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Abstract. We consider the following Schnakenberg model on the interval (—1, 1):

u, = Dy’ — u + vu? in (=1, 1),
v, = Dy’ + B — vu? in(—1, 1),
W=D =u 1) =v(=)=v(1)=0,

where
D >0, D,>0, B=>0.

We rigorously show that the stability of symmetric N —peaked steady-states can be reduced
to computing two matrices in terms of the diffusion coefficients D, D, and the number N
of peaks. These matrices and their spectra are calculated explicitly and sharp conditions for
linear stability are derived. The results are verified by some numerical simulations.

1. Introduction

Since the work of Turing [18] in 1952, a lot of models have been established and
investigated to explore the so-called Turing instability.

One of the most interesting models in biological pattern formation is the Schna-
kenberg model [16] on a one-dimensional interval, which can be stated as follows:

uy = Dy’ — u + vu? in(—1,1),
v = Dyv” + B — vu? in (=1, 1), (1.1)
W(-)=u ) =0v(-1)=0v(1)=0,

where D1 > 0, Dy > 0, B > 0 are positive constants. Substituting

u=mn u, v=nv,
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and dropping hats we obtain the following form of the system

Us =2 —u+ vu? in (—1, 1),

v =Dv + 1§ — cvu? in(—1,1), (1.2)
(=) =u (1) =v(=1)=v(1)=0,

if we choose

and set
e€€=D,, D=D,, c¢=n">

Here ¢ > is fixed. The Schnakenberg model is a prototype Turing system for simple
chemical reactions with limit cycle behavior.

Turing’s basic idea is as follows: Consider a system of reaction-diffusion equa-
tions with very different diffusion coefficients. In the case of the Schnakenberg
model this basic condition is €2 << D. Then the homogeneous state u = v = 0
becomes unstable and stable patterns emerge. For the particular Turing patterns of
symmetric N-peaked solutions we show the following result: In the singular limit
€ << 1 there are thresholds

Dy >Dy>D3>--->Dy>---

such that for D > Dy the N-peaked solution is stable and for D < Dy the
N-peaked solution is unstable. Thus we have established the exact stability thres-
hold. Note in particular that for decreasing D more and more N -peaked solutions
cross this stability threshold and turn stable.

We note that the Schnakenberg model has been widely studied by analytical
and numerical methods. We refer to [10] and the references therein — in that paper
the Schnakenberg model is posed in a two-dimensional square. By using spatially
varying diffusion coefficients the degeneracy of the Turing bifurcation is removed
and new phenomena appear including stable subcritical striped patterns, and the
possibility that stable stripes lose stability supercritically to give stable spotted
patterns.

In the present paper we are concerned with a simple type of Turing pattern:
Symmetric N-peaked solutions in an interval. (See Figure 1 for the case N = 3.)
By symmetric solutions we mean solutions which have a translation symmetry:
The solution consists of N peaks on say the interval (—%, %) SO as to constitute a
steady state on (—1, 1). Therefore existence which is based on the implicit function
theorem follows quite easily from [17]. A proof is included in Appendix A.

What is at the focus of our interest, however, is the question of stability. Here for
€ small enough (linear) stability can be explicitly expressed in terms of the diffusion
coefficient D and the number N of spikes. Our goal is to provide a rigorous and
explicit treatment for the stability of symmetric N —peaked solutions in an inter-
val. We emphasize that this analysis is not the classical stability of Turing systems
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Fig. 1. Stationary symmetric 3-peaked solutions. Here D = 1, ¢ = 0.01.

which studies the homogeneous state. Rather we directly explore the stability of
our Turing pattern which is far from homogeneity.

We follow the theoretical foundation in [28]. Stability is established by study-
ing the large eigenvalues which tend to a non-zero limit and the small eigenvalues
which tend to zero in the limit ¢ — O separately. Large eigenvalues are explored
by studying nonlocal eigenvalue problems.

Small eigenvalues are calculated by giving asymptotic expansions with rigor-
ous error estimates. Note that one needs to expand the eigenfunction up to the order
O (¢) term. This requires some fine analysis and is done in Section 4.

We believe that our approach can be very useful in the study of other reaction-
diffusion systems as well.

A similar analysis for the Gierer-Meinhardt system [S5] has been carried out
in [28] (proofs) and [9], [19] (matrix calculations). We also refer to [14] for the
single-spike case and the survey article [11].

Note also the studies of multi-pulses on the real line [2], [3], [4] where the
geometric singular perturbation method is used.

For the Fitzhugh-Nagumo model singular limit eigenvalue analysis has been
done in [15].

