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ABSTRACT. We consider the initial-boundary value problem of a simplified nematic liquid crystal
flow in a bounded, smooth domain Q C R2. Given any k distinct points in the domain, we develop
a new inner—outer gluing method to construct solutions which blow up exactly at those k points as t
goes to a finite time 7. Moreover, we obtain a precise description of the blow-up.

1. INTRODUCTION

In this paper, we consider the following initial-boundary value problem of nematic liquid crystal
flow in a bounded, smooth domain €2 in R?, and 7 > 0

dv+v-Vo+ VP =Av -V (Vuo Vu— 3|[Vul’l;) in Qx(0,7),
V-v=0 in Qx(0,7), (1.1)
du+v-Vu=Au+ |Vul|?u in Qx(0,7T),
with initial condition
(v,u)‘tzo = (vg,up) in €, (1.2)
and boundary condition
v=0 on 00 x (0,T),
u=uwug on 00 x(0,T),
where v : Q x [0,T) — R? is the fluid velocity field, P : Q x [0,T) — R is the fluid pressure function,
u:Q x[0,T) — S? stands for the orientation field of nematic liquid crystal molecules, V- denotes the
divergence operator, Vu ® Vu denotes the 2 x 2 matrix given by (Vu ® Vu);; = V,u -V u, and I, is

the identity matrix on R2. The parameter £y > 0 represents the competition between kinetic energy
and elastic energy. (vo,up) : © — R? x §? is a given initial data such that V - vg = 0.

(1.3)

The system (1.1) can be viewed as a coupling between the incompressible Navier—Stokes equations
and the equations of heat flow of harmonic maps. Both the incompressible Navier—Stokes equations and
the equations of harmonic map heat flow have been studied extensively. For the incompressible Navier—
Stokes equations, the existence of global weak solutions to the initial value problem has been well-known
since the fundamental works of Leray [42] and Hopf [35]. A more comprehensive theory on the Navier—
Stokes equation can be found in classical books of Temam [67], Lions [53], see also [11], [26], [58], [68]
and the references therein. The fundamental solution of the Stokes system, which is a linearized Navier—
Stokes equation, was established by Solonnikov in [61], together with estimates of weak solutions to the
Cauchy problem. Solonnikov also derived similar estimates of the initial-boundary value problem of the
Stokes system in [62,04,65], and these sharp estimates would be very important in our construction.
For the harmonic map heat flow, Struwe [66] and Chang [1] established the existence of a unique global
weak solution in dimension two, which has at most finitely many singular points. In higher dimensions,
the existence of a global weak solution has been proved by Chen and Struwe in [9] (see also Chen and
Lin [8]). Examples of finite time blow-up solutions have been constructed in dimension n > 3 in [11]
and [7], see also [27,28]. In dimension two, Chang, Ding and Ye [5] established the first example of
finite time singularities by a sub-super solution method for axially symmetric maps into the standard
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sphere. Angenent, Hulshof and Matano [2] analyzed a 1-corotational blow-up solution in a disk with

profile
o

u(a,t) =W (A(t)> +0(1),

where W is the least energy harmonic map (of degree one)

1 2y } 2
W(y) = —— e R7,
(y) 1+|y‘2 |:y|2 —1]> Y
O(1) denotes a term that is bounded in H'-norm, and 0 < A(t) — 0 as ¢ — T. They obtained an
estimation of the blow-up rate as A(t) = o(T — t). Using matched asymptotics formal analysis, van
den Berg, Hulshof and King [69] showed that this rate should be given by
T—t
At) v h————
O g P
for some k > 0. Raphaél and Schweyer succeeded in constructing an entire 1-corotational solution with
this blow-up rate rigorously [57]. Recently, Davila, del Pino and Wei [15] constructed a non-symmetric
solution that exhibits finite time blow-up at multiple points and studied its stability by using the inner—
outer gluing method. More precisely, for any given finite set of points in 2, they constructed solution
blowing up exactly at those points simultaneously under suitable initial and boundary conditions. In
another aspect, for higher-degree corotational harmonic map heat flow, global existence and blow-up
have been investigated in a series of works [29-32] and the references therein. For the general analysis

of the bubbling phenomena and regularity results of the harmonic map heat flow, we refer the readers
to the book [49].

The model equations for the nematic liquid crystal flow (1.1) that will be studied in this article are
proposed in [15], and it is a simplified version of the Ericksen—Leslie system for the hydrodynamics
flow of nematic liquid crystal material established by Ericksen [25] and Leslie [13]. The existence and
uniqueness of solutions to (1.1) has attracted a lot of interests in recent years. In an earlier work [46],
Lin and Liu considered the Ericksen-Leslie system with variable degree of orientations, and established
a global existence of weak and classical solutions in dimensions three and two. There is also a partial
regularity theorem for suitable weak solutions of approximate systems for (1.1), see [17], similar to
those for the Navier—Stokes equation established by Caffarelli-Kohn—Nirenberg in [3]. Later in [18], a
global existence of Leray—Hopf-Struwe type weak solutions of (1.1) in two dimensions is proved (see
also [33], [34], [71], [30], [40] and [70]). More importantly, the uniqueness of such weak solution in
dimension two can also be shown [50]. For the case of dimension three, much less is known. Lin and
Wang [52] proved a global existence of (suitable) weak solutions satisfying the global energy inequality
under a restrictive assumption that the initial orientation field uo(€2) C S2. There are also blow up
criteria for finite time singularities for local strong solutions of (1.1) in both dimensions two and three,
for instance, Huang and Wang [38]. We should also point out a recent interesting work by Chen and
Yu [6]. They constructed global m-equivariant solutions in R? where the orientation field blows up
logarithmically as t — +o00. For a survey of some recent important developments of mathematical
analysis of nematic liquid crystals we refer to [51].

The main concern of this paper is the existence of classical solutions to the nematic liquid crystal
flow (1.1), that develop finite time singularities. In dimension three, the work [37] has provided two
examples of finite time singularity of (1.1). The first example is an axisymmetric finite time blow-up
solution constructed in a cylindrical domain (as remarked in [37] Remark 1.2(c), this blow-up example
does not satisfy the no-slip boundary condition). The second example is constructed in a ball for any
generic initial data (vg,uo) that has small enough energy, and u has a non-zero Hopf-degree.

In this paper, we consider the two-dimensional nematic liquid crystal flow (1.1), where the velocity
field satisfies no-slip boundary condition, i.e., v = 0 on 9. We wish to point out that if v = 0 in
(1.1), then u is not only a solution of the harmonic map heat flow, it also satisfies the compatibility
condition V - (Vu ® Vu — §|Vu|?[;) = VP for a scalar function P. In fact, one can check that for



FINITE TIME BLOW-UP FOR THE NEMATIC LIQUID CRYSTAL FLOW IN DIMENSION TWO 3

the blow-up solution u to the harmonic map heat flow constructed by [5], as it is axisymmetric, (u,0)
is also a blow-up solution to (1.1). On the other hand, the blow-up solutions u to the harmonic map
heat flow in [15] can not satisfy (1.1) with v = 0, whenever the number of blow up points k > 1.

Using the inner—outer gluing method for both v and v, we construct a solution (v,u) to problem
(1.1) exhibiting finite time singularity when the parameter gy is sufficiently small. More precisely, we
have

Theorem 1.1. There exists a sufficiently small g > 0 such that given k distinct points q1,- -+, qx € €2,
if T > 0 is sufficiently small, then there exists a smooth initial data (vo,ug) such that the short time
smooth solution (v,u) to the system (1.1) blows up exactly at those k points as t — T. More precisely,
there exist numbers x5 > 0, w¥ and u, € H(Q) N C(Q) such that

2 3 T4
u(w, 1) ZQ o, @3, {W ( N0 ) —W(oo)} —0 as t—=T,
in HY(Q) N L>(Q), where the blow-up rate and angles satisfy
T—-1
At) =k ——=(1 1 t—=T
i(t) = K; |log(T—t)|2( +o0(1)) as t—T,

w; %w ,ya; -0, B; =0, as t—=T,
and QL, Q% and Q% are rotation matrices defined in (2.2). In particular, it holds that

k
|Vu(-, )2 de — |Vu,|* do + 87 Z 0q, as t—T,
j=1
as convergence of Radon measures. Furthermore, the velocity field satisfies

AP
mt|<c§ 0<t<T,
j= 114"7(
for somec>0and0<v;<1,j=1,--- k.

Concerning Theorem 1.1, we would like to make two remarks.

Remark 1.1.
o At each blow-up point q; € 1, 1 < j < k, the behavior of the velocity field v is precisely

o(z,t)] < AP TH(E) +o(1) for v € (0,1).

Theorem 1.1 suggests that v might also blow up in finite time. In fact we conjecture that
lo(,t)||pee ~ |log(T —t)| as t — T. The singularity formation of the velocity field is driven
by the Ericksen stress tensor V - (Vu ® Vu — £|Vu|?Iy), which is induced by the liquid crystal
orientation field u(x,t). Namely, u(z,t) plays a role on generating the singular forcing in the
incompressible Navier—Stokes equation. For results of the Navier—Stokes equation with singular
forcing in dimension two, we refer to [10)].

e [t is well-known that the pressure P can be recovered from the velocity field v and the forcing.
See for instance [20] and [68].

o The proof of Theorem 1.1 actually yields, on one hand, that the small constant €y can be chosen
to be a universal constant, that is independent of the domain 2, blow-up points q1,- -+ , qx, and
time T'. On the other hand, no matter how small eg would be, the two systems are fully coupled,
because of the following scaling invariance:

(va(z, 1), Px(z,t), uxn(z, ) = (Av(Az, A%t), \2P(Ax, A%t), u(Az, A°t)).
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In addition, this nonlinear coupling property is also preserved in the linearized inner problem:

vy + VP =Av—¢ggV- (VW O V),
V.-v=0,
by +v-Vo=A¢+ |[VW|%p+2(VW - Vp)W.
Remark 1.2. While, in order to carry out fized point argument in the inner—outer gluing procedure,
we need to assume g9 > 0 in (1.1) to be sufficiently small, Theorem 1.1 does cover the relevant physical
cases of the hydrodynamics of nematic liquid crystals where the fluid tends to have a large viscous
effect. More precisely, instead of (1.1), if we consider
v +v-Vo+ VP =pAv—AV - (Vu® Vu—3|Vul’l)  in Qx(0,T),
V-o=0 in Qx(0,T), (1.4)
Oru + v - Vu = J(Au + |Vul?u) in Qx(0,T),
where p > 0, A > 0, and 4 > 0 represents the fluid viscosity, the competition parameter between the

kinetic energy of fluid and the elastic energy of the liquid crystal orientation field, and the macroscopic
relazation time parameter respectively. Assume that % > 1 and % ~ 1. If we set (v,u, P)(z,t) =

(v, u, 72 P) (@,

60:%<<1.

ﬁ), then it follows from direct calculations that (T, %, P) solves (1.1) with the parameter

The proof of Theorem 1.1 is based on the inner—outer gluing method, which has been a very powerful
tool in constructing solutions in many elliptic problems, see for instance [16,18-20] and the references
therein. Also, this method has been successfully applied to various parabolic flows recently, such as the
infinite time and finite time blow-ups in energy critical heat equations [12,21-24], singularity formation
for the 2-dimensional harmonic map heat flow [15], vortex dynamics in Euler flows [14], and others
arising from geometry and fractional context [13,55,59,60]. We refer the interested readers to a survey
by del Pino [17] for more results in parabolic settings.

The nematic liquid crystal flow (1.1) is a strongly coupled system of the incompressible Navier—
Stokes equation and the transported harmonic map heat flow. In this paper, the construction of
the finite time blow-up solution is close in spirit to the singularity formation of the standard two
dimensional harmonic map heat flow

Ou = Au+|Vul?u, in Qx(0,7T),

u = ug, on 90 x (0,7T), (1.5)
u(+,0) = uo, in Q.
In [15], by the inner—outer gluing method, Davila, del Pino and Wei successfully constructed type II

finite time blow-up for the harmonic map heat flow (1.5). More precisely, the solution constructed
in [15] takes the bubbling form

k
V(- )]> = [Vu.|* + 87> &, as t =T,
j=1
where u, € H'(Q) N C(Q), (q1,...,q) € QF are given k points, and §,, denotes the unit Dirac
mass at ¢; for j = 1,--- , k. The construction in [15] consists of finding a good approximate solution

based on the 1-corotational harmonic maps and then looking for the inner and outer profiles of the
small perturbations. Basically, the inner problem is the linearization around the harmonic map which
captures the heart of the singularity formation, while the outer problem is a heat equation coupled
with the inner problem.

Our construction of a finite time blow-up solution to the nematic liquid crystal flow (1.1)—(1.3) relies
crucially on the delicate analysis carried out in [15]. However, because of the strong coupling between
the Navier—Stokes equation with forcing for v and the transported harmonic map heat flow equation
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for u, we have to develop several new ingredients in our inner—outer gluing procedure for the system
(1.1)—(1.3):

e Although the advection term v- Vv can be realized as a small perturbation in the Stokes system
with forcing, the transported term v - Vu in the equation for the orientation field u can only be
realized as a small perturbation of the outer problem for u, but not of the inner problem for
u where the singularity occurs. In fact, since the system (1.1) is invariant under the following
parabolic scalings:

(’l]k(ﬂf,t),P)\($,t),1j,)\($,t)) = ()\U()\.I‘,A2t),)\2P(A$,A2t),u()\$, /\Zt))v VA > 0,

in the self-similar variable (y,7) near a singular point (g, T'), roughly speaking, the order of
v[@] - VU is the same as that of h in the inner-linearized equation:

r¢ +v[¢] - V,W = L [g] + h,

where Ly is the linearization of harmonic map equation around W given by (2.3). See Section
4 for more details.

e In [15], the parameter functions A(t), £(t), w(t), which correspond to the dilation, translation
in the domain, and rotation about z-axis in the target space, respectively, were introduced to
adjust certain orthogonality conditions to guarantee the existence of desired solutions to the
harmonic map heat flow. However, to find the desired solution of the nematic liquid crystal
flow (1.1) as stated in Theorem 1.1, we need to introduce two new parameter functions «/(t)
and fS(t) associated to the rotations about  and y axes in the target space, respectively. The
reasons behind this are:

i) Heuristically, in the inner problem of u, the velocity v may exhibit a logarithmic singularity
induced by the off-diagonal effect of the Oseen-kernel S;; (see (3.8)). The addition of these
new parameter functions a(t) and 3(¢) can balance such a logarithmic singularity off.

ii) We need to solve the inner linearized problem of u to get a solution with space and time
decay rates faster than that by [15], since we need to control the stress-tensor V - (Vu ®
Vu — %\Vu|2112) appearing in the equation for velocity field v of (1.1). For this purpose,
we introduce two new parameter functions «(t) and B(t) associated to the rotations about
x and y axes in the target space, respectively, to adjust the orthogonality conditions at
mode —1. See Section 2 for details.

iii) After the adjustment by suitable «(t) and 3(¢), the smallness of parameter £y can reduce
v - Vu into a truly small perturbation in the inner problem of .

e We also need to develop a new linear theory for the Stokes system with some novel weighted
L°° estimates, which shall have its own interest. The construction of desired velocity field
v shall be carried out by another new inner—outer gluing procedure, since the forcing term
V- (Vu® Vu — $|Vu|?l,) in (1.1); is concentrated near the blow-up points. See Section 3 for
details.

