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ABSTRACT. The aim of this paper is to use a selection process and a careful
study of the interaction of bubbling solutions to show a classification result for
the blow-up values of the elliptic sinh-Gordon equation

Au+ hie* —hge ™ =0 in B C R2.

In particular we show that the blow-up values are multiple of 8. It generalizes
the result of Jost, Wang, Ye and Zhou [20] where the extra assumption h; = ho
is crucially used.

1. INTRODUCTION

In this paper we mainly focus on the weak limit of the energy sequence for the

following equation
Au+ hie" —hge™™ =0 in By C R?, (1.1)

where hq, ho are smooth positive functions and B; is the unit ball in R2.

Equation (1.1) arises in the study of the equilibrium turbulence with arbitrarily
signed vortices [11, 31, 29, 32], and it was first proposed by Onsager [35], Joyce and
Montgomery [21] from different statistical arguments. When the nonlinear term
e~ in (1.1) is replaced by e~ with 7, > 0, the equation (1.1) describes a more
general type of equation which arises in the context of the statistical mechanics
description of 2D-turbulence. For the recent developments of such equation, we
refer the readers to [37, 38, 39] and the references therein. Moreover, it also plays
a very important role in the study of the construction of constant mean curvature
surfaces initiated by Wente, see [20, 46].

When hy = 0 the equation (1.1) is reduced to the classic Liouville equation

Au+hie* =0  in B; C R? (1.2)

Equation (1.2) is important in the geometry of manifolds as it rules the change of
Gaussian curvature under conformal deformation of the metric, see [1, 7, 8, 23, 42].
Another motivation for the study of (1.2) is in mathematical physics as it models
the mean field of Euler flows, see [6] and [22]. This equation has attracted a lot
of attentions in past decades; now there are many results regarding the existence,
compactness of the solutions, the bubbling behavior, etc. We refer the interested
reader to the reviews [30] and [45].
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Wente’s work [46] on the constant mean curvature surfaces and the work of Sacks-
Uhlenbeck [40] concerning harmonic maps led to investigate the blow-up phenomena
for variational problems that possess a lack of compactness. Later, in a series work
by Steffen [43], Struwe [44] and Brezis, Coron [4], the program of understanding
the blow-up phenomena for constant mean curvature surfaces was completed.

As many geometric problems, problem (1.1) (and (1.2)) presents loss of compact-
ness phenomena, as its solutions might blow-up. Concerning (1.2) it was proved
in [5, 24, 25] that for a sequence of blow-up solutions uy, to (1.2) (relatively to h¥)
with blow-up point z it holds

lim lim hYe'* = 8. (1.3)
6—0 k—o0 Bs (%)
Somehow, each blow-up point has a quantized local mass.

On the other hand, the blow-up behavior of the solutions of equation (1.1) is
not yet developed in full generality; this analysis was carried out in [33, 34] and
[20] under the assumption that h; = hy or hy, hy are constants. In particular, by
using the deep connection of the sinh-Gordon equation and differential geometry,
Jost, Wang, Ye and Zhou in [20] proved an analogous quantization property as the
one in (1.3), namely that the blow-up limits are multiple of 87, see Theorem 1.1,
Corollary 1.2 and Remark 4.5 in [20]. The blow-up phenomena indeed occurs, see
[12] and [13]. We point out that the assumption h; = he (or hy, he constants) in
[20] is crucially used in order to provide a geometric interpretation of equation (1.1)
in terms of constant mean curvature surfaces and harmonic maps (see also [46]). In
this way they transfer the problem into a blow-up phenomena for harmonic maps.
The core of the argument is then to apply a result about no loss of energy during
bubbling off for a sequence of harmonic maps, which was proved in [19, 36].

The study of the blow-up limits is interesting by itself. However, it yields also
important results: we point out here the compactness property of the following
sequence of solutions to a variant of (1.1) which is related to a mean field equation:

He%r 1 Hoe Uk 1
Aug + k(_)_ k(_) —0  onlM, (14
P1 f]w Hle"’v |M| P2 fM ng—uk ‘M| ( )
where M is a compact surface without boundary, p¥, p§ are non-negative real pa-
rameters and Hy, Hy are two fized positive smooth functions (see [2, 15, 16, 17, 47]
and the references therein). In fact, from the local quantization result in [20] and
some standard analysis (see [3, 5, 26]) one finds the following global compactness

result.

Theorem A. Let p¥, pk ¢ 87N and suppose that Hy = Hy. Then the solutions to
(1.4) are uniformly bounded.

The latter property is a key ingredient in proving both existence and multiplicity
results of (1.4), see for example [2, 15, 16, 17].

Now we return to the topic of this paper. We shall study the same subject of
[20] in a more general case (i.e., hy, hy are two different positive C* functions) by
using purely analytic method. The argument is interesting by itself and it seems
the first time that this method is used for this class of equations.

Let u be a sequence of blow-up solutions

Auy + hiets — phe= =0, (1.5)
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with 0 being its only blow-up point in By, i.e.:

max |ui| < C(K), max |ug(x)| — oo. (1.6)
KccB:1\{0} TE€EB;

Throughout the paper we will call || B, h¥er the energy of uy (a corresponding term
fBl hke~ur is defined for the energy of —uy). We assume

1
Rk (0) =1, o < hf(z) < C, || (2)|lco(py < C, Vz € By, i=1,2 (1.7)

for some positive constant C. In addition, we assume uj has bounded oscillation
on 0B; and a uniform bound on its energy:

lug(z) — ug(y)| < C, ¥V z,y € 0By,

1.8
/ h’fe“’c <, hlge_“k <, (1.8)
B B,
where C' is independent of k.
Our main result is concerned with the limit energy of uy. Let

1 1

o1 = lim lim 7/ hFe" | oy =lim lim 7/ hEeur, (1.9)
60 k=00 27 J 5, §—0k—00 2T [,

be the local blow-up masses and ¥ C R? be the following set:

b)) —{(01702) = (2m(m +1),2m(m — 1)) or (2m(m —1),2m(m + 1)), m € N}.
(1.10)

Theorem 1.1. Let o; and X be defined as in (1.9) and (1.10) respectively. Suppose
uy, satisfies (1.5), (1.6), (1.8) and k¥ satisfy (1.7). Then (o1,02) € X. In particular
both o1 and oo are multiples of 4.