In higher dimensions, in the shadow system case (D = o00) the existence of
single- or N-peaked solutions is established in [8,7,12,13,20-22] and other pa-
pers. For the Gierer-Meinhardt system in the two-dimensional strong coupling case
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(D < o0), the existence of 1-peaked solutions is established in [25], and the stability
of N-peaked solutions is studied in [26,27].
Before we state the main results let us find out the right scaling. To this end, set

D . 1,
D=—, v=e€0, u=-u. (1.3)
€ €
Then (1.2) changes to
i, = €2 — i + i in(—1,1),
e, = Db + 1 — <o’ in(—1,1), (1.4)
i(-D=a(1)=0(=)=91)=0,

Let us drop the hats. We obtain the standard form

Us =62u”—u—i—vu2 in (—1, 1),

ev, =Dv' + 4 — Sou? in (—1,1), (1.5)
u (=) =u' (1) =v'(=1) =v'(1) =0,

From now on, we work with (1.5) exclusively and we assume that D > Qandc > 0
are constant and independent of €.

Before we state our main results we introduce some notation. Let L2(—1, 1)
and H?(—1, 1) be the usual Lebesgue and Sobolev spaces. With the variable w we
denote the unique solution of the following problem:

wﬂ—w+w2:0 in R!,
w > 0, w(0) = maxyeg w(y), (1.6)

w(y) = 0 as |y| > oo

In fact, it is easy to see that w(y) can be written explicitly
3 -2
w(y) = E(coshy) . (L.7)

The steady-state problem for (1.5) is the following:

' —u+v=0 in (=1, 1),
Dv//—i-%—fvuz:O in(=1,1), (1.8)
u(=D=u(1)=v(-)=v(1)=0,

We will assume throughout this paper that
D < 400, €<<l. (1.9)

Our first result can be stated as follows:

Theorem 1.1. Assume that € << 1 and N is a positive integer. Then (1.8) admits
a solution (ue N, Ve, N) With the following properties:
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N
_ X —X;
(a) uen) =& D w—H +o) |,  (110)
- €
j=1
where
R e N (1.11)
Xj = N J=1L...,N, .

and &, satisfies

o
lim & = CN/ w? = &. (1.12)
e—~0 —o00

(b) veN(xj) =&, j=1,...,N, (1.13)

and ve, N — Vo, where v satisfies

N
DA+ 2 =y Kjeby =0 (1.14)
vo(xj) =cN [Zo w? =&, vy(£l) =0.

The main purpose of this paper is to study the stability of (u¢ v, ve,y). In par-
ticular, we shall find an explicit threshold of D — we call it Dy — such that below
Dy, (ue, N, Ve, n) 18 linearly stable and above Dy, (u¢ N, Ve, ) is linearly unstable.
More precisely, we have

Theorem 1.2. Assume that D is finite. For N > 2, let

1 1
DN'

Then fore << 1

(a) (Ue 1, Ve 1) is Stable for finite D;
(b) for D < Dp, (e, N, Ve N) is stable while for D > Dy, (ue N, Ve, N) is unstable.

Theorem 1.2 is the first result on the stability of multiple-peaked Turing patterns
for the Schnakenberg model. It is surprising that an explicit threshold Dy can be
found. One may ask: What happens at D ~ Dy? It turns out that for D ~ Dy
asymmetric patterns (namely, Turing patterns consisting of spikes with different
heights) appear. For more details, see the recent work of Ward and Wei [19] for the
Gierer-Meinhardt system and [24] for the Schnakenberg model.

This paper has the following structure: In Section 2 we study the large eigen-
values of the linearized operator. In Section 3 we begin the study of the small
eigenvalues by proving some preliminaries and stating the key lemma, which is
Lemma 3.1. In Section 4 we compute the small eigenvalues and prove Lemma 3.1.
Section 5 contains some numerical simulations.

Finally, in Appendix A we give an existence proof for steady states and in Appen-
dix B we calculate the matrix B explicitly (which fills a gap left from Section 2).
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In Appendix C we compute the matrix M explicitly by calculating the Green’s
function and their first two derivates, which enables us to calculate the expressions
in Lemma 3.1 in terms of the diffusion coefficient and the number N of peaks only.

We use the notation e.s.r to denote an exponentially small term of order O (e ~4/€)
for some d > 0 in the corresponding norm. By C we denote a generic constant
which may change from line to line.

2. Stability analysis: large eigenvalues

In this section, we consider the large eigenvalues of the associated linearized eigen-
value problem.

Let (ue N, Ve, n) be the symmetric N —peaked solution constructed in Theorem
1.1 (which is proved in Appendix A). Thus we have by Theorem 1.1 that

N

_ X —Xj .

ey =&Y w( - L), ven(xj)) =&, j=1,..,N, (2.1)
j=1

where x;, j =1, ..., N are the N—peaked points given by (1.11).
We linearize (1.5) at (u¢, N, ve ). For simplicity, we drop the index N. The
eigenvalue problem becomes

{ 62¢é/ — ¢ + 2ucvePe + 1/’6“2 = Aee,
DW! - éweug - %Ueue(pe = €leVe.

