (2.38)

Since
[vmllpoe (sn-1) =1
and

1
lim ” (¢m + ﬁﬁlm71 )pm - T}V)Lm 1 pmﬁmwm
m=rteo [l Loo (sn-1y
By standard elliptic estimates, we know that there exists a nontrivial function v
such that v, = v in Hl(S"_l). Moreover, v, satisfies the equation

Agn-1Us + (p() - l)ﬂovoo =0. (239)

Then we deduce that v, is a nontrivial eigenfunction of —Ag.-1 corresponding to
the eigenvalue (py — 1)5p. On the other hand, it is easy to see that

||LOC(S'H.71) =0.

(po—1)Bo=2(n—2—

p0_1)<2n

and pyr(n) > (n+1)/(n — 3) when n > 11. Therefore, (po — 1)Bp can not be
an eigenvalue of —Ag.-1. By combining these two facts together, we obtain a
contradiction. d

Next, we can give some estimates about the constant ¢ in Lemma 2.12.

Proposition 2.13. Let ¢ be a positive solution of (2.1) such that

2np+ﬁ)p+1 — B(p.n),

then the constant ¢ in Lemma 2.12 can be estimated by

|1l o (sm-1y > (

(=22 5 o

( ) Wn—l( ;_1 & (2 40)

Cs\Py1) = W 1 _\n+3 _p(n—-1) " :
2 (2)=2(B(p,n) — fFT) 2 n 2
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Proof. Multiplying the both sides of (2.1) by ¢ and integrating over S"~!, we can
get that

/ |V gn-16|2d0 + 5/ $*do = / |p|P T db. (2.41)
Sn—1 Sn—1 Sgn—1
We take 1) = ¢ into (2.2), then
2 (n—2) 2 +1
|V gn-1¢|°d0 + —— ¢°dd > p |p|PTd6. (2.42)
Snfl 4 Snfl Snfl
By (2.41) and (2.42), we can get that
(n=2)% _ 3
/ PPHdp < —4—— »2de. (2.43)
Sn—1 p— 1 Sn—1
By the Poincaré’s inequality, we know that
p—1
/ ¢2df < w7 ( / PPHLdg) T (2.44)
Sn—l Sn—l
It follows from (2.43) and (2.44) that
(n—2)> B »
/ $2dO < wy, o (—E2—)FT, (2.45)
Sn—1 pP— 1

In order to estimate the constant ¢ in Lemma 2.12; we need to give a lower bound
for fsn—l |V gn-1¢|?df. Since we have assumed that

%gﬁwizﬁ@mx

then there exists a point 6y such that ¢(6y) = B(p, n). By taking suitable orthogonal
transformation, we may assume that 6y is the south pole. We use the coordinates
used in the proof of Lemma 2.1. By (2.1), we know that ¢ satisfies the equation
(2.10). We define

|61l oo (sm-1y > (

- 1
o6 = —— [ ote.onaw.

then ¢ satisfies (2.11) and (2.12). Let & be the first point such that

B(p,n) + 7T
Sem P

$(&1) =
We know from (2.12) that

1
n /B p,n)+ /6E .
b > PP (0.,
We will assume that §; < § since the case §; < 7 can be dealt with similarly. By
(2.11), we can get that

) ) & ¢ )
360 =00 = [ e [Cswtrigitn) - [ (e 0ayarae

Wp—2

& 1 €
5 / sin" "2 rdrd¢
3

Z—(Q(P,”))p/o sin"2¢ J,

> Loy,

We deduce that L .
& > (B(p,n) — Br—7)2(a(p,n)) 2. (2.46)
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Let

F= 1 /’ 6.
Wnp—1 Jgn-1

By (2.1) and the Jensen’s inequality, we can get that ¢ < j3 = Therefore,

| o—ora
=iéwl;2sm"25w—wm%ww§

£ o (2.47)
R A R
0
Wp—2 2 n— 1 n+3 _p(n=1)
> T ) B m) — ) ) T
It follows from the Poincaré’s inequality that
Wp,— 2 n— _1 . n+3 _p(n—1)
| IVnsoPan = Z22 Cy=2(3(0,m) = 571)F (ol )5
Therefore,
(n—2)2 —By-2_
fS"_l |V5n_1¢\2d9 > wnfl(;fl)ljfl
Jsnr @26 en2 (2yn-2(3(p,m) — B7T)E (alp,m) T
Hence (2.40) holds. O