The following picture roughly describes the above process.

&)

Forcing in (1.1)1: — &0V - (Vu ® Vu — §|Vul’ly) —— v in (1.1)3
(4) I ©) l
Mode k in the inner problem of u: ¢ & Transport term: v - Vu in (1.1)3

(1) Solve the incompressible Navier-Stokes equation with forcing coupled from the orientation wu.
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(2) The velocity v provides transported effect in the harmonic map heat flow.

(3) The transported term v - Vu is coupled in a nontrivial way through the inner problem at mode
k since the velocity v = v[¢y] carries the information of ¢y in step (1).

(4) Faster spatial and time decay of ¢ yields better forcing term in (1.1)q, ensuring the imple-
mentation of the whole loop.

The paper is organized as follows. In Section 2, we will develop a new inner—outer gluing method
for the harmonic map heat flow in order to handle the difficulties arising from the coupling effects of
(1.1). In Section 3, we develop the linear theory for the Stokes system. In Section 4, using the newly
developed inner—outer gluing method, we construct a finite time blow-up solution to the nematic liquid
crystal flow by the fixed point argument.

Notation. Throughout the paper, we shall use the symbol “ < ” to denote “ < C” for a positive
constant C' independent of ¢ and T'. Here C might be different from line to line.

2. SINGULARITY FORMATION FOR THE HARMONIC MAP HEAT FLOW IN DIMENSION TWO

Closely related to the harmonic map heat flow in dimension two, the equation for the orientation
field v can be regarded as a transported version with drift term. In this Section, we consider the two
dimensional harmonic map heat flow u : Q x [0,T) — S

Ou = Au+ |Vul?u, in Qx(0,7),

u = up, on 90 x (0,7),
u(+,0) = o, in Q.
While following closely the general strategy of the construction developed by [15], we will establish

several new estimates that are needed for the system (1.1). More precisely,

e A new linear theory at mode —1: This procedure consists of the following steps

— Step 1: New corrections are added at mode —1 to cancel out the leading order of slow
decaying error corresponding to the rotations around z and y axes in the target space
(see Section 2.2).

— Step 2: New orthogonality conditions are imposed at mode —1 which determine the
dynamics of the new parameters a(t) and G(t) (see Section 2.4).

— Step 3: Under the orthogonality conditions at mode —1, the new linear theory at mode
—1 is developed (see Section 2.5.2).

e Higher order estimates for inner and outer solutions are obtained in order to handle the forcing
—0V - (Vu® Vu — 1|Vu|?Ly) in the equation for velocity (1.1); (see Sections 2.5-2.6).

We first introduce some notations and preliminaries.

2.1. Stationary problem: the equation of harmonic maps and its linearization. The equation
of harmonic maps for U : R? — S? is the quasilinear elliptic system

AU + |[VU]?U =0 in R2 (2.1)

For A > 0, £ € R?, w,,8 € R, we consider the family of solutions to (2.1) given by the following
1-corotational harmonic maps

U wap(®) = QLQRQEW ( - £ ) R,
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where
cosw —sinw 0 1 0 0 cosf 0 sing
QL= |sinw cosw 0|, Q%:= |0 cosa —sinal, Q% = 0 1 0 (2.2)
0 0 1 0 sina cosa —sinf 0 cosf

are the rotation matrices about z, x and y axes in the target space, respectively, and W is the least
energy harmonic map
W(y)=1[ 2 } y € R%
L+ [y [lyl* = 1]
In the polar coordinates y = pe?, W (y) can be represented as
W(y) = [eie sin w(p)

cosw(p) ] , w(p) =7 — 2arctan(p),

and we have
2 2p p?—1

—TQJrl,sinw:—pwpzrJr17 Al

wy =

For simplicity, we write
Qu.a,8 = QuQa Q-

The linearization of the harmonic map operator around W is the elliptic operator

Lwld] = Ayp + VW ()6 + 2VW(y) - Vo)W (), (2.3)
whose kernel functions are given by
Zoa(y) = pwp(p)Er(y),
Zo.2(y) = pwp(p)E2(y),
Z1,1(y) = wp(p)[cos OE1 (y) + sin 0 E (y)],
Z12(y) = w,(p)[sin@E1(y) — cos 0Es(y)], (2.4)
Z_1,1(y) = p*wp(p)[cos 01 (y) — sinOEs(y)],
Z_19(y) = p*w,(p)[sin OE1 (y) + cos 0 (y)],

where the vectors

= [0, = [4]

—sinw(p)
form an orthonormal basis of the tangent space TW(y)S2. We see that
Lwl|Zi;]=0 fori==+1,0, j=1,2.
Note that

Lule) = A Quaswldl, olo) = 6(y), y= "5

In the sequel, it is of significance to compute the action of Ly on functions whose value is orthogonal
to U pointwisely. Define

Myip:=¢—(p-U)U.

We invoke several useful formulas proved in [15, Section 3]:

Ly[y.®] =y A® + Ly [®],
where 3

Ly[®] := |[VU* 1. ® — 2V(® - U)VU, (2.5)

with

V(@ -U)VU = 0,,(®-U)0,,U.
In the polar coordinates ‘

O(z) = (r,0), =&+ re'?,
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(2.5) can be expressed as (see [15, Section 3])
- 2 1
Eu10] = = 3uplp) | (@ U)Qua pBr ~ H(@0- U)QupBa| 7 = .
Assume that ®(z) : 2 — C x R is a C! function in the form
p1(x) + iwz(ff)}
P(z) = . 2.6
(@)= [PLr (2:6)
If we write
P =1t ipa, O =1 i
and
divp = Oz, o1 + O, P2, cwrlp = Oy 02 — Iy 1,
then we have the following formula (see [15, Section 3])
Lu[®] = [Lulo[®] + [Lu)a [®] + [Lu2[®], (2.7)
where

[Ly]o[®] = )flpwi[div(e*i“’go)Qw,a,gEl + curl(e*i"’go)Qw@ﬁEg],
[Lu)1[®] = — 22X 1w, cos w((Dx, p3) cos O + (Oup3) sin 0]Qu 0.5 F1
— 22w, cos w[(0, ¢3) SN0 — (D, 03) €08 0]Qu 05 B2, (2.8)
[Ly)2[®] = )Flpwlz) [div(e™ @) cos 20 — curl(e™ @) sin 20| Q.05 F1
+ )ﬁlpwg [div(e™ @) sin 20 + curl(e™ @) cos 20]Qu .5 Fo-

If we assume

0
where ¢(r) is complex-valued, then we have the following formula

Lufo] = 3030 [Ree™0,0()QunsBr + H(e0() QB

If ® is of the form

(I’(Z‘) — |:¢(7”)€i9:| Lz :f—i—rew, r = /\p7

®(2) = 1(0,0)Qu,a,s B1 + 92(0,0)Qua,p B2, = &+ Ape”
in the polar coordinates, then the linearized operator Ly acting on ® can be expressed as (see |
Section 3])

)

_ 0, 0, 1 2
Ly[®] = A 2 (8pp(pl =+ PT% + 6’/)972901 + (2w,2) — ;)% - ﬁ@g(pg cos w) Qu.a,8E1

_ Oppa | Opop2 1 2
42 (app<P2 + % + Tf + (2w§ — ?)@2 + Fae(pl cosW | Qu,a,5E2.
In next section, we shall find proper approximate solutions to the harmonic map heat flow based on
the 1-corotational harmonic maps, and evaluate the error.

2.2. Approximate solution and error estimates. We now consider the harmonic map heat flow
Ou = Au+ |Vul?u, in Qx(0,7),
u = ug, on 90 x (0,7T), (2.9)
u(+,0) = uo, in Q,

where u : Q x (0,T) — S%, and ug : Q — S? is a given smooth map. For notational simplicity, we shall

only carry out the construction in the single bubble case k = 1 and mention the minor changes for the
general case when needed. We define the error operator

S[u] = —0su + Au + |Vu|*u.
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We shall look for solution u(z,t) to problem (2.9) which at leading order takes the form

x — (1)
Uz, t) := Ux).et)w(t),a®),8() = Qut),a).80W < ) ) : (2.10)

Here A(t), £(t), w(t), a(t) and B(t) are parameter functions of class C1((0,7)) to be determined later.
To get a desired blow-up solution, we assume
At) =0, &(t) > q as t =T,
where ¢ is a given point in 2.
A useful observation is that as long as the constraint |u| =1 is kept for all ¢ € (0,7) and u = U + o
where the perturbation @ is uniformly small, say, || < %, then for u to solve (2.9), it suffices that

S(U + w) = b(z,t)U (2.11)
for some scalar function b. Indeed, since |u| = 1, we get
1d, o 1
. = L = — ZA 2 _ .
b(U -u)=S(u) u 5 dt|u| +3 lul==0

Thus b = 0 follows from U - u > %
We look for the small perturbation w(x,t) with |U + @w| =1 in the form

W=y + alyre)U,
where ¢ is an arbitrarily small perturbation with values in R3, and
Myip:=¢—(p-U)U, a(()=+1-[C>-1.
By AU + |VU|*U = 0, we compute
S(U+yrp+al) =-U — 0 llyp + Ly(Ilyr @) + Nu(yr ) + ey p)U,
where for ( = I, a = a((),
Ly(¢) = AC+ [VUP¢+2(VU - VU,
Nu(¢) = [2V(aU) - V(U +¢) +2VU - V¢ + [V¢|* + [V(aU)? |¢ — aU; + 2Va - VU,
c(¢) = Aa—a; + (VU + ¢+ al)* = |VU|?)(1 +a) - 2VU - V(.
Since we just need to have an equation in the form (2.11) satisfied, we obtain that
u=U+1yrp+a(llyrp)U (2.12)
solves (2.9) if ¢ satisfies
— Uy —0Ilyro+ Ly(Myr) + Ny(Myre) + b(z, t)U =0 (2.13)

for some scalar function b(z,t). The strategy for constructing ¢ is based on the inner—outer gluing
method. We decompose ¢ in (2.12) into inner and outer profiles

¥ = Pin + Pouts

where ©;,, ©out solve the inner and outer problems we shall describe below. In terms of ¢;, and oy,
equation (2.13) is reduced to

- at@zn +LU[SOML] + z/U [‘;Oout] - 1_-[Ui [at<pout - ASDout + Ut] +NU((P’LTL + 1_-[Ul Spout) + (Saout : U)Ut +bU =0.
(2.14)
The inner solution ;, will be assumed to be supported only near x = £(t) and better expressed in the

scaled variable y = m;é()t) with zero initial condition and @;, - U = 0 so that II;; 1, = @in, while the

outer solution ¢,,; will consist of several parts whose role is essentially to satisfy (2.14) in the region
away from the concentration point z = £(t).

For the outer problem, since we want the size of the error to be small, we shall add three corrections
®°, &> and ®° which depend on the parameter functions A(t), &(t), w(t), a(t), B(t) such that

My [0p(®° + &% + ®F) — A(B° 4 & 4 &°) + U]
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gets concentrated near x = £(t) by eliminating the leading orders in the first error U; associated to
the dilation and rotations about =, y and z axes. We write

out(z,t) = U (z,t) + BO(z, 1) + D% (2, 1) + DP(x, 1),
where
U=+ Z"

with Z* : 0 x (0,00) — R3 satisfying

0Z* =AZ*, inQx(0,00),

Z*(-,t) =0, on 0N x (0, 00),

Z*(-,0) = Z5, in Q.
For the inner problem, we define

Pin(2,1) = NRQuw,a,80(y, 1)
with
1, fors<1

() e ,
it~ (Sa ) = "5 ’”(S)‘{o, for s >2,

where ¢(y, t) satisfies ¢(-,0) =0 and ¢(-,t) - W =0, and R(t) > 0 is determined later. Then equation
(2.13) becomes

0= A"?NrQu.as—N¢ + Lw[o] + N’Q 1, BLU[\Il 1l (2.15)

F10Qua s (A Ry V6 + AT Vy6 — (@5t Ques))
+ Ly [@° + & 4+ 7] — 1111 [9,(0 + & + &) — A, (0" 4+ 0 + &%) + U]
— U + AV + (1= nr) Ly (V"] + Qu.a.s[(Aanr) ¢ + 2VanrVad — (Dingr)d]
+ Nu(rQu a5 + My (0 + 0% + &F 4+ %)) + (U* + @° + & + &) - U)U, + bU.
We now give the precise definitions of ®°, ®®, &7, and estimate the error
Ly [®° 4 % + &P — T, [0,(D° + & 4 ) — A, (B° 4+ % + &F) + U,].
We shall choose ®°, &, &7 in a way such that
Op(®° + @ + ®P) — A (B + & + O°) + U, = 0 for [z — & > A

so that the error in the outer problem is of smaller order.
The error of the approximate solution defined in (2.10) is

S[U] = —0,U = —[NorU + w8, U + & - 0cU + 40U + U |
— Y=~ ——

=&o =& =€,
where
8,\U(9c) =A"'Qu.a.5701(y)
LU(z) = Q 0.8Z02(Y) + Qu,a,8(Aa,s — J1)W(y)
aflU(x) Qwaﬁzl 1(y)
0e,U(x) = wa,821,2(Y)

OuU(x) = iQw,a,ﬁ [Z_12(y) + Z12(9)] + Qu,a,5(As — J2)W(y)

1
U (z) = _iQw,a,ﬁ [Z-11(y) + Z1,1(y)]
with Z; ; defined in (2.4) for ¢ = 0,+1, j = 1,2,

0 — cos acos 8 sin o 0 -1 0
Anp = |cosacos 3 0 cosasing|, Ji=|(1 0 O0f, (2.16)
—sina —cosasin 8 0 0 0 0
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and
0 —sinf 0 0 0 O
Ag = [sinp 0 —cosf|, Jo=|0 0 -1
0 cos f3 0 01 0

It is worth mentioning that A, g —J1 = o(1) and Ag —Jo = o(1) as o, f < 1. Writing y = JT_& = pef,
we have

Eo(@1) = = Quias M7 pwy(0) Er(y) + oy (p) Ba(y)]
E1(x,t) = —EX0,(0) Qo [cOs OEL (y) + sin 0 Es(y)]

— &AWy (p)Quia s OB (y) — cos OB (y)]
Notice that the slow decaying part of the error S[U] consists of

_ 2r ‘ . N 2r (/\ + i\w)el0+)
Eolw,1) = r2 4+ A2 (AQM’Q’BEl + )\wa’a’BEz) T2 { 0
and .
« .
E-1(2,1) = Quiap | 5[Z-12(y) + Z12(y)] + &(Ap — J)W — g[Z—l,l(y) + Zm(y)]]
=& 12+& 10,
where
& —2psin fsinf
E 1= Qw,a’gﬁ 2psin Bcosf — (p? — 1) cos
Tp 2pcos Bsinf
and )
: —1
B p
571,1 = Qw,a,ﬂﬁ 0
L+p —2pcosf

In the sequel, we write

p(t) = A(t)e .