Here A, is some complex number and
¢.(E]D) = YD) =0. (2.3)

We consider two cases: The large eigenvalue case with A — Ap # 0 and the
small eigenvalue case, e — 0.

The second case is more involved. We will analyze that case in the next two
sections.

Let us now assume that A — Ao, where Ag is some complex number.

Let x : R — [0, 1] be a smooth cut-off function such that x(x) = 1 for
x| < ﬁ and x (x) = 0 for |x| > ﬁ Set

(2.2)

be.j (V) = e () x (x —xj),  x =x;+ey. (2.4)

Then it is easy to see that from the equation for ¢,

N
P(¥) =D e () +est. (2.5)

j=1

H 2 11
in H _E’E)

‘We assume that

1
6*1/ $>(x)dx < C. (2.6)
-1
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Hence

z‘”

¢ (y)dy < C. 2.7)

r

1
2eN

Assume that (after a standard extension from (— %, é) to the real line, see for exam-
ple [6])

de.j — ;(y) in L*(R).

Now using (2.1) and the equation for ¥, we have as € — 0, Y. — Y, and Yo
satisfies

N N
Dy =y Y 8, —2¢ ) ( / we )8y, =0, (2.8)
j=1 j=1"7R
where
2
cfpw
y = fR2 : (2.9)
&
Let
m Yolx1) ¢
== ¢ | e=|:
N Yo(xn) N
In Appendix B, we shall show that the following relations hold:
DN
<TK—yl>r]=2c/w<D, (2.10)
where K is a symmetric matrix given by
—-11 0
1 =2
K = . (2.11)
=21
0 1 1
Thus
DN !
n =2 TK -yl wd. (2.12)

Substituting (2.12) into (2.2), we obtain

” Cc DN -1 2
[ —<I>+2w<1>+2§—2 TK -yl (] wd)w” = 1. (2.13)
0 R
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Set
D —1
B= (yl——NK> . (2.14)

Then we obtain a system of nonlocal eigenvalue problems

[rwB®
Jrw?

The eigenvalues of B can be computed explicitly. From Appendix B, we have
that

® —d+2wd—2 w? = K. (2.15)

Proposition 2.1. The eigenvalues of B are given by

DN, =(j—1 -t
bj=|1—-—(os —————1) , j=1,...,N (2.16)
y N
and the corresponding eigenvectors are given by
- ! ¢! 1)
q = N TARAEERR

Q=G Qi N =2, N,
where
1 w(j—1) ( 1)
] =——=cos ——( — =),
=N N 2
From (2.15) and Proposition 2.1, we see that the large eigenvalues are reduced
to the following nonlocal eigenvalue problem (NLEP):

¢”—¢>+2w¢—2b'fw¢w2=x¢, j=1,..,N. 2.17)

J f w2
Let us recall the following key lemma

Lemma 2.2 ([23]). Consider the nonlocal eigenvalue problem
Jrwo
Jrw?

(1) If ¢ < 1, then there is a positive eigenvalue to (2.18).
(2) If « > 1 then for any nonzero eigenvalue o of (2.18), we have

¢ — b+ 2wp—a w? = A, (2.18)

Re()) < 0.
(3)Ifa # 1 and A =0, then
¢ = cow/

for some constant cy, where w is defined in (1.6).
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From Lemma 2.2, we see that the critical threshold for the stability of large eigen-
values is
2 min b; > 1. (2.19)
j=1,...N
which is equivalent to 2by > 1, i.e.

DN a(N—1)
2>1— —(cos —— —
14

1y

and thus
1

D <D} = .
N eN3 [ w2(1 4 cos =)

(2.20)

On the other hand, if D > D}\,, by Lemma 2.2, there exists a positive eigen-
value Ag to (2.17) and by perturbation, for € small, there is a positive eigenvalue
for (2.2). (See [1] for a related argument.)

In summary, we have arrived at the following proposition:

Proposition 2.3. Let . — Lo 7~ 0 be an eigenvalue of (2.2). Then
(1)if D < D\ Re(r¢) <0,
(2) if D > D\, there exists a positive ie.

This finishes the study of large eigenvalues.

At the end of this section, we study the following linear operator, which will be
useful later. Let

¢
$2
o=| . | e R
N
and
Lodb=d —®+2uwd.
Let
" IU)BCD 2
L= — D+ 2wd -2 Tuw? w”. (2.21)
It is easy to see that the conjugate operator L* is given by
* 4 fszT\I]
L' =¥ — VU4 2p¥ —2 w, (2.22)

Jw?
where

Y

U= w:z e (H*(R)V.