Theorem 2.14. Let ¢ be a positive solution of (2.1) such that (2.2) holds. If ¢ is
a positive solution of (2.1) such that

2n+p

1]l oo (1) > ( )71 = B(p, n),

then ¢ is a constant when pyr,(n) < p < pes(n), where pes(n) > pyr(n) is the first
number such that

(n—2> 2 2
4 _p_lm—2—§ijMRM- (2.48)

Proof. By (2.41) and (2.42), we have

p—1=(

_ 2
(p - 1) /Sn_l |Vsn_1¢|2d6 < ‘/Sn_l((n42)

Let ¢ be a nonconstant solution of (2.1) satisfying (2.2), we know from Lemma 2.12
that ¢ satisfies (2.30). By combining (2.30) and (2.49) together, we can get that

(n—2)°

— pB)¢*deh. (2.49)

0= [ [Vswofdo <

It follows from (2.50) that

~p)en(pn) [ Vsnoffan. (250

/ |VSTL71¢|2d0 = 0
Sn—1

when pyr(n) < p < pes(n). Since we have assumed that ¢ is a nonconstant solution
of (2.1), this is a contradiction. O
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Corollary 2.15. Let ¢ be a positive solution of (2.1) such that (2.2) holds. If we
further assume that

/ oP;d0 =0, i=1,2---,n

Sn—l

or {¢ — ﬁﬁ} has at least three connected components, then ¢ is a constant when
psr(n) <p < pes(n).

Remark 2.16. It is proved in [9] that if n > 4 and (n+1)/(n—3) <p < pyr(n—1),
then (2.1) has a nonconstant positive solution.

Remark 2.17. By Lemma 1 in [72], we have the following Hardy type inequality,
—92 2 -3 2 2
/ |V gn1|2d0 + M/ s2dp > =3 / O g9, (251)
Sn—1 Sn—1 4 S

4 n-1 sin? €
The equation (2.1) has a singular solution which is given by
2 2 1
(8 =[;=7(n -3~ E)]F(Siné)‘% — B.(sin€)” 7T,

Suppose ¢, satisfies (2.2), then

/ |vsn1¢|2d9+(n_2)2/ ¢2d92pﬂ£‘1/ id db. (2.52)
Sn—l Sn—l

4 gn1 sin% €

Ifp=psr(n—1), then

2p 2 (n —3)?
-3 ) =
p—1 p—1 4
Let us define
2p 2
g(p)—ﬁ( _3_ﬁ)’
then
2 4

gl(p) = m(n -

Ifp>(n—1)/(n—=75), then ¢'(p) < 0. Therefore, the singular solution ¢. satisfies
(2.2) ifp > pyr(n—1).

3. QUALITATIVE PROPERTIES OF STABLE SOLUTIONS

In this section, we consider the qualitative properties of the stable solutions to
the equation (1.1) for n > 11.

Lemma 3.1. Let psi(n) be the exponent determined by

(n —2)? 2p 2
“)(p-1) = - DS
-p-1= 22 2o L
Let pyr(n) < p < pgi(n) and let ¢ be a nontrivial solution of (2.1) such that (2.2)
holds, then ¢ does not change sign.

Proof. We assume that ¢ change sign. Without loss of generality, we can assume
that there exists a connected component €y of {¢ > 0} such that A\ (£21) > n — 1,
where A1(€7) is the first eigenvalue of the eigenvalue problem

Asn_lfb—i—)\(I):O in Ql,
d=0 on 09;.
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Multiplying the both sides of (2.1) by ¢ and integrating over Qy, we can get that
/ |V gn-10[2d0 + 5/ p*df = / |p|PTtdo. (3.1)
ol ol ol

We take ¢ = ulg, into (2.2), where 1, is the function defined by

1 1 in Ql
2710 on STN\Q.
Then )
-2
/ |V gn-16|2d0 + u/ $*do Zp/ |p|PTtde. (3.2)
Q1 4 (951 Q
By (3.1) and (3.2), we know that

(n

2 1 72)2 2
w-1 [ V0l < 5 / (e e UL ST CE

It follows that if pyr(n) < p < psi(n), then ¢ vanishes identically on ;. Since we
have assumed that ¢ > 0 on €1, this is a contradiction. [

Proposition 3.2. Let pyr(n) < p < psi(n) and let u be a stable solution of the
equation (1.1), then u does not change sign.