Remark 1.1. Theorem 1.1 yields an improvement of the compactness result in
Theorem A, which holds now for arbitrary functions Hy, Hs. As a byproduct we
get an improvement of both existence and multiplicity results concerning (1.4) in
[2, 16, 17]. Moreover, it is used in [18] where the authors are concerned with the
Leray-Schauder topological degree associated to (1.4).

Remark 1.2. (1.1) is different from the Liowville equation (1.2) and the system of
two equations in [27]. For the latter ones, the blow-up limits (see for example (1.3))
only possess a finite number of possibilities, while for (1.1) we obtain an infinite
number of possibilities for (1.9), see (1.10). The reason is that we have a different
form of the Pohozaev identity for problem (1.5), see Proposition 3.1.

The first step in the proof of Theorem 1.1 is to introduce a selection process for
describing the situations when blow-up of solutions of (1.5) occurs. This argument
has been widely used in the framework of prescribed curvature problems, see for
example [9, 23, 41]. It was later modified by Lin, Wei and Zhang in dealing with
general systems of n equations to locate the bubbling area which consists of a
finite number of disks, see [27]. Roughly speaking, the idea is that in each disk
the blow-up solution have the energy of a globally defined system. We shall use
the same technique for equation (1.1). Next we prove that in each bubbling disk
the local mass of at least one of ui and —wuy is a perturbation of multiple of 4.
Then we combine the areas which are closed to each other and deduce that at least
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one component of ux and —uy has its local mass equals to a small perturbation of
multiples of 4. In this procedure we use the same terminology ”group” introduced
in [27] to describe bubbling disks which are close to each other and relatively far
away from the other disks. Then, Theorem 1.1 is a consequence of an energy
quantization for the global Liouville equation with singularities proved in [28] and
of the Pohozaev identity Proposition 3.1.

The organization of this paper is as follows. In Section 2 we introduce the
selection process for the class of equations as in (1.1), in Section 3 we prove a
Pohozaev identity which is the key element in proving Theorem 1.1, in Section 4
we study the asymptotic behavior of the solutions around the blow-up area and in
Section 5 we finally prove Theorem 1.1 by a suitable combination of the bubbling
areas.

Notation

The symbol B,(p) stands for the open metric ball of radius 7 and center p. To
simplify the notation we will write B, for balls which are centered at 0. We will
use the notation a ~ b for two comparable quantities a and b.

Throughout the paper the letter C' will stand for some constants which are
allowed to vary among different formulas or even within the same lines. When we
want to stress the dependence of the constants on some parameter (or parameters),
we add subscripts to C, as Cs, etc. We will write 0,(1) to denote quantities that
tend to 0 as @ — 0 or &« — 400 and use the symbol O, (1) for bounded quantities.

2. A SELECTION PROCESS FOR THE SINH-GORDON EQUATION

In this section we introduce a selection process for the sinh-Gordon equation
(1.1). In particular, we will select a finite number of bubbling areas. This will be
the first tool to be used in the proof of the Theorem 1.1.

Proposition 2.1. Let u be a sequence of blow-up solutions to (1.5) that satisfy
(1.6) and (1.8), and suppose that h¥ satisfy (1.7). Then, there exist finite sequences

of points ¥y = {z% ... 2k} (all x? — 0, 7 =1,...,m) and positive numbers
I¥,...,18 — 0 such that
(1) Jugl(a) = max (]} for j=1,....m.
AT
(2) exp(%|uk|(m§)) l;-“ — oo forj=1,...,m.
(3) Let e = e 2Ms | where M, = max |ug|. In each Blg_c(x?) we define the
1k T !

dilated functions

vi(y) = u(ery + 2¥) + 2log ey, 1)
vh(y) = —uk(aky—f—xf) + 2log eg. .
Then it holds that one of the v¥,v5 converges to a function v in C? _(R?)

which satisfies the Liouville equation (1.2), while the other one tends to
minus infinity over all compact subsets of R2.
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(4) There exits a constant Cy > 0 independent of k such that
luk|(x) + 2log dist(x, Xy) < Cf, Vo € By.
Proof. Without loss of generality we may assume that

kY _
un(at) = max fue|(z).

By assumption we clearly have z¥ — 0. Let (v¥,v5) be defined as in (2.1) with x?,

M, replaced by z¥ and uy,(z%) respectively. By (2.1) and the definition of ¢, we
have v < 0,7 = 1,2. Therefore, exploiting the equation (1.5) we can easily see
that |Av¥| is bounded. By standard elliptic estimate, |[vF(z) — v¥(0)] is uniformly
bounded on any compact subset of R2. By construction, we have v¥(0) = 0 and
v converges in C? (R?) to a function vy, while the other component is forced
to satisfy v§ — —oo over all compact subsets of R?. In addition, v; satisfies the
following equation

Avi+e =0  inR? (2.2)

where we used limy_, o h¥(2%) = 1. From (1.8), we have
/ hie’t < C.
R2
By the classification result due to Chen and Li [10] it follows that
/ e =8r and wi(z) = —4loglz| + O(1), |x| > 2.
R2

Clearly we can take Ry — oo such that

vi(y) +2loglyl <C, |yl < Ry. (2:3)
In other words we can find ¥ — 0 such that
ug(z) + 2log |v — 2¥| < C, |z — 2| < 1¥,
and
e%“)f(mlf)l’f — 00, as k — oo.

Now we consider the function
|ug ()| + 2log |z — 2f|

and let g, be the point where max <y (Jug(z)|+2log |z —2%|) is achieved. Suppose
that
max (|ug(z)| + 2log |z — 2f|) — cc. (2.4)

z|<1
Then we define dj, = §||qk|_— x%| and
Sf(x) = uk(z) + 210g(d;c — |z — qk|),
Sg(a:) = —ug(z) + 210g(al;€ — |z — qk\)7
We note that SF(z) — —oo as = approaches 9By, (qx) and
max{ St (ar), S5 (ar)} = [ur(q)| + 2log dy, — o0
JEEEdk(Qk){S{C7 Sk is attained.