Then
2r (A + ida)ei@+a)] 2r  [p(t)e?] &

2 4 \2 [ 0 = Tprx| o |TH@Y

To reduce the size of S[U], we add corrections
; 0 —B(t)
0 6
(I)O[ 76] = |:(p (Tbt)e :| ’ P = Qw,a,ﬂ a(t) ’ P = Qw,a,ﬁ 0 ) (217)
0 1
where .
©O(r,t) = —/ rp(s)k(z(r),t — s)ds
-7

with

l—e &
2(r) =Vr2 4+ A2, k(z,t) = 2762 ! )
z

By direct computations, the new error produced by ®° is
(P?_A:E¢O+(§O :7%0—’_7?’17 7%0 = |:7f,)0:| 9 7%1 = |:731:|
where
. )\2 t
Ro = —7"6197/ p(s)(zk, — 2%k..)(2(r),t — s) ds
20 J-r
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and
t

Ry = —eRe (e7(t)) /_Tp(s) k(z(r),t —s)ds

+ Z%ew (AA(t) — Re (re®&(t))) / Tp(s) zk,(2(r),t — s) ds.
Observe that R; is of smaller order. Moreover, we can evaluate
Ly [®°] + 1y . [~U; + AD° — @Y
= Ly[®°) — & + My (&) — & — Mye [Ro] — Mya [Ra] — €1
= Kolp, €] + Kilp, €] = My [Ra] = €
where

Kolp, &) = Ko1lp, &] + Koz[p, ]
with

Koilp, €] :== —§Pw3/

=T

t [Re (p(s)e ™) Qua s By + T (B(8)e™ ) Quya Bz | - k(2,1 — 5)ds (2.18)

t

1 ‘ .
Koa[p,€] = 3pwy [A - / Re (p(s)e™ k. (z,t - 5)2 ds} Qu.asB

-T

1 ¢ .
- Bpw;‘; cosw [/ Re (p(s)e™“®) (zk, — 2%k..)(2,t — s) ds} Qu.apFr

-7
— ﬁpwg [/T Im (p(s)e™“®) (zk, — 2%k..) (2, t — s) ds] Qu,a.pbo, (2.19)
ICl[ 7& = %wll [Re ((51 - i§.2)ei€)Qw,a,ﬂE1 + Im ((51 - i§.2)€ie)Qw,u,ﬂE2]- (220)

Next we consider the new error estimates produced by ®® and ®”. It is obvious that EU[(I)“} =0
and Ly [®°] = 0. Direct computations show that

d 0 —wa cos acos f — adasin
B (dth,a,B> al = 0 ;
0 & cos f — wa cos asin B

d -0 wsina + 3
Q;}aﬁ (dth’a’ﬂ) 0 | = |w(cosasinfB — Bcosacosf) — a(fsinf + cosf) |,

1 wBsina + BB
and thus
wa cos acos 3+ asin 8 (a + 1i€)2 sin@)
« «a . 21 2 .
0P+ AP —E 10 =Quap | —& (1 - ’1’+p2 cos B+ ﬁ sin 3 cos 0) (2.21)
wa cosasin B — acos B (a—i— 1i’;2 sin@)
=R_12]a, f]
and
#5 —wsina —
—9, % + ADP —E_ 11 =Quau 8 —w(cosasinf — Beosacos ) + &(Bsin S + cos f)
’ o (2.22)

—@Bsina—B(ﬁ— 1i%cos@)

= R—Ll [a, 6}
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Consequently, we obtain
—0p(®* + OF) + A(®* + &P) — £ =R _1[a, B],
where
R, ] :=R_qa1]a, Bl + R-12[a, B]. (2.23)

2.3. Inner—outer gluing system. Collecting the error estimates in the previous section, we will get
a solution solving (2.15) if the pair (¢, ¥*) solves the inner—outer gluing system

N0 = Lw([g] + NQ. L, 5 | LulT*] + Kolp, €] + Kalp,§] + Ty [R (e, Bl |, in Dag

¢(-,0) =0, in Bag( (2.24)
(bW:O, in DQR

WU = AU +Glp, &, 9", a, 6,4 in Qx(0,T), (2.25)
where

ngv ga \I/*a «, 6, ¢] = (1 - nR)ZU[\I]*} + (\II* : U)Ut + Qw,a,5(¢AmnR + QVIUR : vm(b - ¢at77R)

_ d . s
+ 17Qu,0,8(— Qa5 3y Q) + AT A - Vyd + A71E -V, 0)

+ (1= ng) (Kolp, €] + Kilp, & + Ty s [Roi [, B]]) — Ty [R]
+ Nu[rQu,a,50 + e (0 + @ + &F + )]
+ (2% + @+ 0%) - U) Uy,
the linearization Ly [¢] is defined in (2.3), and
Dog = {(y.t) : y € Bap).t € (0,T)}
with the radius

_ : |[log T|(T —t)
R=R(t) = \ ()7, with A\ () = — 1= — Y
( ) ( ) w1 ( ) |10g(T—t)|2
The reason for choosing such R(t) and A, (¢) will be made clear later on. If the pair (¢, ¥*) solves the
inner—outer gluing system (2.24)—(2.25), then we get a desired solution
w(z,t) = U + Uy NrQu,a,s0 + ¥ + 0 + &% + &7 + a(lly2 rQu,a,s0 + U + €0 + & + &)U

0
which solves problem (2.9). We take the boundary condition u| 9q = €3 := | 0|, which amounts to
1

My [0 + @0 4+ 0% + %) + a(Tlyu [U + T + 3%+ &% + &)U =e3 —U on 9N x (0, 7).
So it suffices to take the boundary condition for the outer problem (2.25) as
U, =es—U— 3" — o — o~

and 7. € (0,1/2). (2.26)
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2.4. Reduced equations for parameter functions. In this section, we will derive the parameter
functions A(t), £(¢), w(t), a(t) and B(t) at leading order as t — T
The inner problem (2.24) has the form

A2¢t = LW[¢] + h[p7€7 aa/Ba \II*](:%t) in D2R7
W =0 in Dog, (2.27)
#(-,0)=0 in Bapg(o)-

Here we recall that we write p(t) = A(t)e’®. For convenience, we assume that h(y,t) is defined for
all y € R? extending outside Dy as

h[pvga «, /87 \I,*] = )‘QQ;’la,ﬂxsz z/U[\I]*] + ’CO[p7 5] + Icl[ 76} + HUJ- [Rfl[aaﬁ]] )

where x4 denotes the characteristic function of a set A, g is defined in (2.18), (2.19), K1 in (2.20)
and R_; in (2.23). If A(¢t) has a relatively smooth vanishing as t — T, it is then natural that the term
A2¢; is of smaller order and the equation (2.27) is approximated by the elliptic problem

LWM)] + h[p7§7o‘7ﬂ7 le*] = Oa (rb -W=0 in B2R~ (228)

We consider the kernel functions Z; j(y) defined in (2.4), which satisfy Lw[Z; ;] = 0 for [ = 0, =1,
j =1,2. If there is a solution ¢(y,t) to (2.28) with sufficient decay, then necessarily

| hp&a 80 N0t) - 2y dy =0 forallt e 0.7), (2.20)
Bar

for 1 = 0,£1, j = 1,2. These orthogonality conditions (2.29) amount to an integro-differential system
of equations for p(t), £(t), a(t), B(t), which, as a matter of fact, determine the correct values of the
parameter functions so that the solution pair (¢, ¥*) with appropriate asymptotics exists.

For the reduced equations of p(t) and £(t) which correspond to mode | = 0 and mode [ = 1,
respectively, we invoke some useful expressions and results in [15, Section 5]. Let

A _ .
Bo;[pl(t) :== o /R2 Quk slKolp, €+ Kilp, €] + Ty [Ra[a, Bl - Zo,(y) dy, j = 1,2.
From (2.23), (2.22) and (2.21), direct computations yield

B Que s Mu [R1la, Bl - Zoa(y) dy

16R? (2.30)
- oo 2 . A e
= 7r< Rl +4log(4R* + 1)) (wacosasin B — adcos f — wlsina — ),
and
Qu i pllvs[Roala, ] - Zoa(y) dy = = _ LR g (4R*+1) ) arsin B (2.31)
iy, s U IRt Pl 202 G = T TRy TR08 : :

Combining (2.18), (2.19) with (2.30) and (2.31), the following expressions for Byi, Bz are readily
obtained by similar computations as in [15, Section 5]

Bl = [ Re(p(s)e“<t>>r1(“t)2) 5 2t) + o(1)

-7 t—s/) t—s

Bualilt) = [ t Im@(s)e“(“)m(“”) ds

-T

-
I
»
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where o(1) = 0 as t — T, and I';(7) are smooth functions defined as

0 2
Ta(r) == [ g |K(Q) + 2RO T — doos(u) P Ree(©) .

¢=7(14+p?)
To(r) == [0l (K00 = CReelO) oy 0

where

Using the expressions of T';(7), we get
ITj(r) -1 < Cr(1+|log7|) forT <1,

i) < < for > 1.
Define
Bolp] = 3¢ (Burlp] + iBa ) (232
and
a0glp, €, 5,07 1= — QLo Zod =12

1, " . *
aO[pagvaa/Ba \II*] = ielw(t) (aol[pagvavﬁa\p ]+za02[p,§,a,ﬂ,\lf ])

Similarly, we let
Bl] / Qwaﬁ’CO D, ]+K:1[p7€]+Rfl[aaﬁ]]le(y) dy7 J: 1727

B, [¢](t) := 311[5]( ) + iB12[€] (1).
Directly using the expressions (2.23), (2.22) and (2.21), we have

8TR?

m(o&acosacosﬁ—i—dasinﬂ —wsina + ),

Qoo sy [Rola, Bl - Z1a(y) dy =

Bar

and
8T R?
—L T, [R_ A dy = —
[ Quh TRl 81 Zral0) dy =~

Therefore, by (2.20), (2.4) and the fact that [;° pw2dp = 2, we obtain
BilE)(t) = 2[&i(t) +ika(t) +o(1)] as t = T.

(& —wPcosacosf — afsinf + wcosasin f).

At last, we let
A

aij [pvgv a, 53 \Ij*} = % B Qc:,la,,@‘iU[\Il*] : Zl-,j(y) dyv .7 =1, 27
2R

ay [p, ga «, 6) ‘I’*] = _eiw(t) (all [pa 57 a, 67 \II*] + i&]g[p, 5) «, 67 \Il*])

We thus obtain that the four conditions (2.29) for | = 0,1 are reduced to the system of two complex
equations

Bo[p] = aolp, &, v, B, 7], (2.33)
Bl[g] = al[pagaaaﬂv \Ij*] (234)
We observe that

t—A2 .
Bo[p] :[T %ds + O([Iplloo) + 0(1) as t —T.
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To get an approximation for ag, we need to analyze the operator Ly in ag. To this end, we write
v W LU= v,
V3
From (2.7) and (2.8), we have
Lu[¥*)(y,t) = [Lulo[¥*] + [Luli [¥7] + [Lua[¥7],

where . ) )
[Lylo[¥*] = A_leya,gpwi[div(e_ww*)El + curl(e™"¢*) Es),
L[] = — 207 Qu.0.pw, cOs w[(Dr,10%) cOS 0 4 (8,205 sin 0]

— 2071 Qu 0 pw, cOS W[(Dyy 13 SN O — (Dyy103) cos 0] Ea,
[Ly]o[¥7] = /\*1Qw7a7ﬁpw§ [div(e™*) cos 20 — curl(e™)*) sin 20] E;

+ )\*le,a,gpwi [div(e™)*) sin 20 + curl(e™)*) cos 20] By,
and the differential operators in ¥* on the right hand sides are evaluated at (z,t) with = £(¢) +A(t)y,
y = pe?? while E; = Ej(y) for j = 1,2. From the above decomposition, assuming that ¥* is of class
C" in the space variable, we then get

aolp, &, o, B, U] = [divep* + i curl¥*](€,t) +o(1) as t — T.

2

s coswpdp =0, we get

Similarly, since [ w
mlp. €06, 9] = 20,5 +0,0)E.D) [ coswuZpdp+of)
0
=o(l) as t = T.