Proof. We consider the transform
u(r,0) = r_%w(t, 0), t=Inr.

Since u satisfies (1.1), then w(t,0) is a bounded solution of the equation

4 2 2
attw+ (n_2_ F)atw‘f'ASn—lw_ 7(71—2— ﬁ)w“v‘ |'LU|p_1'LU = 0 (34)

p—1
We set
4
A=n-2— ——,
-1
Be -2 (noo- 2 3.5
- op-—1 p—17 (3:5)
1 B 1
E(’U)) = /Sni §\V5nf1w\ — 5“}2 — pﬁ'ﬂ)|p+ld9.
By (3.4), we get that
2 d 1 2
A (Oyw)?d0 = —[E(w)(t) — = (Oyw)*de). (3.6)
Sn—1 dt 2 Sn—1
By the estimates in [30], we can get that Oyw, Opw, |V gn—1| are uniformly bounded.
Integrating (3.6) from —s to s, we find
S
A/ / (Opw)?dfdt < c (3.7)
_sJgn—1

for some constant ¢ independent of s. Let s tend to +oo in (3.7), then

+oo
A / / (Opw)?dfdt = 0.
—00 Sn—l

Similar to the proof of Theorem 1.4 in [22], we can obtain that

lim (Opw)?d = 0. (3.8)

t—+o00 Sgn—1
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For any sequence {tj} such that t;, — oo as k — 0o, we consider the translation of
w defined by wy(t,0) = w(t+tx, #). Then there exist a subsequence {wy, (¢,0)} and
a function wu(t,6) such that wy, (t,0) — ws(t,0) in C%([—1,1] x S*~1). By (3.8)
and the dominated convergence theorem, we know that there exists a function ¢(6)
such that we(t,0) = ¢(0). Moreover, ¢ is a solution of (2.1) such that (2.2) holds.
If ¢ = 0, then lim;_,» E(w)(t) = 0. But we also have lim;_, ., F(w)(t) = 0 since
u is regular at the origin. It follows easily that w = 0. Since we have assumed that
u is a nontrivial solution, this is a contradiction. Therefore ¢ is not zero. If ¢ # 0,
we know from remark 2.8 that ¢ does not change sign. Suppose there exist two
sequences {t;} and {f;} such that

lim w(tg,0) <0
k— o0

and
lim w(ty,6) > 0,
k—o0
then {u # 0} has a bounded connected component. Without loss of generality, we
can assume there exists a bounded connected component 2_ such that u < 0 on
Q_. Then u satisfies the equation
Au+uf7lu=0 in Q_,
{ u=20 on 0Q_. (3.9)
Since u is a stable solution of (1.1), then L = A + p|u[P~! satisfies the refined
maximum principle (see [3]). Since

Lu=(p—-1Duf'u<0 in Q_,
u=20 on O0f)_,

we get from the refined maximum principle that v > 0 on Q_. In view of the
definition of 2_, we get a contradiction. By the above arguments, we know that
there exits a positive constant Ry such that u doesn’t change sign on R"\Bpg,. By
applying the refined maximum principle again, we know that u does not change
sign. (I

(3.10)

Similarly, we can prove the following result.

Proposition 3.3. Let pyr(n) < p < pyjr(n—1) and let u be a axially symmetric
stable solution of (1.1), then u does not change sign.

proof of Theorem 1.2. If n > 11 and p > pyr(n), then p > n/(n—4). By Corollary

2.15, Proposition 3.2, the estimates in [30] and Theorem 4.4 in [25], we can get that
2 1 0
u(e) =7 (-B)7H + () + LY (311)

where , )

¢(r) = ri1u(r) — (—B)71 (3.12)
and )

u = 0 da.