Without loss of generality, we assume that S§(py.) = max, 3, (qk){S{“7 Sk}, Then
. (an

in Bdk (Qk)-

by assumption (2.4). Let pg be the point where max

—ug(pr) + 21og(dx — |pr — qr|) > max{S}(qx), S5 (qx)} — oo. (2.5)
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Let [, = %(dk — |pk — qr|). By the definition of py and I we observe that, for
y € By, (px) it holds

lur(y)| + 21og (di, — |y — qr|) < —ur(pr) + 2log(2),

di — |y — il > dx — |pk — axl — |y — pr| > I
Therefore we get

lu(y)| < —ur(pk) +2log2, Vy € By (pr) (2.6)
Let Ry = e~ 2ur(Pr)], and 0¥, i = 1,2 be the following functions:

0¥ (y) = u(pr + e3P y) +uy(py),
05 (y) = —u(pr + €2 Py) + u(pr).

It is not difficult to see that Ry — oo from (2.5). Moreover, |A9¥| is bounded in

Bg, (0). Similarly as before 9% (y) converges to a function vy which satisfies

Avg +€e"? = 0.

On the other hand, ©¥(y) converges uniformly to —oc over all compact subsets of R.
Next, we study the behavior of uy, —uy in By, (p). Suppose x4 is the point where
maxp, (p,) |uk| is obtained: it is not difficult to see that —u, (z5) = maxg, (p,) |ukl-

Moreover, we can find 1§ such that
lug ()| + 2log |z — 25| < C, for |z — ah| <15,
By (2.6) we have —uy(z%) + uk(pr) < 2log2 and observe that

Do (e 2P0 (2k — pp)) — 02(0) = —uk (k) + up(pr) < 2log2.

Therefore we deduce that e~2%“®%)|zk — pi| = O(1). As a consequence, we can
choose 1§ < 1), such that (3_%“’0(3”’5)1’2€ — oo. Then we re-scale uy, —uy around x4
and let v¥ defined in (2.1) and it satisfies (1) and (2) in Proposition 2.1. Moreover,
it is easy to see that By (%) N By (%) = 0. In this way we have defined the selection

process. To continue it, we let Xy o := {2%, 25} and consider

max |uk ()| + 2log dist(x, Xy 2).
reBy

If there exists a subsequence such that the quantity above tends to infinity, we can
use the same argument to get x5 and I5. Since each bubble area contributes a
positive energy, the process stops after finite steps due to the bound on the energy
(1.8). Finally we get

Y = {ab, ... 2k}

m

and it holds

|ug(z)| + 2logdist(x, 3x) < C, (2.7)
which concludes the proof. ([l
Lemma 2.1. Let %y, = {a%,--- 2k} be the blow-up set obtained in Proposition 2.1.

Then for all x € By \ Xk, there exists a constant C independent of x and k such
that

lug(z1) — u(z2)| < C, YV 21,19 € B(sc,d(:c, Ek)/Q).
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Proof. Using the Green’s representation formula it is not difficult to prove that the
oscillation of u; on By \B%0 is finite. Hence we can assume |z;| < %O,i =1,2. Let
1
G(z,n) = —5_-log|z —n| + H(z,n)

be the Green’s function on By with respect to Dirichlet boundary condition. Let
xo € By \ X and z1,29 € B(zg,d(zo,2k)/2). Using the fact uy has bounded
oscillation on 9B, We have

wn(on) —unle) = [ (Glorm=Glonm) (Be =R e )dn+0(0).

1

15>t = 1,2 and AH = 0 in By, we can use the bound on the energy

Since |z;| <
(1.8) to get

[ (#rn) = Hasm) (e = Bme)an = 0(1),

It remains to prove
[ 108 I (ke @ — (e ) = 0(1).
B |22 — 1

Let 7, be the distance between xg and 3. Then we decompose By = (Bj \
Bs,, (z0)) U Bz, () and compute the integration for each region.

(i) ne b \B%Tk (o). Then

|zy — 1]
1 = 0(1
%8 log =y ~ O

and the integration in this region is bounded.
(i) n € Bs,, (x0). Let

vf(y) = u(xo + rry) + 2logry, vé(y) = —ug(xg + rry) + 2logry,

for y € Bg/y. Let y1,y2 be the images of 1,z after scaling, namely z; = x¢ +
Y, t = 1,2, we have to prove that

[ 108 = bk + et — o + et )y = O(0).
Bs/a

Y2 — 1

Without loss of generality we may assume that e; = (1,0) is the image after scaling
of the blow-up point in ¥ which is closest to xg. From Proposition 2.1 it holds

vF(n) + 2log |n — e1| < C.
Therefore
et < Cln — el 2

Moreover, we notice that |n —e;| > C > 0 for n € B%. Then for i,j = 1,2, we get

, log ly: —
/ log ly; — 0|kt (zo + ram)e’ Mdn < C/ Mdn <C
B3 B, |In—eil

3 3
4 4

and we finish the proof. O
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3. POHOZAEV IDENTITY AND RELATED ESTIMATES ON THE ENERCY

In this section, we establish a Pohozaev-type identity for (1.1). This identity
will be a crucial tool in proving the quantization result of Theorem 1.1.

We start with some observations and terminology. By Lemma 2.1 one can see
that the behavior of blowup solutions away from the bubbling area can be described
just by its spherical average in a neighborhood of a point in ;. Moreover, the
behavior of the solution on a boundary of a ball, say 0B, (zg), will play a crucial
role in the forthcoming arguments, see the Remark 3.1. Throughout the paper we
will say wuy has fast decay on 9B, (x¢) if

up(z) < —2log |z — 0| — N, for x € 0B, (o),
and some N — 4o00. If instead there exists C' > 0 independent of k such that
up(x) > —2log|z — xo| — C, for x € 9B, (o),

we say uy, has slow decay on 0B,.(zg). The same terminology will be used for —uy.