We now simplify the system (2.33)—(2.34) in the form

t—A? .
/ PO s — fdiv o + i curl 7 I(E(0), ) + o(1) + O(Jfllc)

7 Eit)=o(1) as t —»T. (2.35)

For the moment, we assume that the function U*(z,t) is fixed and sufficiently regular, and we regard
T as a parameter that will always be taken smaller if necessary. We recall that we need £(T) = ¢
where ¢ € Q is given, and A(T) = 0. Equation (2.35) immediately suggests us to take £(¢) = ¢ as
the first approximation. Neglecting lower order terms, p(t) = \(t)e™(*) satisfies the following integro-
differential system

t—A2(t) p(S)
/ mds = divy*(q,0) + i curlp™(q,0) =: ag. (2.36)
-T -
At this point, we make the following assumption
div*(g,0) < 0, (2.37)
which implies that af = —|ag|e™® for a unique wy € (=%, 5). Let us take
w(t) = wo.
Equation (2.36) then becomes
t—A2(t) A
/ () g5 = _lat]. (2.38)
_-T t—s

We claim that a good approximate solution to (2.38) as ¢ — T is given by

Alt) = T log?(T — 1)
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for a suitable k > 0. Indeed, we have

T t—s _T t—s

t—(T—t) t—$8

~ /t M) s ) log(T — 1) = T(1)

,TT—S
ast — T. We see that () J
log(T — t)—~2 = —(log?(T — t) ) =
og(T — 1) = 2 (log*(T — ) A1) = 0

from the explicit form of A(t). Thus Y(t) is a constant. As a consequence, equation (2.38) is approxi-
mately satisfied if « is such that
o
A
o[ A - )

T-—s
-T
which finally gives us the approximate expression

)\(t) = —|divey™(q,0) + icurly™(q, 0)| }\*(t),

where g T|
. og
A(t) = ——5 27—
log“(T —t)
Naturally, imposing A, (T) = 0, we then have
|log 7|
M) =———=——T —-t)(14+0(1)) as t > T. 2.39
()= ot (T =1 (1 +0(1) (239
Next, we consider (2.29) for the case of mode [ = —1, which gives the reduced equations of «(¢) and

B(t). By (2.23), (2.22) and (2.21), we evaluate

. Q;LﬂHUl [R-1le, B]] - Z-11(y) dy

2 2
. C4AR’(2R* +1)
4R% +1

=87 [(R2 —log R)A(1 + 0(1))] ;

+ log(4R? + 1)) (=B — wsin o + wa cos a cos B + qasin 3)

and

i Qe gMu e [Rala, Bl - Z-12(y) dy

B 4R%(2R? 4+ 1)
= (4}”1
=8 [(—R* +log R)a(1 + o(1))] ,

where we recall that w(t) = wp. Since

— log(4R? + 1)) (&(1 — BsinfS —2cosf) + wcosafsin B — S cos B))

A2 L:,loz,B |:[~’U[\IJ*]+ICO+IC1 Z_L‘](y)dyzcj)\
B2r

for some ¢; € R, for j = 1,2, the orthogonality condition (2.29) with [ = —1 gives
8TA2(—R? +log R) B(1 4 o(1)) = e1\,
8TA2(R? —log R) &(1 + 0(1)) = co.
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Thus, by (2.39) and the definition of R = R(t) in (2.26), good choices for a(t) and 5(t) at leading
orders are

at) = co(T — 1) (1 +0(1)), B(t) = cs(T —t)°2(1 +o(1)), as t =T
for some 61, 02 > 0 and cq, cg € R.

2.5. Linear theory for the inner problem. To capture the heart of the singularity formation, a
linear theory of the inner problem (2.24) is required. In contrast with that by [15], it turns out that we
will have to establish a decay estimate of second order derivative of ¢ in order to handle the coupling
effects between the inner—outer problem of u and that of v below. We consider

)\2at¢ = LW[¢] + h(y7 t)u in DZR;
#(-,0) =0, in Bar(o)s (2.40)
¢ . W = 0, in DQR,
where we recall from (2.26) that
|log T|(T — )
|log(T" —t)[?
We regard h(y,t) as a function defined in R? x (0,7") with compact support, and assume that h(y, t)
has the space-time decay of the following type

R=R()=\{)"", with \.(t) = and 7, € (0,1/2).

A1)
h(y,t)] S ———, W =0,
) < 10
where v > 0 and a € (2,3). Define the norm
1Pllva = sup X)L+ [y|))[h(y, ).

(y,t)ER2x(0,T)
In the polar coordinates, h(y,t) can be written as
h(y,t) = h'(p,0,8)E1(y) + h*(p,0,1) Ea(y), y = pe”’

since h - W = 0. Expanding in the Fourier series, we write

h(p,0,t) :=h' +ih®> = > hp(p, )™, hy = hiy + ihiy (2.41)
k=—o0
such that -
h(yv t) = Z hk(y7 t) = ho(:tj, t) + hl(y7 t) + h—l(ya t) + hl(z—/» t) (242)
k=—oc0
with ~ ' ~ _
hi(y,t) = Re(hy(p, t)e*)Ey + Im(hi(p, t)e™*)Ey, k € Z. (2.43)
We consider the kernel functions Z ; defined in (2.4), and define
2z
k,j .
h(z,t) - Zy j(2)dz, k=0,£1, j =1,2, 2.44
waxww [ 60 20, (2.44)

where
w? if ly| < 2R(t),
N o1yl ! [yl (t)
0 if ly| > 2R(¢).

The main result of this section is stated as follows.
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Proposition 2.1. Assume that a € (2,3), v >0, § € (0,1) and ||h||,o < +00. Let us write
h:h0+h1+h_1+hL with hL: Z hk
k#£0,+1

Then there exists a solution ¢[h] of problem (2.40), which defines a linear operator of h, and satisfies
the following estimate in Dag

oy, )] + (1 + [y) [Vyb(y, )] + (1 + [y])* [ Vi (y, 1)

RO (t) 1 M (B)R ()

< A\Y(t) mi , ho — holly.a + hollw
~ ()mln{ 1+|y‘3 1+|y|a_2} ” 0 OH ,a 1+|y| H 0“ ,a
AL (t) - MR -
by — Ry 4 2
1+|y|a—2 || 1 1||V,a 1+|y|2 || 1”1/,0,
+ A @) [1hr = bl + AL() log R(E) [|h—1llv.a
AL ()
+ —=7 _|h va
Ean=d "

The construction of the solution ¢ to problem (2.40) will be carried out in each Fourier mode. Write
6= > ok dk(y.t) = Re(pr(p, )™ ) By + Im(pk(p, t)e’™?) By
k=—oc0
In each mode k, the pair (¢, hy) satisfies
N20ypr = Lw[¢x] + hi(y,t), in Dug,
(bk(yv 0) =0, in B4R(0)7
which is equivalent to the following problem
N0ypr, = Liler] + hi(p,t), in Dag,
<pk(p7 O) =0, in (Oa4R(O))a
where Dyr = {(p,t) : t € (0,T), p € (0,4R(t))}, and
ap‘Pk

(2.45)

Li[or] == 0pppr + — (k? 4 2k cosw + cos(Qw))%.

It is direct to see that the kernel functions for £ such that £;[Zx] = 0 at modes k = 0,+1 are given
by

200) = 7L 20) = 1, Za0) = 1L (2.46)
Op_1+p27 lp _1+p27 *lp _1+p2' .
We have the following lemma proved in [15, Section 7].

Lemma 2.1 ( [15]). Supposev >0,0<a<3,a#1,2 and
1 (Y, E)llv.a < +o0.
Then problem (2.45) has a unique solution which takes the form
O (y,t) = Re(pr(p, t)e™) Er + Im (g (p, t)e™) B
and satisfies the boundary condition
Px(y,t) =0, y € OB4r1)(0), V t € (0,T).

Moreover, the following estimates hold

6w (y, )] < ALKT2||]

R?~e, <2
v,a { fOT ¢ f07" k Z 27

(1+p)2=2,  for a>2
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[9-1(y, )] S AR

R?>=,  for a<?2
““YlogR, for a>2,

v 3—a
[¢o(y,8)] S AdliPllv.a {R . for a<1

1+p R?, for a>1,
AR\ Ay
6100 5 2 e

(1+p)?

The higher regularity estimates for solutions constructed in Lemma 2.1 are given by the following
lemma. Before we state the lemma, we first introduce the Holder semi-norm, which is better expressed
in the (y, 7)-variable. Define

t o ds
(t) = /O o (2.47)
so that
0:¢ = Lw[p] + h(y,7) in Dyyr,
¢(-,0) =0 in Byyr(o)-

We denote the parabolic ball
Bi(y,7) ={(,7) : ly = /> + |7 — 7| < 2},

and also introduce the Holder semi-norm

9(y,7) =9y, T’
ey 0=t
(o) rea ly =y + |7 — 7|
for a € (0,1) and a set A. We denote C**/2(A) by the set of functions on A such that [g]a.a < +o0,
endowed with the norm
lgllcoarz(ay = lgllLo=(ay + [9la,a-

Lemma 2.2. Let ¢ be a solution to
A0 = L h(y,t in D
t¢ W[é] + (y7 )) ln 4’YR7 (2.48)
#(+,0) =0, in ByyRr(0)

where h(y,t) € C*?(By(y, ) N Dayr) for some a >0 and £ = ‘%l + 1. If for some a,b,v, M > 0 we
have

. MO
60+ (1+ )P 0]+ (1+ )0 Dl remin < M e 5z 0 Dinns (249
then there exists a constant C' such that
Mo (t .
(1+ DIV, ]+ 1+ [PIV3600)] < OM o U in D (2.50)

Here

Dyr={(y.1) : [yl <~vR(t), t € (0,T)}.
Moreover, if ¢ satisfies the Dirichlet boundary condition ¢(-,t) = 0 on OBy for allt € (0,T), then
the estimate (2.50) is valid in the entire region Dy g.

Proof. In the (y, 7)-variable with 7 given by (2.47), problem (2.48) reads as

o0-¢ = Lw[¢] + h(y,T) in ’D47R,
¢(>O) =0 in B47R(())-

Let 71 > 0 and y1 € Bsyp(r,)(0). Let p = |%Tll + 1 so that B,(y1) C Bayr(r)(0)- We prove (2.50) by
the scaling argument. Define

% T
d(2,8) = dlyr + pz, 71 + p2s), z € Bi(0), 5> _p%'
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For the case 171 < p?, d~>(z, s) satisfies the following equation
s = Ao+ A(z,8) - Vop+ B(z,5) + h(z,s) in By(0) x (—1,0],
where the coefficients A(z,s) and B(z, s) are uniformly bounded by O((1 + p)~2) in By1(0) x (—1,0]
and ~
h(z,s) = p*h(y1 + pz, 71 + p*s).
Let &' > 0 such that 777 ~ A(#) from (2.47). By the facts p < CR(ry) and R2(my) < 7, for 7 large,
we have
Clrfb/ <(m+ pQS)_bl < Cyrp?
for some positive constants C7, C5 independent of 7. Then standard interior gradient estimates
together with the assumption (2.49) imply

Hvzé”LOO(BUzL(O) x(1,2)) ~ H¢||L°° (B1,2(0)x(0,2)) + HBHLOQ(BUQ(O)X(OJ))
St
which in particular gives
pIVyd(y1,m)| = |V:20(0,1)] S 7" p*

On the other hand, from interior parabolic Schauder estimates and (2.49), we have

V20l Lo (B, 0)x (1.2)) S 10l (B, 2(0)x (0,2)) + 1Bl @/2(B, 15(0) % (0,2))
5 be p2 a’
and in particular
PPIVyd(yr, )| = [V26(0, ) S 7 ¥ p* .

For the case 71 > p?® the argument is similar. In this case ¢ satisfies the equation in B (0) x (— 7+, 0]

and it has initial condition 0 at s = fp— Then similarly by the standard boundary estimate, We get
the desired bound. Finally, translating the above bounds into (y, t)-variable, we conclude the validity
of (2.50). O

As we can see from Lemma 2.1, the estimates at modes k = 0, £1 are worse than high modes k > 2.
In fact, if certain orthogonality conditions are imposed on h(y, t), better estimates of ¢ can be obtained
at modes k = 0, +1. In the sequel, we omit the subscript for each mode if there is no confusion.

2.5.1. Mode k = 0. We consider
N2;p = Lw[¢] + h(y,t) + dj=12 ¢ojZojwy in Dag

-W =0 in D
v TR (2.51)
p=0 on 9Bap x (0,T)
¢(,0)=0 in Bag(o)

at mode 0. By carrying out another inner—gluing scheme for mode 0, the following Lemma was proved
in [15, Proposition 7.2].

Lemma 2.3 ( [10]). Let § € (0,1), v > 0 and a € (2,3). Assume ||h||,,o < +00. Then there exists a
solution (¢, ¢y;) of problem (2.51) which defines a linear operator in h(y,t) such that

Ri(5—a) .
ot + (0 DIyl S O e
A=z T 2R’ < |y| < 2R
and
Ao ap,

E .=
7 f]R2 |ZOJ|2
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where G is linear in h satisfying
G| S AR Al
for o' € (0,a—2).

2.5.2. Mode k = —1. We consider problem (2.45) for k = —1 and the kernel functions defined in (2.4).
We first state a result proved in [15, Lemma 7.5].

Lemma 2.4 ( [15]). Leta € (2,3), v >0 and k = —1. If h_y in (2.45) satisfies ||h_1]||y.a < 00 and

/ hes(y, )21 (y)dy =0 for j=1,2, ¥ te (0,T),
R2

then there exists a solution ¢_1 to problem (2.45) at mode —1 which defines a linear operator of h_1,
and ¢_1 satisfies

. ] R4fa
61001 S A o min flog 1, 5

Since the incompressible Navier—Stokes equation is essentially coupled with the transported har-
monic map heat flow through the inner problem, the linear theory required for mode k£ = —1 should be
very refined, and Lemma 2.4 cannot be applied to gain contraction when we finally show the existence
of desired blow-up solution. Instead, we shall develop a new linear theory at mode —1. The main
result for mode —1 is stated as follows.

Lemma 2.5. Let a € (2,3), v >0 and k = —1. If h_y in (2.45) satisfies ||h_1]|s,o < 00 and

/ hor (0021, (y)dy =0 for j=1,2, ¥t € (0,T),
R2

then there exists a solution ¢_1 to problem (2.45) at mode —1 which defines a linear operator of h_q,
and ¢_1 satisfies
[¢-1(y, )| S AL @) h-1llv.a-

Proof. For convenience, we change variable (2.47) and consider

Orp_1 =L 1[p_1] +h_y.
By letting p_1(p,7) = Z_1(p) f-1(p, T) and using L£_1[Z_1] = 0, we obtain
hoy

.
(Q)Tf,1 = ZleV<Z31vf71) + 71, (252)
1 —

where Z_1(p) is defined in (2.46). We first solve
div(Z2,Vfo) =h_17Z_;. (2.53)
By the orthogonality condition [p, h—1(y,t)Z_1;(y)dy = 0, we get

’
-V

-
IV fol S th—l”may (2.54)

where 1/ > 0 is the number such that ¥ ~ 7= under the change of variable (2.47). Thus, by (2.53),
the problem (2.52) becomes

1. L.
87—f_1 = Ele(Z31Vf_1) + Zle(Z%1VfO)

In order to estimate f_;, we need to estimate the fundamental solution S to the problem

0.5 = Z%div(ZLVS),

-1

S|T:O = 607
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where dg is the Dirac delta function at the origin. We consider

€ 1 . €
(97—5 = ZleV(Zzlvs ),
1

ge IR S £
—— ore2t
We note that as e — 0, SG}TZO dx — 0. Let V<= S7. Then differentiating the above equation with

respect to p, we obtain

1
0,V = ——div(Z2,VV®) + 9,,(log 22, V",

Z2
-1 (2.55)
. ] _laf?
4 }TZO - —27T€46 2
We claim that V¢ < 0. Indeed, we can easily check that 8,,(log Z2,) < 0. Therefore, by V€| _ =
. 2
2lm‘4e S < 0 and the maximum principle, we have V¢ < 0. Then we can write
| 1stsls = = [ vets.pids = <are(p)
Integrating equation (2.55) over 7 from 0 to oo, we get
e ool e
Zlev(Z21VM ) + Opp(log Z2 ) M€ = —5g¢
Let M€ = 0,G*¢, where G* satisfies
1 . 9 i 1 =2
ZTfldlv(ZAVG ) = 5-2€ 7 (2.56)
2
By Z_1(p) = %, we write
€ 1 €
Zz —5—div(Z2,VG°) = maP(ZEI(p)papG )
(2.57)
— 8 Ge + ﬂa Ge
T plpr 1)
From (2.56) and (2.57), we obtain
(o)
| 1s5ts.olas = = (o) = ~0,6(0)
2y2 oo 5
_ 1 (1+p)/ " i
2we2 pb p (1+72)2
1 (14p2)2 [ _.2
< M/ re” 32 dr
2we2 pb o
4
114y
27 PP
Therefore, by letting ¢ — 0, we obtain
) 1+ pt
| 1suts s s 2 (258)
0

Duhamel’s formula gives

Faon= |
<)

; (/ (s—, p)d8> IV fol 221 (p)pdp.

o0

/SpS*Tpro 1(p)pdpds
0
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By (2.54) and (2.58), we conclude

|f-1(0, 1) S 777
In the original time variable ¢, we get

|f-1(0,8)] < AL(D),
and parabolic regularity theory readily yields

[f=1(p, 1) S AL().