U(T) Wn—1 /57171 U(T, )

Moreover, for any integer 7 > 0, we have v(r, ) satisfies
v(r,0) > V(@) as r—0 (3.13)

uniformly in C7(S™~1), where V equals either zero or a first eigenfunctions of the
operator —Agn-1. Since we have obtained the asymptotic expansion (3.11) which
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is good enough to apply the moving plane method, then the rest of the proof is
essentially the same as the proof of Theorem 1.1 in [33]. O

4. THE PROOF OF THEOREM 1.4

In this section, we give the proof of Theorem 1.4, the proof is mainly based on
the following observation.

Proposition 4.1. Let n = 10 and let u be a smooth stable solution of the equation
(1.2), then
| l|im u(z) + 2In(|z]) — In(16) = 0. (4.1)
T|—0o0

In order to prove Proposition 4.1, we first recall a monotonicity formula.

Lemma 4.2. If u is a solution of the equation (1.2), then
dE 2
T | (G lpe, (42)
dp o, Op p

where

E(p,u) = pz‘”/

1
; (§|Vu|2 —e*)dr — 2p1_"/ (u+ 21In(p))do.

8B,
Moreover, if u is a smooth stable solution of (1.1), then

lim E(p,u) < 4oo. (4.3)

p—>—+o00

Proof. The proof of (4.2) follows from a scaling argument which is similar to the
proof Proposition 5.1 in [31]. The proof of (4.3) follows easily from the capacity
estimates in [29]. O

With the help of Lemma 4.2, we can give the proof of Proposition 4.1.

proof of Proposition 4.1. The proof of Proposition 4.1 will consist of the following
four steps.

Step 1: Let {\r} be a sequence such that limg_, o Ak = +00. For any A, we
define u** (z) = u(Agx) + 2In(Ag). It is easy to check that u**(z) is also a stable
solution of (1.1). By the capacity estimates (see for instance [29]), we know that
uM — 4 for some function u> € H} _(R™). Moreover, u* is a stable solution of
(1.1).

Step 2: For any 0 < R; < Re < 400, by Lemma 4.2,

lim E(AyR2;0,u) — E(AkR1;0,u) = 0. (4.4)
k—4o0c0
By the scaling invariance of E, we have
lim E(Ry;0,u™) — E(Ry;0,u™) = 0. (4.5)
k—4oc0

We use Lemma 4.2 again, then
0= lim E(Ry;0,u™) — E(Ry;0,u™)

k— o0
oure 2
= lim 22 (e + = )2d A
k=+00 /B \Bp, or || (4.6)

Qur= 2
/ (2 4 22,
Br,\Br, or |z|

v
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Therefore,

2 Ou*®

;-&- g =0 ae in RV (4.7)

It follows that there exists a function ¢ € H*(S™ 1) such that u>® = ¢ — 2In(7).
Moreover, ¢ satisfies the equation

Agn1¢p—2(n—2) +e? =0. (4.8)
Step 3: For every ¢ > 0, we choose a function ns € C’g"((g, 2)) such thazt ns =11in
(6, %), and r|nj(r)| < 4. For every ¢ € H*(S"™1), we define ¢5 = r~"% ¢(0)ns(r).
For every v € HY(S"™1), we define 5 = r’%dJ(ﬂ)ng(r). Since u*° is stable, we

have
“+o0

/ e¢¢2d0/ r_lngdr
Sn—l 0

o0

n— _2 n
< [ wras [t - R

gn—1 0

+/ |V5n_1w|2d9/ " Hnsr—2)2dr
Sn—1 0
Therefore, ¢ satisfies

2 (n — 2)2 2 b2

IV gnoaap|2d0 + L2 W2do > e®2df (4.9)

Sn—1 4 Sn—1 Sn—1

for every i € H'(S™™1).
Step 4: We take ¢ = e% into (4.9), then
_9)2

1/ e?|V gn-10|%db + u/ e?df > / e**do. (4.10)

4 Sn—1 4 Sn—1 Sn—1

Multiplying the both sides of (4.8) by e? and using integration by part, we have

1

= / e?|Vgn-162d0 + 2(n — 2) / e?dh = / e*df. (4.11)

2 Snfl Snfl Snfl
If n = 10, then (n —2)?/4 = 2(n — 2). By (4.10) and (4.11), we can get that

/ e?|Vgn-19|%dh < 0. (4.12)
Snfl

It follows from (4.12) that ¢ = In(16) is a constant. Since {A;} can be arbitrary,
we can obtain that proposition 4.1 holds. [
proof of Theorem 1.4. It follows from proposition 4.1 and Theorem 1.3 in [26]. O

APPENDIX 1: A LIOUVILLE TYPE RESULT

In this appendix, we prove the claim in remark 2.8. The proof is based on the
the following result.