For a sequence of bubbling solutions u of (1.5), we have the following result.

Proposition 3.1. Let uy, satisfy (1.5), (1.6), (1.8) and h¥ satisfy (1.7). Then we
have

4(o1 + 0'2) = (0’1 — 0'2)2.

Before we give a proof of Proposition 3.1, we first establish the following auxiliary
lemma.

Lemma 3.1. For all e, — 0 such that ¥ C B, /2(0), there exists [, — 0 such
that I, > 2ey, and

[@g (k)] + 21logl — —o0, (3.1)
where Uy (r) == 5 faBr Uk

Proof. Given €1 > €, such that €7 — 0, we claim there exist 71,742 > €1
with the following property:

up(x) + 2logry 1 — —oo, Vx € 0B, ,,
—ug(z) + 2logry 2 — —o0, Vo € 0B, ,. (3.2)

We prove the claim by contradiction. Suppose it is not true, say for u; we can find
ex,1 — 0 with €1 > €5 such that for all r > 4,

sup (ug(z) + 2log []) > ~C,

r€OB,

for some C' > 0. Since uy(x) has bounded oscillation on each B, by Lemma 2.1,
we get

ug(z) + 2log |z| > —C
for some C and all z € 0B,, r > ¢j,1. Equivalently, we have
e (@) > Clz| 72, ep1 < |z] < 1.

Integrating e** on B; \ B, , we get fBl hie"t is unbounded and it contradicts to
(1.8). Thus (3.2) holds.
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Next we choose 7, > ¢ such that
u (Tg) + 2log 7, — —o0.

Suppose 7 is not tending to 0, then we claim there exists 7, — 0 such that

g (r) + 2logr — —oo, for 7, <71 < 7. (3.3)
To prove this we observe that

up(x) + 2log x| < —Ng, || =T
for some N — oo. Then, for any fixed C, by Lemma 2.1 we obtain
up(z) + 2log |x| < =Ny + Co, 7/C < |z| < T

Based on this fact, it is not difficult to prove that 7, can be found such that ;—z -0
and (3.3) holds. Thus we prove the claim (3.3).

Suppose now 7y — 0. Similarly as before we can exploit Lemma 2.1 to find
sk > 7 with s — 0 and ;—I’: — oo such that

ug(r) + 2logr — —oo, for 7, < r < sg.

In both cases we can find ry with ry € [f, 7x] in the first case, or ry € [Fg, sg] in
the second case, such that

—T(r) + 2log ry, — —oc.
Otherwise we would have
—ug(r) +2logr > —C, for 7, <r <7 or 7 <71 < sy,

Following a similar argument as before, we would get [ B, hee™"* is unbounded and
contradiction arises. Therefore, we prove the lemma. (I

Proof of Proposition 3.1. We start by observing that there exists [, — 0 such that
Y C By, /2(0), (3.1) holds and

1 1
— hhe'r = oy +0(1), — hEe™"* = gy + 0(1). (3.4)
2T Blk 2T Blk
In fact, one can first choose [j so that the property (3.4) is satisfied and then by
Lemma 3.1 we can further assume that (3.1) holds true. Let

0§ (y) = up(ly) + 2logly,  v5(y) = —ur(ley) + 2logly.

Then v¥, v% satisfy

{ Avf(y) + Hf(y) et — HE(y) e =0, |y < 1/, .
(1) = —o0, i=1,2, '
where
Hi(y) = hi(ky),  i=1,2.

A modification of the Pohozaev-type identity gives us

2 2

Z/ (y~VHf)e”f+QZ/ HFev

i=1 7B =y, i=1" B /my, (3.6)

2
1
VR [ Somkels VR | (|8yvf|2—2|wi”)7
OBy

9B /myi=1
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where we used Vv¥ = —Vovb and Rj, — oo will be chosen later. We rewrite the
above formula as

L1+ Ly=Ri+Ra+Rs,

where the notation is easily understood. First we choose Ry — oo sufficiently
smaller than ;' such that £; = o(1) by Iy — 0. Now we consider £5. By Lemma
2.1, v¥(y) — —oo over all compact subsets of R? \ By 5. Thus we can choose Ry s0
that

/ HFe'' = o(1). (3.7)
Br, \B1

Moreover, by the choice of [, we have

1 : 1

— er”f = —/ hYer = o) 4 o(1),

2 B 2T Blk (3 8)

i Hk€1)§ = i/ hEe—ur — o9 + 0(1) .

2 B 2 2 Blk 2 ’
which together with (3.7) implies

2
Lo = 471'20’1‘ + 0(1).
i=1
To estimate R, we notice that by (3.5) and Lemma 2.1
v (y) + 2log |y| — —oo, uniformly in 1 < |y| < v/Rg. (3.9)

As a result, we have Ry = o(1).
Next, we shall estimate the terms Ry and R3. To do this we have to estimate
V’UéC on 8B\/R7k Let

1
Gr(y,n) = —g. log ly —n| + Hy(y,n)

be the Green’s function on Bl;1 with respect to the Dirichlet boundary condition.
The regular part is expressed as

Loyl |2y ’
Hi(y,n) = — log — —
and it holds
VyHi(y,n) = O(ly), fory € OBz, n € By 1. (3.10)

We start by estimating Vof on 0B - By the Green’s representation formula,
k k
dw = [ G (Hiet - Hiet) 1 B
B 1
Uk

where F}, is a harmonic function satisfying Fj = vf on B,-1. In particular F} has
k
bounded oscillation on (‘3Bl;1. It follows that Fj, — C = O(1) for some C} and
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IV F(y)| = O(lg), then we get

k k
i) = [ V,Ga(ftet - et )ay+ V)
* (3.11)

1 y—n ( E of k ok

=—— HYe"r — H. 6”2)d7]+0(lk).
) S PETEA

'k

In order to estimate the integral of (3.11) we divide the domain into different regions.
We first observe that

1 1 _1
7N7§0<R 2), for y € OB , MEB-1\B,ys.
y—al " Tl ¢ VR i\ B2

1

Hence, using the bound of the energy (1.8), the integral over B;-1\B 25 is o(1) R}, *.