Therefore, we obtain

|p—1(y, )] S AL h-1llv,a
as desired. O

2.5.3. Mode k = 1. We assume that hq(y,t) is defined in the entire space R? x (0,T) such that

hl(y? t) = diVyG(y’ t) (259)
with
G0l < —D (1 e R x (0,7) (2.60)
K ~ 1 + |y|a_1 ) ) K
for v > 0 and a € (2,3). By the blow-up argument, the following lemma was proved in [15, Lemma
7.6].

Lemma 2.6 ( [15]). Assume thatv > 0, a € (2,3) and hy takes the form (2.59) such that (2.60) holds
and

/ hi(y,t)Z1 j(y)dy =0 forall t € (0,T)
RQ

for j = 1,2. Then there exists a solution ¢1(y,t) to problem (2.45) for k = 1 which defines a linear
operator of hi(y,t), and ¢1(y,t) satisfies

o1 (y, )| < 2Ol in Dag

L+ [ylo=2

A direct consequence of Lemma 2.6 is the following

Lemma 2.7 ( [15]). Assume v >0, a € (2,3) and
/ hi(y,t)Z1,j(y)dy =0 for all te€ (0,T)
Bar

for j =1,2. Then there exists a solution ¢1(y,t) to problem (2.45) with k = 1 which defines a linear
operator of hy(y,t), and ¢1(y,t) satisfies

A @) lPally,
[¢1(y,8)] S s
1+ |yl
By the construction in each mode, now we prove Proposition 2.1.

Proof of Proposition 2.1. Let h be defined in Dy with ||h]|,,.q < +00. We consider

{A?atcb =Lw[¢]+h in Dig,
$(-,0)=0 in Byg(o)-
Let ¢ be the solution estimated in Lemma 2.1 to
N0k = Lw[dx] +hy  in Dag,
or(-,t) =0 on 0Byg x (0,T),
or(0) =0 in Bir()-
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In addition, we let ¢o 1, ¢1,1, ¢—1,1 solve

N0kt = Lw[pra]l +he  in Dyg,
¢k71(',t) =0 on 6B4R X (O,T),
¢r1(,0) =0 in Byr(o),

for k = 0,+1, where hy, is defined in (2.44). Consider the functions ¢o,2 constructed in Lemma 2.3,
¢_1,2 constructed in Lemma 2.5, and ¢; 2 constructed in Lemma 2.6, that solve for k = 0, £1

{)\23#%2 = Lw[dra) +he — i, in g,
¢k,2(',0) =0 in BSR(0)~
Define
b= > (Srator2)t+ Y. o
k=0,£1 k#0,+1
which is a bounded solution to the following equation
X206 = Lw[¢] + h(y,t) in Dag.

Moreover, it defines a linear operator of h. Applying the estimates for the components in Lemmas 2.1,
2.3, 2.5, and 2.6, we obtain

6(b—a)
6y, £)] < AY(t) min { RIC-O@) 1

L4 Jyl2 71+ |yle—2

AL () R?(t)
L+ y|

}nm—mn@+ ol

AY(t) - N () RA(t) |-
b2 Npy =R+ 2R
1+ |y‘a—2 H 1 1“1/,(1 1+ |y|2 || 1”1/,(1
F M@ 71 = hallva + Xi(8) log R(2) [[h-1]lv.a
A(®)
+ . hillv.a-
Ean =l

in D3g. Finally, Lemma 2.2 yields that the same bound holds for (1 + [y])|Vy¢| and (1 + [y])*|Vi¢|
in Dyg. The function (b’ Dan solves equation (2.40), and it defines a linear operator of h satisfying the
desired estimates. The proof is complete. O

2.6. Linear theory for the outer problem. In order to solve the outer problem (2.25), we need to
develop a linear theory to the associated linear problem of (2.25), which is basically a heat equation.
However, we will have to establish a decay estimate of second order derivative of ¢ in order to handle
the coupling effects between the inner—outer problem of u and that of v below.

For g € 2 and T > 0 sufficiently small, we consider the problem

G = Ao+ f(zt) i Qx (0,1),
=0 on 002 x (0,T), (2.61)
P(z,0) =0 in Q.
The right hand side of (2.61) is assumed to be bounded with respect to some weights that appear in
the outer problem (2.25). Thus we define the weights
01 := A2 (\R) " X(r<ar. R

AL=o
02 = T—7° r2 X{r>X.R}» (262)

03 ‘= T*Jo’
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where r = |z — ¢g|, © > 0 and op > 0 is small. For a function f(z,t) we define the L>°-weighted norm
3
-1
1llee = sup (14D 0i(@t)) (@)l (2.63)
Qx(0,T) =

The factor T7° in front of g and p3 is a simple way to have parts of the error small in the outer
problem. Also, we define the L*°-weighted norm for v

_ 1 _
[¥lls.0,4 == A2 ©(0) Tog TTA. (0)R(0) 91l Lo (x (0,7)) + Ax C (O Va2t o (2 0,1))

1
+ sup M OT'OR(t) ———
A ]
+ sup A O)|Vati(z,t) — Voo (2, T)| + V29| Lo (ax (0,7))
2y |Va:¢(x7 t) - vzw(x/7 t/)|
(|lz =22+ [t = #'|)

where © > 0, v € (0, %), and the last supremum is taken in the region

|[¢p(x,t) — (2, T)

+sup A; O (AL (DR(D) , (2.64)

1
z, 2 €Q, t,t'€(0,T), |v—2a'|<2M(t)R(t), [t—1|< Z(T—t).

We shall measure the solution 1 to the problem (2.61) in the norm || ||4,e, defined in (2.64) where
v € (0, %), and we require that © and 7. (recall that R = A\, ™ in (2.26)) satisfy

Vs € (0, %), O € (0,7). (2.65)

The condition v, € (0, %) is a basic assumption to have the singularity appear inside the self-similar
region. The condition © > 0 is needed for Lemma 2.8. The assumption © < ~, is made so that the
estimates provided by Lemma 2.9 are stronger than that of Lemma 2.8.

We invoke some useful estimates proved in [15, Appendix A] as follows.

Proposition 2.2 ( [15]). Assume (2.65) holds. For T > 0 sufficiently small, there is a linear operator
that maps a function f : Q x (0,T) — R® with ||f|l.« < oo into ¥ which solves problem (2.61).
Moreover, the following estimate holds

[¥llz.04 < Cllfll,
where v € (0, 1).

The proof of Proposition 2.2 was achieved in [15] by considering
e =AY+ f inQx(0,7),
Y(x,0) =0, z€q, (2.66)

Wz, t) =0, x€dQx(0,T),

and decomposing the equation into three parts corresponding to the weights of the right hand side
defined in (2.62).

Lemma 2.8 ( [15]). Assume 7. € (0,3) and © > 0. Let 1 solve (2.66) with f satisfying
£ (@, 0] < A ORE) ™ Xle—ql<ar. ()R}
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Then the following estimates hold

[(x,t) — (2, T
t

and for any v € (0, 3),

it =t T (A@R()>
for any z, and 0 <t/ <t <T such thatt —t' < %(Tf t),
V(o) = V)] _ o A2
|z —a'[* T (ABR()>

for any |z — 2’| <2X(t)R(t) and 0 <t < T.
Lemma 2.9 ( [15]). Assume 7. € (0,3) and m € (3,1). Let 1 solve (2.66) with f satisfying
|f(z,t)] < %X{lqu)\*(t)R(t)}-
Then the following estimates hold
[W(z,t)| < CT™|log T|*~™,
[W(z,t) = P(x,T)| < Cllog T|™(T — )™ log(T — t)|*~*™,

m—1 2—m
Vi (z, t)| < CM

R(T) ’
AP (1) 1og(T — 1)
|V1/}(x,t) - Vi[)(I,T)‘ < C R(t) )
Vav(z, )] < C,
and for any v € (0, 3),
[Vip(a,t) = V(a', U)] _ 1 AP (t)[Log(T — 1)
(lz =P+t =))r = (A (O)R()> R(t)

for any |z — 2| < 2X\(t)R(t) and 0 <t <t < T such thatt —t' < (T —1t).

Lemma 2.10 ( [15]). Let 9 solve (2.66) with f such that
|f(z,0)] <1,
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Then the following estimates hold

[(z,t)| < Ct,
[ih(z,t) — p(x, T)| < O(T —t)|log(T — t)],
|Vip(z, t)| < CTY?,
Vi (2, t) — Vip(2, T)| < C(T —t)'/?
[Va(x,t)] < C,
Ve (@, t2) — Vip(z, t1)] < Clt — ta]'/2,
(Vib(z1,1) = Vip(z2, 1) < Clay — z2f[log(lz1 — 2)].

Remark 2.1. We note that the estimates for |V2i(x,t)| in Lemmas 2.8-2.10 are achieved by writing
the original equation (2.66) in the self-similar variables (y,T):

v =5 (255 70).

where y = mT_& and T is defined in (2.47). Then ’tZJ(y,T) satisfies the equation
0rth = Dyt + (A + M) - Vb + A2f Ay + €, 4(7)).

By similar argument as in the proof of Lemma 2.2, we can show the boundedness of |V21(x,t)| by the
scaling argument and parabolic reqularity estimates, which is sufficient for the final gluing procedure in
Section 4 to work.

3. MODEL PROBLEM: STOKES SYSTEM

In order to solve the incompressible Navier-Stokes equation in (1.1), a linear theory of certain
linearized problem is required. In this section, we consider the Stokes system

v+ VP=Av+V-F, in Qx(0,7),

V-v=0, in Qx(0,7), 3.1)
v=0, on 99 x (0,7), '
v(+,0) = vy, in Q,

which is the linearized problem of the incompressible Navier—Stokes equation in (1.1). The idea is the
following. Apriori we assume that the nonlinearity v - Vv is a perturbation under certain topology.
Then we develop a linear theory for the Stokes system under which we shall see that v - Vv is indeed
a smaller perturbation under some assumptions in Section 4.

Our aim is to find a velocity field v solving (3.1) with proper decay ensuring the inner—outer gluing
scheme to be carried out. Suppose that F'(z,t) in (3.1) has the space-time decay of the type

A2 (¢ AL
|F(z,t)] < C%, Vo (z,1)] < C% (3.2)
1+ |55 w0

for v > 0 and a > 1. Here ¢ € 2 is the singular point for the orientation field u(z,t) and

_ logT|(T —t)
M= Tiog — P
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a+1
) |F(z,1)]

a+2
+ sup A3V (t) (1 + ’x a ) |V F(x,t)].

We define the norm

r—q

(1)

1Els,0—2,a41 = sup  ATTU(t) (1 +
(z,t)eQx(0,T)

(2,4)€Q% (0,T) Ax(t)

The main result of this section is stated as follows.

29

(3.3)

Proposition 3.1. Assume that ||F|sy—2.4+1 < +00 with v >0, a > 1, and ||lvg|| g2—2/» < +00, where
p,p
the Besov norm || - || g2—2/» is defined by (3.38). Then there exists a solution (v, P) to the Stokes system
p,pP

(3.1) satisfying
e in the region near q: Bas(q) = {x € Q: |x — q| < 28} for 6 > 0 fired and small,
)

r—q

2. ()

(@, O S [[Flls.v-2,a+1

and

) N

|P($7t)| 5 ||F| |£L' _ q|2 a+1

S,v—2,a+1
r—q
A (t)

1+

e in the region away from q: Q\ Bs(q)
[vllwzs (@B (@) x 0. T IVPILe@ss@)xo.r) S 1Fllsp-2.at1 + [lvoll g2-2/0
for (v —1)p+1>0. Moreover, if v > 1/2, then

vl coarz By (@) x 0,1y S I1F]
for0<a<2—4/p.