Ux
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We obtain the following
Lemma 2.4. Assume that 2b; # 1. Then

Ker(L) = (Xo)",
where

Xo = span{w/ ).

w is defined in (1.6), and

Ker(L*) = (Xo)V.
Proof. Let us first prove (2.23). Suppose

L® =0.
Let us diagonalize B such that
P'BP =1,

where P is an orthogonal matrix and J has diagonal form, i.e.,

by 0
by
J =

0 by

with suitable real numbers b;, j=1,2,...,N.
Defining

®=Pd

we have
[rwl® ,

& —drowd-—2 0.

Juwr " T

Forl =1,2,..., N we look at the /-th equation of system (2.25):

&, — & +2wd, —2bl(/ w)*l(/ wd)w? = 0.
R R

By Lemma 2.18 (3), the last equation (2.26) tells us that
&)1 € Xo.
Continuing in this way for/ = 1, ... , N, we have
&, eXg, l=1,...,N.
(2.23) is thus proved.

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)
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To prove (2.24), we proceed in the same way for L*.
Using o (B) = o (B”) the I-th equation of the diagonalized system is as follows:

\i/l” - ‘IJI + 2wli/1

—2b,(/ w)—‘(/ w>¥)w = 0. (2.29)
R R

Multiplying (2.29) by w and integrating over the real line, we obtain

a- 2b1)/ w; =0,
R

/ wz\ill =0,
R
since 2b; # 1.

Thus all the non-local terms vanish and we have

which implies that

LoV, =0, [=1,...,N. (2.30)

This implies that \ill e Xoforli=1,...,N. m]
As a consequence of Lemma 2.4, we have

Lemma 2.5. The operator

L:(H*RYN — (L*R)Y
is an invertible operator if it is restricted as follows

L: (X)) nHR)HY — (Xo)")+ n(@L> RN,

Moreover, L™ is bounded.

Proof. This follows from the Fredholm Alternatives Theorem and Lemma 2.4. 0O

3. Computation of the small eigenvalues I: preliminary

In the next two sections we compute the small eigenvalues of the problem (2.2).
From Section 2 and Lemma 2.4, if Ac — Ay = 0, then

Pe,j —> P,

where Lo® = 0. Hence ¢p; = c;w’(y) for some c;. This suggests that the first term
in the expansion of ¢ ; is a; w’(y) for some constant a j- As we shall prove, the
small eigenvalues are of the order O (¢2). We need to expand the eigenfunction up
to the order O (¢)-term. Let us define

We,j(x) = x(x — xj)ue(x), (3.1
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where x (¢) is defined before (2.4). Then it is easy to see that
N
Ue(x) = Z We,j(x) +est.  in HX(R). (3.2)
j=1
Note that
~ _ X —Xj .
We,j ~ & 1w(T]) in leoc(—l, 1)
and we ;(x) satisfies

*e,j — We,j + W jve +es.t. = 0. (3.3)

~/ . dwej .
Thus We ;"= 7% satisfies

2,_,/ ~7 ~ ~7 ,_,2 ! _
€W, ; — W ; + 2w€,,jv6we’j + W Ve +es.t. =0, (3.4)
ﬁ)e’j(:tl) =0.

Let us now decompose

N
b =€) aSin, ; + ¢t (3.5)
j=1
with complex numbers a;, (the factor € is for scaling), where
1 o , 11
¢e L Kee =span{w ;|j=1,... , N} CH (_E’ Z).
Suppose that [|¢¢ || y2(q,) = 1, where Q¢ = (—%, é). Then |a;| < C since
lede g2t 1) = C>0.

Similarly, we can decompose

N
Ve =€y aSye,+ v, (3.6)

j=1

where V. ; satisfies

DY ; — SV jui = 2Eveuetd, ; = €hete,j G3.7)
Y (ED) =0 |
and ¥ satisfies
[Pave i Tuuol = oy o
W) D =0.
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Substituting the decompositions of ¢, and ¢ into (2.2) and using (3.4) we have
N
€Y as (utves - (e vy)
j=1
+ 20 — ¢t + 2ucvedt + 12yt — repl +esit.
N
=ne €D aSi, ;|- (3.9)
j=1

Let us first compute
N

Ii=e Y as (uve — (e )™, )
j=1
N N
= Za; ((11)6"/.)2(1#6./- — Ue)> +e€ Za; Z(we,k)zlﬂe,j +e.s.t.
j=1 j=l k#
(by (3.2))
N N
=€ Za;(lbe,j)z(we,j - Ug) + € Z Zazwe,k(we,j)2~
j=1 J=1k#]
We can rewrite I; as follows
N N
h=eY Y afwl, (we,k - veajk) tesit. (3.10)
j=1k=I
Let us also put
Lot = Adt — ¢F + 2ucvept +ulyt (3.11)
and
a = (af, ..., a)". (3.12)