k p
Consider now the integral over By: we have
y—n Y 1
——|—O(>7 fory € 0B 5, n€ By,
ly = Jyl? ly[? Vit
which together with (3.8) yields

1 y—1 ( ko k ok ( Yy (1 ))
) ket~ ses) = (< 0 () (or - on s o).
o Iy y—qp 1 ’ wE TO\pe)) ooz tel)

We will see this term is the leading term
For the integral over the region B /- /2 \ B; we observe that

1 1
me7 foryE&B\/RT, UEBm/Q\Bl.
By the above estimate and (3.7) we obtain
/ L0 (bt — et = o(1)lyl .
B sy 2\B1 ly —n|

Similarly it holds that

y—n ok vk -
/ (bt — HSet)  o(1)ly .
BR2/3\(31UB\!J\ (y)) ‘y - T]l
k

2
Moreover, for the integral in By (y) we use v (m) = o(1)|n|=2 to get
2
[ (et - met) <oyl
By () 1Y =7

2

Finally, combing all the estimates we deduce

Vol (y) = <—|yy2) <01 — 09 + 0(1)> +o0 (\y|71) , for y € OB /7.
Exploiting the latter formula in Ro and Rs we get
RQ + Rd = 7T(01 - 02)2 =+ O(].)
Therefore, we end up with
4(0’1 + 0'2) = (0'1 — 0'2)2 + 0(].)

Hence, Proposition 3.1 is proved. (]
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Remark 3.1. By the proof of Proposition 3.1 one observes the following fact: the
fast decay property is crucial in evaluating the Pohozaev identity. Moreover, let
Y. € X and we assume that

dist (3%, 0By, (pr)) = o(1) dist(Zx \ X%, 0By, (pk))-
If both components uy, —uy have fast decay on 0By, (pr), namely
lug(z)] < —2log |x — pr| — Nk, for x € 0By, (pr),

and some N — +00. Then, we can evaluate a local Pohozaev identity and get

(G% () — 65 (1))" = 4(5% (k) + G5 (W) + 0(1),
where
1

1

~k k_u ~k k_—u

‘71(lk):*/ hye", 02(116):*/ hye™"".
2m By, (pr) 2 By, (pr)

We note that if By, (p) NS = 0, then 6F(I1.) = o(1),i = 1,2 and the above formula
clearly holds.
This fact will be frequently used in the later arguments.

4. ASYMPTOTIC BEHAVIOR OF SOLUTIONS AROUND EACH BLOW-UP POINT

The goal of this section is to get some energy classification in each blow-up area.
We will see in the sequel how the fast decay property of the solutions plays a crucial
role in determining the local energy.

By considering suitable translated functions we may assume without loss of gen-
erality that 0 € ¥y, for any k. Let 7, = 1dist(0, Xy \ {0}), we consider the energy
limits of h¥e** and h§e~ " in B,,. Let us define

k
vy = uk(Sky) + 21og ok
5 : [yl < 7k /0, (4.1)
vy = —uy(dry) + 2log dy,
where —2log ), = max,e p(0,-,,) |ux|. Thus the equation for vf is

AvE(y) + hE(Shy) €T W) — hE(Gry) €2 W) =0, |y| < 74/0k-

By the definition of the selection process we have 7/, — 00, see Proposition 2.1.
We note that

[ W@ [ p) ety

B, (0) B, /s, (0)

/ hé(m) e~ k() 1y — / h§(5ky) ev’;(y)dy.
B-,(0) B, /6, (0)

As a consequence, we have

/ hE(z)e @) dz = O(1)e?t (OBri/a (0)
B, (0) "

/ h’f(m)e—uk(w)dx — O(l)eﬁg(aBTk/ék(O))'
B, (0)
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Define the following local masses:
1 1

af(r) = 2—/ hlfe"’“, 012“(7‘) = 2—/ hgefu’“. (4.3)
T JB, T JB,

The main result of this section is the following.

Proposition 4.1. Suppose (1.5)-(1.8) hold for uy, h¥. Let o¥ be defined in (4.3).
For any sy, € (0, 1) such that both ug, —uy have fast decay on OBs,, i.e.

|lug(z)| < —2log || — N, for |xz| = s and some Nj, — oo, (4.4)
we have that (o¥(sy), 05 (s1)) is a small perturbation of one of the following two
types:

(2m(m+1),2m(m — 1)) or (2m(m —1),2m(m+1)),
for some m € N. In particular, they are both a perturbation of multiple of 4.

On 0B, either both uy, —uy have fast decay as in (4.4) and the conclusion is
as before, or one component has fast decay while the other one is not fast decaying.
Suppose for example —uy, is not the fast decaying, i.e.,

—ug(z) + 2log|z| > —C, for |x| = 1, and some C > 0,
while for uy, it holds that

ug(x) < —2log|z| — Ny, for |z| = s and some Ny — 0.

Then o¥ (1) is a perturbation of multiple of 4.
In particular, in any case at least one of the two components ug, —uy has the
local mass in B, equals a perturbation of multiple of 4.

Proof. Let vF be defined in (4.1). Observe that by construction one of the vf’s
converges while the other one goes to minus infinity over all compact subsets of R?
(see the argument in Proposition 2.1), namely we have just a partially blown-up

situation. Without loss of generality we assume that v} converges to vy in CZ _(R?)

and v4 tends to minus infinity over any compact subset of R?. The equation for v;
is

Avy + €’ =0 in R?, / et < oo,
R2

where we used limy_, h¥(0) = 1. By the classification result of Chen-Li [10], we
have

/ e’ =8r and wi(y) = —4logly| +O(1), |y| > 1.
R2

Therefore, we can take Ry — oo (we assume Ry = o(1)7/dx) such that
1

o WY (Sey) et =4 + o(1), (4.5)
s BRk,

and
1

5o [ hh@ky) e = o). (4.6)
m BRk

For » > Ry, we clearly have

o) = 5 [ H et
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Up to now we get from (4.5) and (4.6) that
o (OkRi) =4+0(1),  o5(6kRs) = o(1).