Sy—2,a+1 + ||U0HB§;2/:J

To prove Proposition 3.1, we decompose the solution v(z,t) to problem (3.1) into inner and outer

profiles
U(.’L‘, t) = 775'Uin(x7 t) + Uout(x7 t)7
where the smooth cut-off function
1, for |z—q| <9
no(a) = { ERX

0, for |x—gq|>20
with 6 > 0 fixed and sufficiently small such that dist(q, 9Q) > 25. We denote
Bas(q) ={z € Q: |z — q| < 26}.
Tt is direct to see that a solution to problem (3.1) is found if v;;, and v, satisfy
Ovin + VP = Avy, + V- Fy,,  in R2 x (0,7),
Vv, =0, in R? x (0,7),
Vin(+,0) =0, in R?,
OVout + V(P —nsP1) = Avgyy + (1 —ns)V - F +2Vns - Vg,
+ (Ans)vim — PAVns, in Qx (0,7),
V  Vout = =05 - Ui, in Q x (0,7),
Vout =0, on 9Q x (0,7,

Vout(,0) = vg, in Q,

(3.4)

(3.5)

where Fi, = FX{B,s(¢)x(0,7)}- The estimate of the inner part (3.4) is achieved by the representation
formula in the entire space, while the outer part (3.5) is done by Wg’l—theory of the Stokes system.
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Lemma 3.1. For ||F||s,y—2,a+1 < 400, the solution (v, P1) of the system (3.4) satisfies
AT

90, O S 1P 502041 =2 2 (3.6)
A*(t)‘
and
AV (t AV—2
1Py (2,6)] S [ Fllsmziaps | i) 4 ® . (3.7)
|SC - q| —q
X 0)

Proof. For simplicity, we shall write v;, as v in the following proof. Denote v = [21} The estimate
2

(3.6) is obtained by the well-known representation formula in the entire space

vi(z,t) = /Rz Sij(x —z,t)(v(-,0));(2) dz—/o /R2 0., Sij(x — z,t — 8)Fji (2, s) dzds,

where S;; is the Oseen tensor, which is the fundamental solution of the non-stationary Stokes system
derived by Oseen [56], defined by

1 92
Sij(x,t) = G(z,t)d;5 — /2 G(y,t)log |z —y|dy (3.8)

% (91}(9.’)3] R

|| 2

with G(z,t) = <5, and F = (Fji)ax2. It is well known (see [61] for instance) that
1
1 pk
< - -
|D, Dy S(2,t)] < Chy (o T OF (3.9)
Since v(-,0) = 0, we then get for i = 1,2,
1 AV72(s)
lvi(z, )] S {1 F |50 2a+1/ / 7 dzds
w (e =2 VI | ] (3.10)
= ||F||S,V72,a+1(—[1 +IQ)7
where we decompose
2
I1=/t o / ! A 2() dzds
0 RN ED N PIC
and ()
)\l/
I dzds.
= [ o e Ty
>\ X0 )
Estimate of I;.
To estimate I7, we evaluate
2
I < / (T—-1) / 1 )\l;%a 1(8) deds
~ o e (7 — 2P 1 (=) x0T (5) 1 [z — g
1 1
< )\u+a 1 / d
R O B P o (PR R a i D ek (311)

1 1
< Avtely / + / + / i
()< Di@)  JIDa@) Ips@) ) ATTHE) + 2 — gt (lz = 22+ A2 ()12
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where

D, (x) ::{26R2:|z—q<|x;q|},

Dy (x) :{ZGRQ:WS|ZQ|§2|1’(]|},

Ds(z) :={z € R*: |z —q| > 2|z —q|}.
We first compute

1 1
dz
/Dl(m) ML)+ |2 — g|*TF (Jo — 22 + A2(2))1/2

|z—aql
)

1 r
S S
~x —q| + A(t) /0 NIFL(E) 4 patt "

A
=gl + A (t)

Similarly, we have
1 1

dz
/Dz(m) ML) |2 — g|* T (Jo — 22 + A2(2))1/2

3lz—q|
N 1 : a+1 / — dr
NTO F - T EAD
S ;,
[z —q|* + AL(t)
and

1 1
dz
/Ds(x) ML) 4 |2 — g " (lo — 22 + A2(2))1/2

1 *° T
ST ———dr
~ |(E - Q| + )‘*(t) /21—q| )\1+1(t) + Ta+1
<
Tz —glt+ At
Collecting (3.11), (3.15), (3.16) and (3.17), we obtain

PV (G
L<M @
1+ |yl
where we write y = ;*;(tq) for simplicity.
Estimate of I5.
To estimate Is, we change variable
o=z
5= ,
(t —s)1/2
and thus
*° 1 Avta=l(g
12§// _ o ®) s
r2 Sl (L4 8)% 2 — 2| XX (E) + |2 — g+
1 1 1
< Avtatlig / dz
~ O Joo 3@+ 1 gt 2 — 2 220 + o — 2P

1 1 1
S N / +/ +/ dz,
O PSP AP PPN B Ve P e e b 1 ) B e
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(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

where D;(x), Dao(z) and Ds3(z) are defined in (3.12), (3.13) and (3.14), respectively. For the above

integral, we consider the following two cases.
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e Case 1: |z — ¢q| < A\.(t). We have

/ 1 1 1 .
z
Di@) M) + [z = glot o — 2 AZ(H) + | — 2

|z—q|
2

1 r

N 2 2 / e T e O

[z = q|(A2(t) + [z — q?) Jo ML) 4 patl (3.20)
< /\ail()‘ _ q\2
~A(t)]z = qf?
SATR),

1 1 1 "
Do) M) + ]2 — glott [z — 2] AZ(F) + |z — 2
1 3lz—q| 1

S Jar / SO (3:21)

AT + |z —gl*tt Jo M) +r
SAUTR(),

and

/ 1 1 1 .
yA
Ds() AT Jr\z—qla+1 o — 2| A2(t) + |o — 2|

1 1
rdr
/:v o AT +ratlr — [z — g A2(t) + (1 — |z — q])? (3.22)
1 1 1
S = —(F+ |x — q|) dF
N/|x—q| N+ g @ e el
SATE().

for ¢ > 0, where y = ;":(f).

Observe that in this case |z — ¢| < A (t) we have 1 < 1+|y|€

Therefore, for the case | — q| < A« (t), we conclude

AV 1()
3.23
by (3.19)~(3.22).
e Case 2: |z — ¢q| > A\(¢t). In this case, we compute
/ 1 1 1 d
z
D) M) + 2 — qlott o — 2[ A (D) + |2 — 22
1 r

< —dr (3.24)
m/Azg) A$+1@)4—7a+1

—a—2
A0,
oy

/ 1 1 1 d
z
Da(a) MTH(E) + 2 = qlott o — 2 X(D) + |2 — 22
1 3lz—q] 1

< ——d 3.25
~ Ai‘“(t)+|qu”1/o () +r2 " (3:25)

—a—2
()

L [ylett?
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and
/ 1 1 1 d
z
Da(a) A TH(E) + |2 — q|ot! o — 2] A2() + |z — 22
1 1 >
Sz 3 % dr
)‘*(t) + |.’IJ - q| |.’L‘ - q| 2|z—q| )\* (t) + ratl
< 1 1 1
YOAZ(t) F [ = gl M) AT + |2 — ot
—a—2
)
N fylett
From (3.19), (3.24), (3.25) and (3.26), one has
AT42(t
L < 7(2)
L+ |yl

for the case |z — g| > A\ (t).
In conclusion, we get
)\V_l(t)
Vin .’L',t S F S,v—2,a 1*7
from (3.10), (3.18), (3.23) and (3.27).

We now derive the estimate (3.7) for P;. Recall the representation formula for P;:

(z,1t) / Qj(x —8)0,, Fji(z,s) dzds,
R2
where @); is given by

21 |z|?
Thus,
1 x5 — 2
Pl(m,t) /IR2 277 mﬁsz]k(z,t) dZ
1
/ / / LAy, Fa(z,t) dz
Dy (z Ds(z) Ds(z) 2 |z — 2]
= I+II+III

where Dy (z), D2(z), and D3(x) are defined in (3.12), (3.13), and (3.14), respectively.

We perform integration by parts to estimate I. In fact, one has

1 AVT2(t) 1 A2 (t)
LS 1Plszan | [ s [ s
Dy (z) [T — 2]? 2—g |*T1 oD (z) [T — 2—q |71
A (t) Ai()
lz—aql
/\u72(t) 5 )\a+1(t) 1 )\u72
< |F|lgp * 2 N * _
% I1Flls—z0s \x—qP/o NFT(f) 4ot " r+|$_‘I|1+’w—q wrr lo =l
Ax(t)
A1) A2
5 ||F||57V—2,a+1 ‘CC _q‘g g a+1

1+

o (t)
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(3.26)

(3.27)

(3.28)
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The way to estimate IT and III is straightforward. More specifically, we have
1 T — 2
= — "), F; t)d
2WLM@M—ZPZkﬂ@’)Z

1 AT

P dz

< 1P 5201 /
Do (x) |$—Z| 14 |&=4

W)

/\:73(]5) 3lz—q]| 1 (329)
T

N ||F||S.,u—2,a+1 ot 747‘d7"
1+ 575
AV2
S 1Pl ——r,
w0
and
1 T — 2
= — LT 5 Fo(si)d
2WLM@M—ZPZkM@’)Z
1 A3 ()
SIPls-2en [ = )
SRR B P
S WPlsu-zan X)) [ L
~ S,v—2,a+1 Nk a rar
’ slo—q T — |7 — gl AXET2(2) + rot2

(u+ |z —ql) du,

—|F S )\:4»0,71 t / _
1l 5,0-2.0+1 ()‘%muAﬁ%w+0wafMP“

where we changed the variables u = r — |z — ¢|. Hence u > |z — ¢| implies that

TS | Flls—s.0e1 X (1) / _ "
ol ANF2(E) + (u+ |z — g])a+?

o 1

1
< ||F|ls0— Avta=lig
~ H HS7 2,a+1 ( ) )\(i+1(t) n |JC — q|a+1 (330)
-2
= HFHS,I/—Q,a—Q—l ~ jatrlc
1+ 5755
Collecting (3.28), (3.29), and (3.30), we obtain the estimate (3.7), and the proof is complete. O

In order to apply Wg’l—theory of the Stokes system to the outer part (3.5), the estimates for Vv,
and 0¢(v;y, - Vs) are further needed. We have the following lemma.

Lemma 3.2. Under the assumptions of Lemma 3.1, the following estimates hold

AY2(¢
Vatin (01 1Pl n o (3.31)
(1)
and
18.(vin - T15) o Bastan Bscarx @) S IFls-z.001 (3.32)

for(v=1)p+1>0.
Proof. Since we impose zero initial condition on v;,, we have
I X3 (s)

t
i@ )] S [Fllsszans | [ _deds
" o Jre (lr— 2P (-9 2

z—q
A (s)
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where we have used (3.9). We decompose the above integral and first estimate

t—(T—t)? 1 )\1;73(8)
. . 372 73 dzds
0 R (lo =22+ (t—3s))"" 1 4 )\z—(g)

1 1
st [ f s "
Di@) JIpaw) Ips) ) AETE(E) + |2 — qot2 |r — 2] 4+ Au(t)

where Dq(z), Da(x) and Ds(z) are defined in (3.12), (3.13) and (3.14), respectively. Then we can
easily check the following

/ | 1 AT (t)
P < T
D) MF2() + |2 — qlo? o — 2| + A (F) |z — q| + A (2)

/ 1 1 & < 1
z
Da(a) AT2() + 2 — qot2 |z — z[ + X(t) Y |z —gott + ATH()
1 1 1
/ a+2 2 dZ'S 1 a+1
Dy(z) A TH(E) 4 |2 — glot? o — 2] + Au(2) |z — glott + X¢TL(t)

and thus o
e v—3 v—2
1 A \ y
/ / 3/2 : (S)a+2 dzds S == ( )7
0 R? (|[x — 2|2+ (t —s)) 14+ ;—(Q) 1+ |y
where we write y = Z=2. For the other part, we have
A (s)
/t (T t)2 AQ x _ 2‘2 t _ S)) 1 n Az—(q) at+2 dZdS
<[/, Y,
Rz Jlz=zl (1+ Z| )\a+2( t) + |z — qlo+2

1 1
< )\V+a+1 / d
~ A 2 +v—ﬂw2m—ax%> Fle—22 7

where we have changed variable
holds

. Similar to the proof of Lemma 3.1, the following bound

1 )\1/ 3 A\ 2 t
/ / 3/2 <)a 5 dzds S (3
t—(r—t)2 JR> (Jz — 22 + (t — 5))7 " 1 4 zf(q) 1+ [yl
Collecting the above estimates, we conclude the validity of (3.31).

ﬁ

Next we prove (3.32). Multiplying equation (3.4) by Vns, we obtain that v;, - Vns satisfies the
equation

O (vin - V5) = A(vin - Vi5) — A(Vns) - vin — 2V°ns - Vi — VP - Vs + (V- Fip) - Vs,

Thanks to the cut-off function 7y, standard sz’l—theory for parabolic equation yields

10¢ (in. - V115 | Lr ((Bas (9)\ Bs (0)) x (0,1)

S vinllLe((Bas (@)\Bs (@) x 0,1)) + [V 0inll Lo ((Bas (@)\Bs (@) x (0,7)) (3.33)

F VP Lo ((Bas (@)\Bs @) x0.7) IV - Fll Lo (B2 (a)\Bs (@) x (0,7))
Using the W!-theory for the Stokes system (see [03] for instance), we readily see that

IV P o ((Bas (an\Bs (@) x 01 S IV - FllLo ((Bas @)\ Bs (@) x 0,1))- (3.34)
From (3.33), (3.34), (3.6), (3.31) and the assumption ||F||s,,—2,4+1 < +00, we obtain

182 (vin - V05) || Lo (B2 (a)\Bs @) x 0.1) S I1Fll5,0-2,041
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provided (v — 1)p+ 1 > 0. The proof is complete. O
We are ready to estimate the outer part (3.5).

Lemma 3.3. For ||F|
(3.5) satisfies

Sw—2a+1 < +00 and ||lvo|| g2-2/» < +00, the solution (vout, P) of the system
p,p

[Voutllwz1 (x0T IVP =15P) [ Lo @x0.0)) S IElls0-2,a+1 + [[voll p2-27v (3.35)

for (v —1)p+1>0. If we further assume v € (1/2,1), then we have
[Voutllcoaraiax o)) S 1Fllsw—2,041 + [[voll g2-2/v (3.36)
for0<a<2-—4/p.
Proof. The Wg’l estimate of solutions to Stokes system with non-zero divergence derived in [63, The-
orem 3.1] shows that
||Uout||Wﬁ’1(Q><(0,T)) + V(P = nsP1) L x (0,1))
SINA=n0s)V - F +2Vns - Voin + (Ans)vin — PV [ e ox0,7)) + [1V05 - Vinll e, mwi9)) - (3.37)
+110:(Vns - Uin)HLp(o,T;WI;I(Q)) + ||UO||B§;2/P,

where || - || ;2—2/ is the Besov norm defined in (3.38). Thanks to the cut-off function 7;, we get
p,p

(1= n5)V - F| SIF|lsp—2,a41 A7,
and from (3.6), (3.7), (3.31) and (3.32), one has
V115 - Vvin| + |(A15)vin] + |P1Vns| S 11 Flls—2,a+1 A7
and also
Vs - vin| S (1F|ls,v—2,a+1 A%,
10: (Vs - Uin)”sz(o,T;W;l(Q)) S I Fsp-2,041-
It is worth noting that || - || ., o rwr1 () < I+ llLeo,rs00(0)) (see [1] for instance). Therefore, estimate
(3.37) together with the above bounds imply (3.35) for (v — 1)p+ 1 > 0. The Holder estimate (3.36)
then follows from a standard parabolic version of Morrey type inequality (see [14] for instance). The
proof is complete. U
The proof of Proposition 3.1 is a direct consequence of Lemma 3.1 and Lemma 3.3.