Multiplying both sides of (3.9) by u?; ; and integrating over (—1, 1), we obtain

N 1
_ € ~/ ~'
rhs. = ek E aj / 1 We ;W
Jj=1 B

— edfE /R W 2 dy (1 + 0(©) + OGeclac)  (3.13)

and
N

N 1
l.h.s. = (e ZZaZ/ u?f,j (Sﬁs,k — UE(Sjk) oy
J=1k=1 -1
2 1 ! 1.2/
_/ld)e,lve(ﬁe +/1We Mewe,l)(l +o(1)
= (J11+ J20+ 301 +o(1)),
where J;;, i =1, 2, 3 are defined by the last equality.
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We define the vectors
Ji=Uit, . in)', =123 (3.14)

It remains to compute J1, J», and J3. To this end, we need to introduce several
matrices.
Let Gp(x, z) be Green’s function of

DG, 15, = in (-1, 1
lGD(x’ Z)+2 82 9 , ln( k] )’ (315)
2, G6(x,2)dx =0,G,(—1,2) =G (1,2) =0.
We can decompose G p(x, z) as follows
1
GD(LZ):E|X_Z|+HD(X»Z) (3.16)
where Hp(x, z) is the regular part of G p.
We define
Gp = (Gp(xi, xj)), (3.17)

Let us denote 8‘% as V,;,. When i # j, we can define V,,Gp(x;, x;) in the
classical way. When i = j, we define

0
Vi Gp(Xi, xi) i= —|y=y; H(x, x;).
0x
Now the derivatives of G are defined as follows:

VGp = (Vy,Gp(xi, xj)). (3.18)

Finally the key matrix M is defined as

N
M= =51 —yVGp(I + ¥Gp) " '(VGp)T. (3.19)

Then we have the following key lemma.

Lemma 3.1. For € sufficiently small, we have

N
Ji=cié? [—51 +yVGp( — ygDrl(ng)T} a. + o(€?), (3.20)

Jo = o(e?), (3.21)

and
Ji = clez[ —2yVGp — yGp) (I + ygml(VgD)T}ae +o(e?), (3.22)

where cy is given by

2 3
¢l = M =0 (3.23)
3¢

and y is given by (2.9).
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The proof of Lemma 3.1 is delayed to the next section.
Let us now use it to study the small eigenvalues. In fact, note that

N
Ji+1+J3 =cié? [_EI —yGp(I —yGp)~!

X QU +vGp)™" = D(VGD) [ac +o(e)

N
= c1€? [—51 — yVGp( + ygD)‘l(ng)T] a. + o(e?).

(3.24)
Now we use l.h.s. to obtain that
2 1 2
Lh.s. = cje E—zMae + o(e”), (3.25)
€
where M is given by (3.19). Comparing with r.h.s., we have
2 1 2 1 102
cie” s Mac +0(67) = he za¢ | (W (y) dy + O(erelac|). (3.26)
ge Se R
Equation (3.26) shows that the small eigenvalues A, of (2.2) are
re ~ €2c20 (M), (3.27)
where
C1
J(w"?

and o (M) is the spectrum of M. Therefore all that remains is to compute the
eigenvalues of M. They are difficult to compute and we delay these calculations
to Appendix C.

By Appendix C, we have the following lemma on the eigenvalues of M.

Lemma 3.2. The eigenvalues of M are given by

0
N N tan® (1 — 555)

Mmy=———mj = —— ,
5, 5
2D tan2 4 — Losec?d

j=2,..N (3.29)

_ (G- -
where 0; = o= j =2 ., N.
From Lemma 3.2, we obtain the following main result of this section.

Proposition 3.3. The small eigenvalues of (2.2) are given by
hej=€cimj, j=1,..N, (3.30)
where ¢ and m j are given by (3.23) and (3.29), respectively.

Now combining Proposition 2.3 and Proposition 3.3, we can finish the proof of
Theorem 1.2.
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Proof of Theorem 1.2. We first consider the case N = 1. In this case, b1 = 1 and
thus the large eigenvalue is always stable. For the small eigenvalues, m; = — % <
0. So the small eigenvalue is stable, too.