Let ff(r) be the average of v¥ on dB,, i = 1,2. It will be important to study
ApF(r),i=1,2. In fact if

d
p (5 (r) + 2logr) > 0, for some ¢,
T

there is a possibility that for some larger radius s, Uf becomes a slow decay com-

ponent on 0B;.
The key fact is to observe that

i@’f(r) _ —al(8r) + Ué(ékr)’

dr k r & Rk S T S Tk/(sk. (47)
i*k(r) _ 01(8kr) — 03 (dkr)

d’l‘vQ o r ’

Clearly we have

d_ d_
Rk%v’f(Rk) = —4+0(1), Rk%vg(Rk) =4+0(1).

To continue the proof of Proposition 4.1 we need the following two lemmas.
Lemma 4.1. Suppose there exists Ly, € (Ry,7i/0k) such that
vf(y) < —2logy| — Ny, for R <|y| < Ly, i=1,2 (4.8)
and some N — oco. Then Uf does not change much from 0k Ry to oLy, i.e.,
o (8xLy) = oF (0xRy) + o(1), i=1,2.

Proof. Suppose the statement is false: then there exists i such that o¥(dxLy) >
o¥(6xRy) + 6 for some & > 0. Let us choose Ly, € (Ry, Ly) such that

max (O’f(%ik) - 05(51@31@)) =g, (4.9)
where € > 0 is taken sufficiently small. Then by using (4.7) we have

d 4 1 2 .
i) < +i+ o) o _ js, Ry, <r <Ly (4.10)

By Lemma 2.1 we have that
vi (@) =07 (Je]) + O(1), € By,

where ¥ (|z]) is the average of v; on 0Bj,|. Using the same reason as above and
(4.8)-(4.10), we can show that

/ et =0(1) / e = o(1),
B, \Br, B, \Br,

and it impies 0¥ (6, L) = 0¥ (0x Ri) + o(1).
It follows that the maximum in (4.9) is attained for i = 2, i.e.

o¥(0xLy) = o5 (61Ry) + €. (4.11)
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On the other hand, since (4.8) holds, as observed in Remark 3.1 we get
(% (0kLi) — 056k Lr))? = 4(o¥ (05 Li) + 05 (51 Lk)) + o(1).
Using
ot (6xLy) = ov(0kRE) + o(1) = 4 + o(1),
we deduce that
ok (61Ly) = o(1) or  ok(0xLy) =124 o(1),
which contradicts to (4.9). Thus we prove the lemma. ]

From the argument in Lemma 4.1 we observe the following fact: for r > Ry
either both vy, v, have fast decay up to 9B, /5, , namely

vi(y) < —2loglyl — Ne,  Ri < |yl < 7/6k, i =1,2, (4.12)
for some Ny — 400, or there exists Ly € (R, 7/dx) such that U§ has slow decay,
i.e.

vk(y) > —2log Ly — C,  |y| = Lu, (4.13)
for some C > 0, while
vf(y) < —2logly| — Nk, Ry < |yl < Ly, (4.14)

for some Ny — +o0o. Indeed, we have noticed in Lemma 4.1 that if the local energy
changes, o} has to change first. Moreover, we have seen that L; can be chosen so
that 0% (6, Lx) — 05 (0xRy,) = € for some € > 0 small. The following lemma treats
the latter situation.

Lemma 4.2. Suppose there exists Ly, > Ry, such that (4.13) and~(4.14) hold. For
Ly, we assume Ly, = o(1)1 /6. Then there exists Ly such that Ly/Li — oo and
Ly, = o(1)7,/ k. with the following property:

vi(y) < —2logly| — N, |yl = L, i =1,2, (4.15)
for some N — co. Moreover
o (6pLy) =44 0(1),  o5(6rLy) =124 o(1). (4.16)

Proof. First we observe that from the choice of Ly and the fact o (5xRi) = o(1)
we can assume o5 (05, L) < € for some ¢ > 0 small, then we get

d _ —4+4+e+0(1)
%v'f(r) Sf7 Ry <r < L.
Now we claim there exists N > 1 such that

o8 (0x(NLg)) > 6+ o(1). (4.17)
Suppose this does not hold. Then there exist g > 0 and R}, — oo such that
05(6kRkLk) <6 —e¢p. (4.18)

Moreover, Ry, can be chosen to tend to infinity slowly so that by Lemma 2.1 and
(4.14) we get

v¥(y) < —2logly| — Ny, Li < |y| < RiLy. (4.19)
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which together with Lemma 4.1 implies that o¥(8,Ly) = o%(6x Ry Li) + o(1). Thus
by (4.18)
d _ —2+e+0(1)
avg(r) > —

From (4.20) and (4.13) it is not difficult to show

Uk
e — 00,
BLk}_%k\BLk

and it contradicts to (1.8). Therefore (4.17) holds.
By Lemma 2.1 we have

vF(y) +2log NLj, = 57 (NLy) + 2log(N L) + O(1), i=1,2, ly| = NLy.

(4.20)

Therefore, we get
T (NLy) < —2log(NLg) — Ny,
TE(NLg) > —2log(NLy) — C > —2log(Ly) — C.
Furthermore we can assert that
B((N +1)Ly) = =2log Ly, = C,
which, jointly with (4.17), yields

/ hE(Sey) €2 Wdy > 6 + e,
B(N+1)Ly,

for some g9 > 0. By the above estimate we get

d 2
d—@lj(r) < - +€O7 for r = (N +1)Ly.
.

r

Then we can take Rj — 00 slowly such that RipLy = o(1)1y,/ 6k and
v5(y) < (=2 —eo)loglyl — N, |yl = RiLi,
vt (y) < —2log ly| — Ni, Ly, < |y| < RyLy.
Next, using Lemma 4.1 and (4.5) we get
o} (OpRiLi) = o 8k L) + o(1) = 4+ o(1).

On the other hand, since both components have fast decay on 0B Bl As explained
in Remark 3.1 we can compute the local Pohozaev identity. Combined with (4.17)
we get

ok (6 RiLy) =12 4 o(1).
Let I~/k = RkLk we conclude the proof. O

Returning to the proof of Proposition 4.1, we are left with the region Ly, < |y| <
T /0. We divide the discussion into two cases.