For the behavior of the velocity field v, we further make several remarks:

Remark 3.1.
e From (3.3), Proposition 3.1 implies

[ollsy—1.1 S IFls—2.a+1-
e Since v is divergence-free, we can write v - Vv = V - (v ® v), where ® is the tensor product
defined by (v @ w);; = v;w;. If we solve v in the class ||v]|s—1,1 < 00, then the nonlinearity
in the Navier—Stokes equation

)

lv-Vou| < 3

r—q

L+ 15

is indeed a perturbation compared to V - F, which enables us to solve v by the fixed point
argument in Section /.
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o The initial velocity vy in the outer problem (3.5) can be chosen arbitrarily in the Besov space
Bf,,f/p, with (v — 1)p+ 1 > 0, in which the norm is defined by
[voll p2-2/»
1/p (3.38)
= / |z\*2p/ |vo(z + 22) — 2vg(x + 2) + vo(x)|Pdxdz + |lvoll e (),
|z]<1 Q(z)

where Q(z) ={zx € Q:x+tz € Q, t € [0,1]}, as long as it agrees with zero at the boundary
and satisfies the condition

V-v9=—=Vns - vin(z,0) = 0.

4. SOLVING THE NEMATIC LIQUID CRYSTAL FLOW

In this section, we shall apply the linear theories developed in Section 2 and Section 3 to show the
existence of the desired blow-up solution to (1.1)—(1.3) by means of the fixed point argument. Apriori
we need some assumptions on the behavior of the parameter functions p(t) = \(t)e™(®) and £(t)

A ()] < |p(t)] < ol A (t)] for all t € (0,T),
|E(t)] < AZ(t) for all t e (0,T),
where ¢q, cs and o are some positive constants independent of T'. We recall that
B [log T|(T —t)
|log(T —1)[?
Similar to the harmonic map heat flow, we look for solution w solving problem (1.1) in the form

u=U+Tyrp+ allyLp)U,

R=R(t) = X"(t) with \.(t) and v, € (0,1/2).

with
= NrQu.a,p(y,1) + ¥ (2,1) + (@, 1) + O (2, 1) + ¥7(2, 1),
where we decompose ¥* into
U* = Z" 4.

Here Z* satisfies

WZ* =AZ*, inQx(0,00)

Z*(-,t) =0, on 99 x (0,00)

Z*(-,00=25, inQ
For the same technical reasons as shown in [15], we make some assumptions on Zj(x) as follows. Let
us write

*(z) = | 20(2) zo(2) = 25 () +iz0o (T
Zite) = [0, si0) = sin(o) + izl

Consistent with (2.37), the first condition that we need is
div z5(¢) < 0.

In addition, we require that Z3(q) ~ 0 in a non-degenerate way.
We will get a desired solution (v,u) to problem (1.1) if (v, ¢, ¥*,p, &, «, 3) solves the following
inner—outer gluing system

Ov+v-Vuo+ VP =Av—¢V-Fp,&a,B,0% ¢,v], in Qx(0,7),
V.u=0, in Qx(0,7),

v=0, on 00 x (0,7,

v(-,0) = v, in Q,

(4.1)



38 C. LAIL F. LIN, C. WANG, J. WEI, AND Y. ZHOU

N0 = Lw[¢] + Hp, &, o, B, 0%, ¢,0], in Dap,
¢(-,0) =0, in Bap), (4.2)
¢-W =0, in Dsp,
O™ = A" +G[p, &, a, B, 9%, ¢,v] in Qx(0,T),
Ut =e3—U -3 - 0> - " on 00 x (0,7), (4.3)
T*(-,0)=(1—x) (e3—U — 2" — &> —®") in Q,
where
Flp, & o, B, U™, ¢, v] = (Vu ® Vu — ;mﬂﬂg) , (4.4)
with
u=U+Tyi [NrQu.apsp+ P+ 00 + &% + °) + a(y 1 [NRQu.apd + T* + &Y + & + BT,

H[pagaaaﬂa \I/*,QZS,'U} = >‘2 " EU[\II*] +IC0[ 75} +IC1[ 35] +HUL[R—1] - AilHUL(U : va)

w,a,f

— A My (v-Vy My [RQu a0 + T + 0 + &~ 4 @7]))

A Mys (v Vy (e [rQu.a,s0 + T + 0 + &~ + &°))U))

)

and
g[pa §7 «, ﬁv \IJ*? ¢7 ’U] = (1 - nR)f/U[\I’*} + (\II* : U)Ut + Qw7a,,3<¢ALE77R + QV:EUR : va:(b - ¢8t77R)

L d L o
+ nRQw,a,ﬁ <_ ( w,la,Bdth,a,B> QZ) + A 1/\y . qui) + A 16 . Vy¢>

+ (1= nr)(Ko[p, €] + Kilp, §] + T2 [R_1]) — My [Ry]
+ NuMRQuw,0,50 + Ty (B0 4 % + &F 4+ 0%)]
+((@°+@*+ ") - U) Uy — (1 —nr)v- VU
— (1 =nr)v-V (Ups [NrQu.as¢ + T* + 0 + & + ¢7))
— (1 —nr)v-V (a(Uyr MrQu,a,s0 + T + 0 + 0> + @) U) .
Here y in (4.3) is a smooth cut-off function which is supported near a fixed neighborhood of ¢ inde-
pendent of T
As discussed in Section 2.5, suitable inner solution with space-time decay can be obtained under
certain orthogonality conditions, which will be achieved by adjusting the parameter functions p(t),

&(t), a(t) and B(¢). In order to solve the inner problem (4.2), we further decompose it based on the
Fourier modes

H=H1+Hs+ Hs+ Ha,
with

Halp, &0 8,07, 6,0] = (N2Q54 5 (Lol lo + LulW']e + Kolp,€]) + QL 5Ty (v Va)lo ) X
Halp, €0, 8,0, ¢,0] = (NQZL 5 (Lol + Kulp.€])
Q55 (M (v Va)ls + [y (v Va)]1) ) X

Halp, €, B, 9", 6,0] = QS L, 5 (Lul¥]y = Lul¥']{”) X

H4[p,€,0[,ﬂ, \Ij*v ¢a /U} = (AQ o (1_‘[Ul [R—l,l] + 1_[Ui [R—LQ]) + )‘Q;}a,g[HUl (U . vu)]—l) XDar>s

w,a,B
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where [y (v- Vu)lo, My (v-Vu)]_1, [Hye (v-Vu)]; and [y (v- Vu)] L correspond respectively to
modes 0, —1, 1 and higher modes k& > 2 defined in (2.41)—(2.43), and
Ly[@]” = —2X\ Yw, cosw [ (85, 03(E(2), 1)) cos 8 + (D p3(E(E), 1)) i8] Qv s B
— 207wy cosw [ (O, 3 (8(1), 1)) sin 6 — (9, p3(£(1), 1)) 08 0] Q0,5
in the notation (2.6). Then by decomposing ¢ = ¢1 + o + P3 + ¢4 in a similar manner as H,;’s, the

inner problem (4.2) becomes

)\28t¢1 = LW[(bl] + 7_[1 [p7 57 «, ﬁv \Ij*v ¢v U] - Z EOj [Hl [P» 67 o, Ba \Ij*a ¢a 'U]]wiz(),j

j=1,2

- Z Clj[Hlﬂpvé-vaaB?\Ij*7¢7v]]w§21,j in DQR (45)

7j=1,2
(,251 -W =0 1in DQR

(;51(-,0) =0 in BQR(O)

)\2at¢2 = LW[¢2] + HQ[p7£a 04767 ‘I]*) d)?’U] - Z clj[H2[pa57aaﬁa \I/*a ¢7 UH’LU?)ZLJ‘ in DQR

j=1,2 A
Gy W =0 in Do (4.6)
QI)Q(',O) =0 in BQR(O)
/\Qat(b?) = LW[¢3] +H3[p,£,0[,ﬂ,‘l’*,¢, Z C1j H?} pagv 67 \II*,(ZS,'U]]U)iZLj
+ Z CSj[p7€aaaﬁa \I/*a(ba U]prO,j in D2R (47)
j=1,2
gbg -W =0 in DQR
$3(-,0) =0 in Bap(o)
>\26t¢4 = LW[¢4] + H4[p7 Ea «, 67 \I’*a d)) U] - Z C_1,5 [H4[pa 57 @, Bv \IJ*7 ¢7 ’U]]wiZ_Lj
j=1,2
61-W =0 in Dy (4.8)
¢4('70) =0 in B2R(O)
co;(t) = Co(t) =0 forall € (0,7), j=12, (4.9)
c1;(t) =0 forall te(0,7), j=1,2, (4.10)
c_1;(t)=0 forall te(0,7), j=1,2. (4.11)
Based on the linear theory developed in Section 2.5, we shall solve the inner problems (4.5)—(4.8)

in the norms below.

e We use the norm || - ||,,,q;, to measure the right hand side H; with i =1,--- ,4, where

Wy )]
hlly;,a; = sup 7 : 4.12
Wellvwar = 500 @@+ o) (4.12)

with v; >0, a; € (2,3) for i =1, 2, 4, and a3 € (1, 3).
e We use the norm || - ||+, q4,,6 to measure the solution ¢, solving (4.5), where
8(y, )] + (L + [y Vys(y D) + (1 + [y))*[V5e(y, 1)
*,v1,a1,6 — SU 5(5—aq)
Dar A (t) max { L o L }

(I+1lyD? * (1+y[)*1 =2
with 1 € (0,1), a1 € (2,3), § > 0 fixed small.



40 C. LAIL F. LIN, C. WANG, J. WEI, AND Y. ZHOU

o We use the norm || - ||in,vp,q,—2 t0 measure the solution ¢ solving (4.6), where
m ) — sup 6(y. D) + (L + [y Vyo(y, ) + (1 + y)*IV5e(y, 1)
T pan X)L+ [y[)?—e
with vy € (0, 1), as € (2,3)
o We use the norm || - ||+, to measure the solution ¢3 solving (4.7), where
TS T—— 6(y, )] + (L + [y]) IVy ey, )] + (1 + [y])* V5o (y, )]
T Dan AR+ |y
with v3 > 0.
e We use the norm || - |4, to measure the solution ¢4 solving (4.8), where
_ e+ O D) Ve, ) + (L + ) Vié(y, bl
[0lve, = D &
Dar * (t)

with v4 > 0.

Based on the linear theory in Section 2.6, we shall solve the outer problem (4.3) in the following
norms.

e We use the norm || - ||«« defined in (2.63) to measure the right hand side G in the outer problem
(4.3).

o We use the norm ||-||4.,, defined in (2.64) to measure the solution 9 solving the outer problem
(4.3), where © > 0 and v € (0,1/2).

Based on the linear theory developed in Section 3, we shall solve the incompressible Navier—Stokes
equation (4.1) in the following norms.

e We use the norm || - |
a€(1,2).

o We use the norm || - ||s,,—1,1 defined in (3.3) to measure the velocity field v solving problem
(4.1), where v > 0.

We then define
E, = {¢1 € L>®(D2r
Ey = {¢y € L™(Dsr
B3 = {¢3 € L™(Dar
Ey = {¢s € L™(D2r

and use the notation

Sv—2.a+1 defined in (3.3) to measure the forcing F, where v > 0 and

Vyp1 € L®(Dar
Vyp2 € L®(Dar
Vy¢s € L>(Dag
Vyds € L%(Dar

s [o1llw01 00,6 < 00}

s N92llin,vs,as—2 < 00}
@3] 1x,05 < 00}
[@allsnx,0y < 00}

): )
) : )
) : )
): )

)
)

Ey=E; x By x B3 x Ey, ® = (¢1, 2, b3, ¢04) € Ey

H(I)HEep = H¢1 wv1,a1,6 T ||¢2||in,u2,a272 + Hd)J”**,V% + ||¢4||***,V4'
We define the closed ball

B= {(D S E¢ : ||(I)HE¢ < 1}
For the outer problem (4.3), we shall solve ¢ in the space
Ey ={p e L= Q= (0,7)) : [¢lz0,y <oo}.
For the incompressible Navier—Stokes equation (4.1), we shall solve the velocity field v in the space
E,={ve > (QR?) :V-v=0, |v|]sy-1,1 < Meo}, (4.13)

where g > 0 is the number in (1.1) which is fixed sufficiently small, and M > 0 is some fixed number.
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To introduce the space for the parameter function p(t), we recall the integral operator By defined
in (2.32) of the approximate form

t—A2 (s
sabl = [ Has 4 o1,

-T S
For ©® € (0,1), ! € R and a continuous function g : I — C, we define the norm

lglleq = sup ](T—t)*(")llog(T—t)Vlg(t)l,
t

)

and for v € (0,1), m € (0,00), | € R, we define the semi-norm

. —m 119(t) = g(s)]
[9]y,m = sup (T' — )" |log(T — )| BED
where the supremum is taken over s <t in [-T,T] such that t — s < %(T —t).

The following result was proved in [15, Section §].

Proposition 4.1. Let o,y € (0,3), L € R, C; > 1. If ag € (0,1], © € (0,c0), m € (0,0 — ], and
a(t) : [0,T] — C satisfies

1
— < <
¢, S laDl= (4.14)

Tog T|"* ! |la(") — a(T)lle -1 + [aly.mi-1 < C1,

for some o > 0, then for T > 0 sufficiently small there exist two operators P and Ry so that p = Pla] :
[-T,T] — C satisfies
Bo[pl(t) = a(t) + Rolal(t), t€0,T]
with
(T _ t)m-i—(l—i—a)'y
[log(T —t)|F

Ralal(0)] < (17 + 70 2ELE E () — a()

oi-1+ [a]v,m,lA)
for some o > 0.

Proposition 4.1 gives an approximate inverse P of the operator By, so that given a(t) satisfying
(4.14), p := P [a] satisfies
Bo[p] = a+ Rola], in [0,T],
for a small remainder Ro[a]. Moreover, the proof of Proposition 4.1 in [15] gives the decomposition
Pla] = po,~ + P1lal,
with
r 1
Poe(t) = ] log T|/ Y
¢ |log(T" = s)[?
k = k[a] € C, and the function p; = P;[a] has the estimate
Ip1]l,3-0 < Cllog T|'~" log?(| log T').

Here the semi-norm || ||«3-¢ is defined by

I9lle3-0 = sup |log(T —t)*~[4(t)l,
te[-T,T]

and o € (0,1). This leads us to define the space
Xp = {p1 € C(I-T, T;C) N CY([-T,T;C)) : pr(T) =0, [palls3-0 < 00},

where we represent p by the pair (x,p1) in the form p = po . + p1.
We define the space for £(t) as

Xe = {€ € CH((0,T;R?) : (T) = 0, lg]x, < oo}
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where _
€l xe = I€llLo 0,7y + sup AL (D))
te(0,T)

for some o € (0, 1), and we define the spaces for a(t), 3(t) as follows

Xo={£€CY((0,T)): (T) =0, ||af| x, < o0}

where
lallx, = sup AL (B)a(®)]+ sup AL7(H)]a(t)]
te(0,T) te(0,T)
and
Xp=1{8€CH(0,T)): B(T) =0,|Bllx, < oo}
where

1Bllxs = sup AL2(@0)|B(E)]+ sup A1) B(t)]-
t€(0,T)

te(0,T)
Here 01,09 € (0, 1)
In conclusion, we will solve the inner—outer gluing system (4.1), (4.3), (4.5), (4.6), (4.7), (4.8), (4.9),
(4.10) and (4.11) in the space

X=E,xEyxEyxX,xXexXyxXgp (4.15)

by means of fixed point argument.