Next we assume that N > 2. Since if D > D}V, we have instability of large
eigenvalues, we may consider the case D < D}V. In this case, it is easy to see that

By Proposition 3.3, we conclude:
If 1 — 555 < 0, we have stability, while if 1 — 52+ > 0, we have instability.
It is easy to compute that 1 — 5%~ = 0 if and only if

1
D=—— =D
2N3¢ [w? N

Since D}V > D12V’ we see that we have the stability of both large and small
eigenvalues if and only if D < DIZ\,. This finishes the proof of Theorem 1.2. |

4. Computation of the small eigenvalues II: Proof of Lemma 3.1

In this section, we prove Lemma 3.1. We remark that

1 1
~2 ! ~/ ~2 ’ -~
/ We j(Wek — 000w, = / W ; (Ve k — V01k)We,1 + €.8..
-1 -1

So we need to study the asymptotic behavior of ¢ x near x;. Since V. x satisfies
(3.7), we have that

1
B — c !
Vek () = Vek = - [ Gp(x, D)[Wertt? + 2veucth, jldz,  (41)
-1

where V¥ = %f_ll Ve k. Hence we have

c[w? N
> Gk, xm) Ve j (om)

2
T m=1

c [w? N )
- £ E V)c,,,GD(xk’ Xm) + O(e7). 4.2)
€ m=1

Ve j(k) — Ve =

On the other hand, integrating (3.7), we obtain

c [w? N

2 D Veklom) = 0(e). (4.3)
€ =1

Note that by Appendix C we have

N N
Y Vi Gpla,xm) =0, Y Gpler, xm) = Al
k=1 k=1
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where A1 is a constant independent of m. (4.2) and (4.3) imply that

Ye.j = O(e). 4.4)
Hence

1/fe,j()cl) f
Ve, j = : =~ —yGp) (Ve L L 0.  @45)
Ve, j(xXN)

From (4.2) we also see that for [ # k

cfw2 N
( Z Vi, G (X1, Xm) Ve k (Xm)

Ve k(X1 + €y) — Ye r(xp)

52
2
Cfg V V/'CmGD(xka xm))Ey + 0(€2y2)
= Cj;) Z Vi, G p (ks Xm) Ve k (Xm)€y + O (€% y?)
" 4.6)

since
V)C]meGD(xka xm) = 0.
Atl =k, v; satisfies

¢ ' 4.7

{ D(v/)” — £u v - %uevéd);l =0,
v — ) = v (0 + %) =0.

Since the Green’s function for Du’ = 8z, —% < x < %, u(—%) = u(%) is
! . -
ﬁpc —z|+ %(xz — %), we have that v, (x) satisfies forx = xje +y,z = x;+e€z

/ c ﬁ 1 N 1 2/ o
V(X +€y) = - L Elx —zl+ E(XZ - m) (ugve + 2ucve, ;) dz
c (¥ (1 I o
=z i 3o €Y = A+ 35 €D ) Weve + 2ucveib, e dz
1
2¢ [We o 2wwz _
= —/ ly — Zlww'dz + —ey/ dz + 0(e?). (4.8)
e Jo L
Similarly

Ve, 1(xp + €y) — Ye 1 (x1)
e fl

=< f (G + €y.2) — G, e + 2veued, ) dz
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c 1 1 (x1+6y)2—x12
—g[l E(|xl+€)’_z|—|xl—z|)——

4D
X (e, 1M2 + 2veuc, ;) dz

2
“(y -7 - |z|>we/<xz)§2
2 2¢ [ .
—— wez(xz)fgz +€—C / ly — Zlw@w @) dz. 4.9)

Hence
Ve (1 + €9) — Ve (x) — (v, (x; + €))
1 w?
c € _ (Z)
= Eé/_é(ly—ZI -1z I) £ Ve, j(x1)dz
2
N
+e€yVy, Gp(xp, x) Ve 1 (x1) é;) + EeycfgE + 0(?).  (4.10)

Combining (4.6) and (4.10), we have

(Yek — v, B1k) (1 + €9) = (Ve = v, 81k) (x7)

_ w2
(Iy—ZI 1Z1) — Ve, j (x1) 1k

RN g2

cfw
%-2

Z Vi Gp Xk, X)) We, j(Xm )€y
m=1

2

w
— Sik + O (€2). 4.11
+2D€y : i+ O(€”) (4.11)

Substituting (4.11) into the computation of J;, we obtain that

Ji=e —6/ yw(y)w () dy

53
N[ ou', cfw gyl
. [E g T ) VU +yGp)” (Vo) ==+ 0(e) | ac
() N 5
B s_*( 3/ w3)[_l AL VgD)_l(ng)T+0(6):| Cfsw—ae
ceszgfw 1
R [20’ —yVGpU —yGp)~ (VGp)" + O(e)} a.

= c1€2[V2Gp + yVGp (I — yGp) " (VGp)T + 0(@) | a.

which proves the asymptotic expansion for Jj.
Next we compute J, and Js3. To this end, we need to study the asymptotic
behavior of ¢ Let

~ 1
bej = _9ex(x —x)). (4.12)
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Then it is easy to see that

=

Z ¢+ O in H*(Qo).