Suppose first Ly = O(1)7; /0. Then by Lemma 2.1 we directly conclude that
one component has fast decay while the other one has slow decay, see for example
(4.13) and (4.14). Moreover, we have observed that the local mass in B;, of the
fast decaying component is a small perturbation of multiple of 4. This is exactly
the second alternative of Proposition 4.1 and therefore the proof is concluded.
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Suppose now Ly = o(1)7x/0k. In this case L. can be chosen such that L =
0(1)7/ k. By using the local masses given by Lemma 4.2 we have

d_, 8 +o(1) d _, 8 +o0(1) -
d’l"vl (’I“) r ) d’l”vQ (7‘) r ) orr k
It follows that
d_ 2+¢ ~
ﬂvg(r)g— T r = Ly,

for some £ > 0. As in Lemma 4.1 we conclude that % (r) does not change for r > Ly,
unless 0§ changes. By the same ideas of Lemmas 4.1, Lemma 4.2 and the argument
of the first case Ly, = O(1)7;/0y, either v} has slow decay up to B, /s, or there is

Ly, = 0(1)7 /65, such that
oF(6Ly) =24+ 0(1),  oF(6Ly) =12+ o(1).

By the latter local energies we deduce

d _ 12 + o(1) d_ 12+ o(1) .
%v]f(r) R — %vg(r) =— for r = Ly.
As before
d _ 2+¢ -
%vlf(r)g— , 7= Ly,

for some £ > 0. Now o¥ (1) does not change for r > Ly, unless ok changes. Repeating
the argument we get either v§ has slow decay up to By, /s, or thereis Ly, = o(1)7x /0y
such that

o®(0Ly) =24 + o(1), o (6Ly) = 40 + o(1).

Since after each step one of the local masses changes by a positive number, using the
uniform bound on the energy (1.8) the process stops after finite steps. Eventually
we get Proposition 4.1. O

5. COMBINATION OF BUBBLING AREAS AND PROOF OF THEOREM 1.1

In this section we present the argument for combining the blow-up areas. Some
parts of this strategy have been already used in several frameworks, see [27]. How-
ever, we have to complete the argument with some new ideas developed in [28].
The procedure is the following: we start by considering blow-up points which are
close to each other and get a quantization property for each group, see the defini-
tion of group below. In particular, in each group the local energy of at least one
component is a small perturbation of 4n, for some n € N. Similarly, we combine
the groups and obtain that the total energy of at least one component is a small
perturbation of 4n, for some n € N. Then, the conclusion follows by applying a
quantization result which we state below and the Pohozaev identity.

As we pointed out, we will exploit the following energy quantization result of
global Liouville equations with singularities.



18 ALEKS JEVNIKAR, JUNCHENG WEI, WEN YANG

Theorem B. [28] Let u be a solution of

N
Au + 2e" = Z47rnj(5pj in R?,
j=1

/ e < 400,
RZ

where pj, j =1,..., N are distinct points in R? and n; €N, 5=1,...,N. Then
1

— =2n
2 R2

)

for some n € N.

Before we give the proof of Theorem 1.1, we introduce the following definition
which plays a crucial role in our argument.

Definition. Let G = {p¥,--- 7p’;} be a subset of ¥j with more than one point in
it. G is called a group if

(1) dist(pf,p}) ~ dist(ps,p}),
where pf,p?p?,pf are any points in G such that p¥ # pg? and pf # pt.

dist(pf, p})

dist(p}’, pr)
for any pi € ¥i \ G and péﬂpf € G with pf # pf.

— 0,

Proof of Theorem 1.1: As in Section 4, by considering suitable translation we may
assume without loss of generality that 0 € Xy for any k. Let 273 be the distance
between 0 and 3y \ {0}. To describe the group Gy that contains 0 we proceed in
the following way: if for any z, € X N9B(0, 27x) we have dist(zx, X \ {2x}) ~ &,
then Gy contains at least two points. On the other hand, if there exists 2} €
0B(0,27;) N Xy such that 7, /dist(z,, Xk \ 2;,) = 00 we let Gy be 0 itself. By the
definition of group, all points of G are in B(0, N7;) for some N independent of k.
Let

oy (y) = uk(my) + 2log 7,

i lyl <7t
5 (y) = —up(mhy) + 2log 7,
then 0¥ satisfies
~ 7 ,576 ~ ﬁk _
AT (y) + hi(y) e — By (y)e= ™ =0, |yl <7, (5.1)
where h¥(y) = hF(y), i = 1,2.
Let 0,q%,--- ,¢* be the images for the members of Gy after scaling from y to

7vy. We observe that ¢¥ € By. By Proposition 4.1 at least one of oF decays fast
on dB;. At first, we study the case that only one component of ¥F has fast decay.
Without loss of generality we assume ©¥ has fast decay:

o < —2logly| — Nk,  on 9B,

for some Ny — oo. Combined with Lemma 2.1 we have @ also has fast decay on
0B (q}“), j=1,---,s. Using Proposition 4.1, we get

ol (1) = 4n + o(1),
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for some n € N and
1

H(Bi(dh) = = / Ra(y)e™ = 4n; +o(1), j=1,....5
27'[' Bl(qk)

for some n; € N,j=1,...,s.

By Lemma 2.1, Lemma 4.1 and using the same argument of Lemma 3.1 we can
choose L large enough such that Bp(0) contains all the bubbling disks of the group
Go, the energy of 9 in B (0) does not change so much and #f still has fast decay
on 0BL(0): in particular

o¥(mL) = 4n + o(1), (5.2)
for some n € N. Now, since o} has fast decay and @5 has slow decay, it is not
difficult to see that izlef’]f - Zj:o 87ny j dq;, where ny; € N and go = 0, while
hoe® — > i—08mn2 0y, + F, where ny; € N and F € L'(R?). Then we want
to prove that the integral of F in R? is multiple of 87. From the argument in
Proposition 4.1, we have n; ; > ng ; for any j. Using equation (5.1), we get that
the limit function of #% in R?\ {qi,--- ,qs}, which we denote by @, satisfies

S
Ay + €™ =) 87i; 0, in R

j=0
where 7; €N, j =0,...,s. Using a transformation 0o = W + log 2 and exploiting
Theorem B we can conclude
1 @
— e’ =4n + o(1),
2 R2 + ( )

for some n € N, and it gives the quantization of the function F'.