Proposition 4.3. Let p > Z—fé and (p — L)p > n—1. If ¢ is a solution of the
equation

(FFE) T div(55p)" V) —u + (619 =0 in By, (4.13)
¢=0 on 0B,
where B, C R"™! 4s a ball and 0 < r < 1, then ¢ = 0.
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Proof. Multiplying the both sides of (4.13) by (m%lg)”’lgb and using integration
by part, we can get that

2 2 n—3 2 2 n—1 __ +1 2 n—1
| oG e [ G = [ e )

Multiplying the both sides of (4.13) by (ﬁ)"‘l(aﬁ - V¢) and using integration
by part, we can get that

mo) [ ok = [ () Ve vy v f
2

_ n—1| 1 p—1 .
[ G ol ot o)

h(r)/ 2 3‘”/ 2 -3 2
= — 7 v n v
5 ), Vel S [ G el

(n—l),u/ 2 —1,42 ”_1/ 2 -1 1
— n + n p+
2 BT(1+\x|2) ¢ p+1 BT(1+|x|2) 91

—1 . 2 n—3 Q_H/ . 2 n—1 42
2/3 TV Ve g ), V)

r r

! / £ V(2 g,

_l’_i

W)n_1¢($ Vo)

r

where

It follows that

32TL/BT( 2 )n73|v¢|2_ (n;l):u /;T( 2 )n71¢2

1+ |z|? 14+ |z?
n—1 2 . 1 2 _
+ n p+1_7/ Z'V n SV 2
571 T e =5, S ivel )
I 2 n—1,2 1 2 n—1 +1 .
- = z-V + — x-V p
2/& S A A e

_h(r) 2
=& /83T|V¢|.

Multiplying the both sides of (4.13) by « - V(ﬁ)”_lcé and using integration by
part, we can get that

2
1+ |22

X 2 .
0=~(n=1) [ (i) e ()

"

1+ ]

o 2 n—1 ,2 / 2 n—1 p+1
T e e R A (o P

—-@-1 [ 2l gaiv )" Vo)

B, 1+

(4.16)

1+ |z|?

_ . 2 n—1 .2 . 2 n—1 p+1
u/Brw Vi) +/Bf V()" el
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By some computations, we can get that

r

V(=—59)V¢o (4.17)
_ n-l V(2 3y T _ 2 g
- n3/Brx v(1Jr|w|2) Vel +2(n2)/BTA(1+|x|2) a

By (4.16) and (4.17), we have

_ on—1 - 2 nel_ () _
0= [ )

2

W)nfl]dﬁ

_ . Lnﬂz/ o2 it
pf s Vi) [ e VG )l (4.18)

d

N (= ek
B,

n—3 1+ |xf?
We combine (4.14), (4.15) and (4.18) in the following way:
n—1
4.14) x + (4.15) — x (4.18),
(1.14) x B4 (115) = 0 x (419
then
h(r)/ s m—1 n-3 / 2 31— |xz|? 9
_/ Vol = — " \Y
5 aB,,,| W=7 ) B7~(1+‘m|2) 1+|a:|2| 9|
n—1 2 R
o1 =) [ n-1 .
2(]DJrl)( (p—1)p) BT(1+|$|2) T+ 2p?
If p> 2L and (p — 1)p > (n — 1), then the left hand side of the last identity will
become non-positive, therefore, the equation (4.13) has only trivial solution. O

Corollary 4.4. If p > Z—fé and if ¢ is a nontrivial solution of the equation (2.1)
depends only on the variable £, here we use the coordinates in the proof of Lemma
2.2, then ¢ does not change sign.

Proof. If ¢ change sign, then there exists 0 < r < 1 such that (4.13) has nontrivial
solution, this is a contradiction. ([
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