Set
o
L= :
bty
By the equation for v
DAYL — —u 2yt — —uevgw =ercyt
we see that
1 -1 wa
Vo) — vt = Z G (xi, X))V (Xm)
%-E m 1
+ 2ce Z GD(xl,xm)/quG -
m=1
Hence
vt (x1)
vi=| | =d-vomeeeos / wit +e 9D,
Y (xw)
where
1
e=
1
Note that
N
Y + 2ce Z/wq&em =
m=1
Let
11--
11--
E =

(4.13)

(4.14)

4.15)
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Then
= - )/QD)_I(ZCGQD — %E)/ u)<f>€l 4.16)
R

and

N
Y+ ey) = v ) = eyy Y VG, X)W (Xm)

m=1

+€ )’ZCZVJQGD(XI xm)/w¢em (4.17)

m=1

By (4.5) we see thatase — 0

‘f’i/’ - éf
‘We introduce the notation
ot
oLt =1 :
P
where & satisfies
@5 — &L +2udt — _szwm 24 (1 = yGp) ' (VGp)Ta L2 —
o+ L (Xo)V,
with
2
w _ c
B=-L 0y G - $B)
o Y
=—U—-yGp) ' (vGp — E)
lim a, = al.
e—>0
Hence

L=~ —2B)7N - yGp) " (VGp)Tal" f

= (I - yGp) " 2eeGp — ZyﬁE)/ w@é
R

=—(I —yGp)~'(2ceGp — %E)

c [ w?

x / w2 (I = 2B)""(I = yGp) "' (VGp)T
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and so we have

2 !
J3 = GZIRyE# [VVQDWGL +2cVQD/ w‘bL}
P R
2.7 2
=62fy#cfw [VVQD(I—VQD)_I(ZCGD—%E)-FZCVQD]/W&DL
& &o Y
2
=e’c1[VGp(I —yGp)~' 21 — 5B
—(I =2B)7' I = yGp) 1 (VGp) ],
Note that
B=—-yGp) '(yGp — E),
I-2B=1+2I-yGp) '(yGp — E)
= (I —yGp)~ ' +yGp —2E),
(I—2B)""'=U+yGp—2E)"'(I —yGp).
So

E
VGp(I —yGp) ' — ;)(—(1 —2B)' 1 —yGp)"H(vGp)T
E
=—VGp( —yGp) ' — ;)(1 +yGp —2E) " '(vGp)T.

Note that E(VGp)T = 0and EGp = GpE. Hence
(I +yGp —2E)""(VGp)" = +yGp)~'VGp
and
3y = 1€ | =2Gn(1 = vGp) " (U +7Gp) " (VGp)T | ac = o(e?),

which proves (3.22).

5. Numerical simulations

We have performed some numerical simulations to verify our results. In all our com-
putations, we take ¢ = 1 and work with the rescaled equation (1.5). By Theorem
1.2, we have

1

Dy = ————.
N 2¢ [ w?N?3

Since fR w? = 6, we can compute

1

Dy
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02

0.1

-1 0.5 1

Fig. 2. Dynamics of one-spike solutions. Here D = 5, ¢ = 0.05 and the trajectories are at
t=50, t=2500 and t=50000.

Let us first consider the dynamics of one-peaked solutions first. It is well-known
that the single-interior spike solution is unstable when D = +o00. (See [23].) How-
ever, if we take D < 400, the one-peak solution can become stable. We have
computed the dynamics of the one-peaked solution when D = 5 and € = 0.05.
Figure 2 contains the trajectories of u at different times: + = 50,¢ = 2500,
t = 50000.

The trajectory of the center of the spike is given by Figure 3. We see that the
trajectory converges to the center.

Next we consider the stability of two-peaked solutions. We start with D = 1,
€ = 0.006. By our theory, the critical thereshold for the stability of the two-peaked
solution is Dy = % ~ 0.01. So it should be unstable and our numerical computa-
tion confirms that. See Figure 4.

Finally, we decrease D to be D = 0.008 < D;. By Theorem 1.2, the two-
peaked solution should be stable. Figure 5 confirms that.

Figure 6 shows that the trajectories of the centers of the two-peaked solution
converge to the stationary two-peaked location.

6. Appendix A. Existence of IV-peaked solutions

We prove Theorem 1.1 in this appendix. Since this is similar to that of [17], we shall
give a sketch only. The main idea is that we restrict the solution to be symmetric
and then apply the implicit function theorem.
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0.3 1 1 1 1 1 1 1 1 1
0 5000 10000 15000 20000 25000 30000 35000 40000 45000 50000

Fig. 3. Trajectory of the center xo(%).

To this end, it is enough to consider the following problem

' —u+vu?=0 in (=11,
Dv” + % — gvuz =0 in (-1, 1), (6.1)
u/(:I:l) = U/(ZH) =0,

where [ = % We construct symmetric single-peaked solutions to (6.1). Then by
pasting N of these solutions together we obtain a symmetric N-peaked solution in
(-1, 1).