Let 27 Ly, be the distance from 0 to the nearest group from Go. By the definition
of group we have Ly — oo. As before we can find Ly < Li, Ly — oo slowly such
that

¥ (mpLy) = 4n + o(1), ok (1 Ly) = 47+ o(1), for some 1 € N
and
o (y) < —2log Ly — Ny,  for |y| =Ly, i=1,2,
for some N — +oo.

Since on By, both components 0¥, 0% have fast decay, we can apply the argu-
ment of Remark 3.1 and compute a local Pohozaev identity. The Pohozaev identity
jointly with the fact that both local masses are a small perturbation of multiple of 4
yields that (0% (14 Ls), 05 (13 Ly)) is a small perturbation of one of the two following

types:
(27?1(1% +1),2m(m — 1)) or (Qﬁl(ﬁl —1),2m(m+ 1)), (5.3)

for some m € N. In the case where both f)zk have fast decay one can get the same
conclusion without using Theorem B since both local masses are already a small
perturbation of multiple of 4.
Without loss of generality we assume the first alternative in (5.3) holds true. As
in the proof of Proposition 4.1 we have
ﬂk(TkLk) < 7210g(7'kLk) *Nka B
d 24 ¢ for r = 7, Ly,

dr " ro
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for some € > 0. Now, following the steps in the proof of Proposition 4.1, as r grows
from 7Ly to 7 Ly, the following three cases may happen:

Case 1. Both u; and —uy have fast decay up to |x| = 75 Lg:
luk ()] < —2log|z| — Ny, oLy < |a| < 7Ly,
for some N — +o0. In this case, by Lemma 4.1 we have
of(mLy) = oF(reLg) +o(1), i=1,2.
Case 2. There exists Ly i, € (f/k,Lk), Ly, = o(1) Ly, such that
—ug(z) > —2log T L1 — C, for |x| = T L1 -
By the argument of Lemma 4.2 we can find a suitable Ly j, > L; j such that
luk(x)| < —2log Lok — Ni, for |z| = 1, Lo i,
for some Nj, — +o00 and (0¥ (75 La ), 05 (7 Lak)) is a o(1) perturbation of
(2m(m — 1),2m(m + 1)),
for some m € N.
Case 3. —uy has slow decay for |z| = 7 Ly, i.e.
—ug(z) > —2log Ly, — C, |z| = T Ly,
for some C' > 0 and
o¥(tkLy) = o (kL) + o(1) = 471 + o(1).
Moreover, on 0B;, 1, (0), uy, is still the fast decaying component.

The only region we have to analyze is B, 1, (0) \ By, ,(0) when the second
case above happens. However, the argument in this situation is as same as before.
At the end, in any case on 0B;, 1, (0) at least one of the two components ug, —uy
has fast decay and its energy is a small perturbation of a multiple of 4.

Finally, we have to combine the groups. The procedure is very similar to the
combination of bubbling disks as we have done before. For example, we start by
considering groups which are close to each other: take B, (0) for some ¢, — 0
such that all the groups in B, (0), say Go, G1, - , Gy, (namely (X \ (Ul G:)) N
B(0, 2¢y,) = 0) satisty

dist(G;, Gj) ~ dist(Gy, Gy), Vi #£ 4,1 # q,
dist(Gi, G;) = o(V)ep, Wi, j =0, t, i #j.

The second property implies that the groups outside B, (0) are far away from the
groups inside the ball. By the above assumptions, letting e; , = dist(Go, G;), for
some j € {1,...,t} we have that all Gy,---,G; are in By, ,(0) for some N > 0
which is independent of k. Without loss of generality let uj be the fast decay-
ing component on 0By, ,(0). By Lemma 2.1, we have uy is also a fast decaying
component for Gy, - ,G;. As a consequence, we have

(T].k(N€1)k) = Ulf(TkLk) +4m + O(].),
for some m € N. Now, as before we have three possible cases. If —uy also has fast

decay on dBnye, , (0), o5(Ney k) is also a small perturbation of a multiple of 4 and
we can get the quantization as in (5.3).
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If instead
—ug(z) > —2log Ney, — C, |z| = Ne g,
then as before we can find €9, in (Neq g, €x) such that
luk(x)] < —2logea ) — Nk, |z| = ek,
for some N, — 0o. Moreover
of(ear) = o¥(Neyy) +o(1).

Thus, by the usual argument we get the quantization as in (5.3).
The last possibility is

U’f({-:k) = Uf(N{-Zlyk) + 0(].) = Ulf(TkLk) +4m + 0(1)
and
—ug(z) > —2logey, — C, |z| = e,

for some C' > 0. In this case uy is the fast decay component on 9B, (0).

It the end, we conclude that in any case on 9B, (0) at least one of the two com-
ponent uy, —uy has fast decay and its energy is a small perturbation of a multiple of
4. Then we can conclude as before by applying Theorem B and the local Pohozaev
identity.

With this argument we continue to include groups further away from Gg. Since
by construction we have only finite blow-up disks, and this procedure only needs
to be applied finite times. Then we can take s; — 0 such that ¥j C B, (0) and
both component u, —uy, have fast decay on 0B, (0):

lug(z)| < —2log s — Ny, for |x| = s,

for some Nj, — oo and both o¥(sy) are a small perturbation of multiple of 4.
Combined with the Pohozaev identity, we get that (0% (si),05(sx)) is a small per-

turbation of one of the following two types:
(2m(m + 1),2m(m — 1)) or (2m(m —1),2m(m + 1)),
for some m € N. Finally, by definition (1.9) we have

c= i i k i —
o; kli)rgo Slklr%n0 o (sk), i=1,2.
It follows that o1, o9 satisfy the quantization property of Theorem 1.1 and the proof
is completed. ([l
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