4.1. Estimates of the orientation field u. The equation for the orientation field u is close in spirit
to the harmonic map heat flow (2.9). To get the desired blow-up, we only need to show the drift term
v+ Vu is a small perturbation in the topology chosen above. Then the construction of the orientation
field u is a direct consequence of [15] with slight modifications.

Effect of the drift term v - Vu in the outer problem

In the outer problem (4.3), it is direct to see that the main contribution in the drift term v - Vu
comes from v - VU since all the other terms are of smaller orders. We get that for some positive
constant e,

|(1 =ngr)v-Vu| = ’(1 —nr)v- VU + (1 —nr)v -V (Hys [nrQu.a,s0 + ¥* + @0 + &~ + ‘Pﬁ])

+ (1 =nr)v-V (a My [1rQu a0+ V" + 00 + 0% + 7]) U)
(1= nr)o- VU (4.16)

AT [v]lsp-1,1 A () e
xr— « (T t
- o= g2 1 a2 () X(le—a2A OR®)

ST

N

A

q

)

x
*

A

provided v > m with m € (1/2,1) obtained in Lemma 2.9, where g2 is the weight of the || - ||«x-norm
(see (2.62)) for the right hand side of the outer problem. Therefore, as long as v is chosen sufficiently
close to 1, the influence of the drift term v - Vu in the outer problem is negligible, and it is indeed a
perturbation compared to the rest terms already estimated in the harmonic map heat flow [15, Section
6.6].

Effect of the drift term v - Vu in the inner problem

Since the inner problem is decomposed into different modes (4.5)—(4.8), a key observation is that
the drift term v - Vu will get coupled in each mode. In other words, the mode k solved from the
velocity equation with forcing —eoV - (VU ® V@) enters mode k of the inner problem via the drift
term v - Vu. We now analyze the projections of v - Vu on different modes. Recall that

v-Vu=wv- V[U + Pin + HUL%Oout + a(HUi (@zn + <pout))U]
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where
Pin = NRQu,0,8(01 + G2 + ¢35+ ba),  Pour = U* + 00 + &% + &°.
Notice that the leading term in v - Vu is v - VU. Since (v - VU,U) = 0, we have

Myi(v-VU)=v-VU.
Denote v = {Zl] . We write U in the polar coordinates
2
cos Ow, By — % sinwkFsy

-1
VU =2 sin Qw, Ey + % sinwFs |

Therefore, the projection of v - Vu on mode k (k € Z) is of the following size
[y (v Va)li| < [y (v- VO] <

2 . . .
0 sin(ko 0 sin(ko
/ (vl cos 0 cos(kf)w, + v sin 6 cos(kO)w, + vq sms;n() sinw — 'UQCOSSI;H() sin w) de
0
2 .

6 cos(ko 6 cos(k6

+i / (m cos 0 sin(k6)w, + v sin 0 sin(kO)w, — v, sin § cos(k6) sinw + vgw sin w) de

0 P p
from which we obtain

M€0)\:

|)\[HUL(’U : VU)]k{ < 1+ |y|3

where M and €y are given in (4.13). Thus, it holds that
ATy (v - V)| kllv.a < Meo.

Since g is a sufficiently small number, we find that the projection [II1 (v - Vu)]i can be regarded as
a perturbation compared to the rest terms in the right hand sides of the inner problems (4.5)—(4.8).

(4.17)

In summary, the coupling of the drift term v-Vu in the inner and outer problems of the harmonic map
heat flow is essentially negligible under the topology chosen above. Therefore, with slight modifications,
the fixed point formulation for

Opu+v - Vu = Au+ |Vul*u
can be carried out in a similar manner as in [15].

For the outer problem (4.3), it was already estimated in [15] that in the space X defined in (4.15),

it holds that for some € > 0

‘Ig[p7§7a767\1/*?¢7v] - (1 - WR)U : VUH** 5 TE(||(I)||E¢ + H'(/Jllﬁ»(af‘/ + ||p||Xp + ||§||X§
+ llellx, +118lx, +1)

provided
. 1
0<@<m1n{*y*,2—7*,ul —1+'y*(a1—1),1/2—1+’y*(a2—1),1/3—1,1/4—1—!-7*},
© < min{v; — 07(5 — a1) — Ve, V2 — Vs, V3 — 3V, Va — Vi ) (4.18)

0 < 1.
On the other hand, from (4.16), we find that

1A =nr)v- Vulle ST([0llsp-11 + 1|2, + [[¥lls.0.4 + IPlx, + [1€llxe + llellx, +1B8lx, +1)
provided

1
—. 4.19
v > B ( )

Therefore, we conclude the validity of the following proposition by Proposition 2.2.
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Proposition 4.2. Assume (4.18) and (4.19) hold. If T > 0 is sufficiently small, then there exists a
solution ¥ = (v, ®,p, &, o, B) to problem (4.3) with

[¥(v, ®,p, &, a, B) ST (lvllsp—11 + ®lle, +lIPlx, + 1€lxe + lallx, +[18lx, + 1),

for some € > 0.

We denote 7Ty, by the operator which returns ¢ given in Proposition 4.2.
For the inner problems (4.5)—(4.8), our next step is to take ® € Ey4 and substitute

W*(v7¢’p7£’a7/8):Z*+W(Il}’¢7p7§?a7/8)
into (4.2). We can then write equations (4.5)—(4.8) as the fixed point problem

D = A(D) (4.20)
where
A(®) = (A1(P), A2 (), A3(®), A4(®)), A:Bi C Ey— Ey
with
Al(q)) = 7—1(7-[1[”) \II*(’U7 CI),p, ga Q, 5),]77 fa a, ﬁ])
"42((1)) = 7-2(7-[2[7)’ \II*(Uv CI)’P» 67 «, B) b, f? «, 6])
2
75(%3 ’U o pa€7a ﬂ p7£a «, +ZC] ’U q)7p7§7a7ﬂ)7p7€7a7ﬂ}wizo,j)
j=1
= T3 (Malo, ¥ (0,9, .6, 0,8), 9, €, 0, 3]).
Neglecting IIo (v - Vu) the contraction for the inner problem was shown in [15, Section 6.7] under
the conditions
v <1
vy <1 —.(az —2)
, 1 (4.21)
v3 <minq 1+ 0 + 2v,.y,11 + 557*(611 —2)
vy <1
On the other hand, from (4.17), we obtain
‘ LMy (v Valo S MeaX ()
[A@zh s (Mo - Vel + [y (o V))1)|| < MeoXs2(1) (.22
v2,a2
H)‘QJL,AHUL (v Vu)|— < MegA, (1)
Va,a
Recall that the parameter 9 > 0 in (1.1) is fixed and sufficiently small. Therefore, by letting
V=1V =V =14 493
{1 <a<?2 (4.23)

the smallness in (4.22) comes from £y < 1. Applying the linear theory developed in Section 2.5 for
the inner problems (4.5)—(4.8), we then conclude the following proposition.

Proposition 4.3. Assume (4.21) and (4.23) hold. If T > 0 and g9 > 0 are sufficiently small, then
the system of equations (4.20) for ® = (¢1, P2, @3, ¢4) has a solution & € Ey.

We denote by T, T¢, To and T3 the operators which return the parameter functions p(t), £(t), a(t),
B(t), respectively. The argument for adjusting the parameter functions such that (4.9)—(4.11) hold is
essentially similar to that of [15]. Note that the influence of the coupling v - Vu is negligible as shown
in Section 4.1. Therefore, the leading orders for the parameter functions p(t), £(t), a(t), 8(t) are the
same as in Section 2.4. The reduced problem (4.9) yields an integro-differential equation for p(t) which
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can be solved by the same argument as in [15], while the reduced problems (4.10)—(4.11) give relatively
simpler equations for £(t), a(t), 5(t), which can be solved by the fixed point argument. We omit the
details.

4.2. Estimates of the velocity field v. To solve the incompressible Navier—Stokes equation (4.1),
we need to analyze the coupled forcing term

g0V - (Vu ® Vu — 1/2|Vu|?Ly).

Observe that the main contribution in the forcing comes from U + ngQu 0.8(¢0 + ¢1 + ¢—1 + ¢1),
where ¢q, ¢1, ¢_1, ¢, are in mode 0, 1, —1 and higher modes, respectively. From the linear theory in
Section 2.5, the dominant terms are U and ¢y. So we next need to evaluate

V- (VU ®VU —1/2|VU*Iy) and V- (VU ® Vo — 1/2(VU : Vy) Iz),
where VU : Vgg = Zij 0;U;0;(¢);. Recall

0 i i0 s
v = [“eni], = [Lita)] e = 7]
so that
0,U = wyEr, U = sinwkEs,
0,1 = —w,U, Og 1 = coswkEy.
Note that

V- (VU®VU —-1/2|VU]*1y) = AU - VU = —|VU|U - VU = 0.
For V- (VU ® V¢g — 1/2(VU : V¢o)la), we express the forcing in the polar coordinates. Since
®o = poFE1 where pg = po(p), the first component
(N’V (VU © Vo)
=V, (V,U O Vydo)
=0y, (COS2 0 0pp0 wp, + 8122 0 ©o sin w cos w)

inf cosé
+ Oy, (sin 0 cos 0,0 w, — w o sinw cos w) .
p

Changing 0, and d,, into 0, and Jg, we obtain

(W*V- (VU © Vo))
sin’
=cos60, (COS2 60 0ptpo wp + —5— o sinw cos w)
p

sin 0

.2
sin“ 0
O (cos2 0 0,0 wy, + 7 ©o Sin w cos w)

in 0 cos
+sinf 0, (sin@ cos 0 0,0 Wy — w (o sin w cos w)
p
0 in cos 6
+ o8 Op (Sine cos 0 0,0 wy — w (o sin w cos w)
p

1 1
= cos <5‘§<p0 Wy + Oppo Wpp + p Oppo Wy — 7 o sin w cos w>

= cosf {6,) <3pg00 w, + %pwp + /@owiﬂ :

A similar calculation implies that the second component

A3V - (VU ® V)2 = sin 0 {ap <3p300 w, + ‘Popwp + /@Owgﬂ .
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So V- (VU ®V¢y) =V {)\’3(3,:@0 w, + FEE f<p0w,2))] is a potential. Moreover, it is obvious that

V- (|[VU|?Ly) is a potential. Therefore, V- (VU ® Vo — 1/2 (VU : V) I2) is a potential, which can
be absorbed in the pressure P in problem (4.1).
Therefore, the leading term in F defined by (4.4) is

|VU © v¢*1| < LZ(”||§[)71H*** v (424)
S TE P o
from which we conclude that
leoVU © Vé_1|lsp-2,a+1 < €0,

where we have used (4.23).

Remark 4.1. As we can see above, using the new linear theory at mode —1 (see Lemma 2.5), the
size of the transported term turns out to be of the same order as the right hand side at mode —1. This
is the motivation of introducing new parameters «(t), B(t) and developing new linear theory at mode
—1, otherwise the transported term would carry extra logarithm growth in time (see Lemma 2.4). On
the other hand, the assumption £9 < 1 is required here to guarantee the contraction in the fized point
argument.

On the other hand, as mentioned in Remark 3.1, the nonlinear term v - Vv in (4.1) is of smaller
order compared to the forcing gV - F if we look for a solution v in the function space F, defined in

(4.13). Indeed, since v € E,,, we have

AQV*Q t
v Vol < 7(3)
1+ [yl

so that
[v-Vollg, 5441 SA() <1 as t > T.
Thus, the incompressible Navier—Stokes equation (4.1) can be regarded as a perturbed Stokes system
0w+ VP =Av—¢eoV-Fi[p, & a, 3,9, ¢, 0]
with
-7:1[27757@75’ \II*,(ZS,U] = ]:Lp7§7a357\11*7¢7v] +U®’U7
where we have used the fact that v is divergence-free so that we can write v- Vo =V - (v ® v). We
denote T, by the operator which returns the solution v, namely

To : E, = E,
v = Ty(v).
By (4.24) and the linear theory for the Stokes system developed in Section 3, we obtain
17o@)lsp-11 < Ceo([[vllsp—1,10 + 1] 5, + [¥llt,0,, + [Pllx, + €llxe + llallx, +18]x, +1). (4.25)

4.3. Proof of Theorem 1.1. Consider the operator
T = (A Ty, To, Tps Te, Tas Tp) (4.26)

defined in Section 4.1 and Section 4.2. To prove Theorem 1.1, our strategy is to show that the operator
T has a fixed point in X by the Schauder fixed point theorem. Here the function space X is defined in
(4.15). The existence of a fixed point in the desired space X follows from a similar manner as in [15].

By collecting Proposition 4.1, Proposition 4.2, Proposition 4.3 and (4.25), we conclude that the
operator maps X to itself. On the other hand, the compactness of the operator 7 can be proved by
suitable variants of the estimates. Indeed, if we vary the parameters v., O, v, a, v1, a1, Vo, ag, Vs,
vy, 0 slightly such that all the restrictions in (4.18), (4.19), (4.21) and (4.23) are satisfied, then one
can show that the operator 7 has a compact embedding in the sense that if a sequence is bounded
in the new variant norms, then there exists a subsequence which converges in the original norms used
in X. Thus, the compactness follows directly from a standard diagonal argument by Arzela—Ascoli’s
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theorem. Therefore, the existence of the desired solution for the single bubble case k = 1 follows from
the Schauder fixed point theorem.

The general case of multiple-bubble blow-up is essentially identical. The ansatz is modified as
follows: we look for solution u of the form

E
u(z,t) = Z Uj + 1y o5 + a(HUjL ©;)U;
j=1

where

Uj = Uxj(0).6; ()5 (1),05(8).85(1)s P = wgn + spgu“

: x —§&(t)
Cin = MR (Y5)Qu; (8),0, (0,8, 0P (W5, 1), Y5 = /\'7(;)’
J

Ghuy = V(1) + Z"(2,1) + Y + % + @

Here @?, % and (IDf are corrections defined in a similar way as in (2.17) with A, £, w, a, S replaced
by Aj, &, wj, o, B;. We are then led to one outer problem and k inner problems for u together with
one Navier—Stokes equation for v with exactly analogous estimates. A string of fixed point problems
can be solved in the same manner. We omit the details. O
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