Let

1

1
Hi(——. )= {u € H (=, -)
€ € € €

u(y) = u(—y)m’(i?) = 0}.

Fixu € Hsz. We can solve for v first: Let v = T'[u] be the unique solution of

DY + 1 — Svu? =0 in (=1, D),
v (&) =0.

Then problem (6.1) can be re-written as a single non-local equation

{Ayu —u+Tuu? =0 in (—é, é), y= f»
ue HX(-L 1.
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02

-0.05 L

-1 -0.5

Fig. 4. Unstable two-peaked solution above D,.

trajectory is taken at r = 100.

0.5

0.12 T

0.1r

0.08 -

0.06 [

1

-0.02 L
-1 0.5

Fig. 5. Stable two-peaked solution below D,. Here D

trajectories are taken at t = 10, 100 and 1000.

0

0.5

= 0.08 <

1

1

Here D = 1 > D,,e¢ = 0.06 and the

D,, e = 0.06 and the
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0.8 T T T T T

-0.2 B

04 F .

-0.6 1 1 1 1 1
0 1000 2000 3000 4000 5000 6000

Fig. 6. Trajectories of the two centers. Here D = 0.008 < D,, € = 0.06.

o0
& = CN/ w?
—0oQ

1 X
We(x) = —w(=)x (%),
&e €

where x is defined before (2.4). Set u = w¢ + ¢. Then we have

Recall that

and define

29, — e + 2T welwede + T [wel(p)w?
+ TwJw? — giwz +est. 4+ Nipl=0 (6.2)

in H 2(—1, l), where N[¢] represents all quadratic and higher-order terms in ¢..
Let

Sele] = ¢, — pe + 2T [welwede + T [wel(de)w?.

As € — 0, we can compute easily that

2 [we
T w?.

Se = So = Ap — ¢ + 2w —

‘We now have
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Lemma 6.1. For € small,
1 11
Set Hi (== =) = Li(==. -)
€ € € €

is one-to-one, onto, and thus invertible.

Proof. This follows from the fact that the operator Sy is invertible in the space

H2(R) = {u € H*(R)|u(y) = u(—y)}.

From Lemma 6.1 and the fact that

1
TTwe](0) = (1 + 0(6))5—

we see that (6.2) is solvable for ||¢c|| ;2 (—L.1y small, by the contraction mapping

principle.

7. Appendix B. Computation of the matrix B

In this appendix we prove Proposition 2.1.

We first analyze problem (2.8) in this section. We use an indirect approach.

For —1 < x < x1, ¥, = 0. Hence

Yo(x) = Yo(x1) = n1.
Similary, forx;_; <x <x;, i =2,...,N
Xi — X X — Xi—1

Yo(x) = ni— + i .
Xj — Xi—1 Xj — Xi—1

Hence
’ N
Y o= E(ni —ni—1) forxj_1 <x < x;.

Finally, for xy < x < 1, we have

Yo(¥) =0,  Po(x) = .

Atx;, i=1,...,N, wehave
DU Ly =y~ 2¢ [ woi =0,
where [W,]x,- denotes the jump of w/ at x;. So at x1, we have

DN
T[nz —ml=ym +2c | wer.

Atx;,i =2,..., N — 1 we have

2

DN
— i1 =20 + i1l =yni +2¢ | we;.

(7.1)

(7.2)

(7.3)

(7.4)

(7.5)

(7.6)

(7.7)
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At xy, we have

DN
=10 = Gy — -] =y + 2 / woy. (7.8)

From (7.6), (7.7), and (7.8), we arrive at

DN -1
n= TK—)/I 2c wCD,

which is exactly (2.12), where the matrix K is given by (2.11) .

Hence
DN -1
B=—-y <7K—y1) .

Since K is a symmetric tridiagonal matrix, its eigenvalues can be computed easily
(see [9]):

-1
kj=2<cos”(’—)—1>, j=1.....N
N

and the eigenvectors of K are
1
1=—=...., D",
q \/N

qz(‘Zl,lw--,CIl,N), l=27--~aNa

1 G -1 1 ,
ql,jzﬁcos<]T(1—z)>, j=2,....N, I=1,...,N.

Hence the eigenvalues of B are

8. Appendix C: Computation of the eigenvalues of M

First, let us compute G p(x, z) — Green’s function —

DGp(x,2) +5 =8 =0 in (—1, 1),
[ Gp(x,2)dx =0,G(—1,2) = G (1,2) =0,

which was introduced in (3.15). It is easy to calculate that

1[1 x+D2  (1-2)?
3 q 7

] ,—l<x <z
Gpx,z2) = 8.1

2 2
L[l_(zﬂ) _(1—4x>], s<x < 1.
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We decompose

1
Gp(x,z) = E'X —z|+ Hp(x, 2). (8.2)
By simple computations,
1 1 x* 2
Hyx,2)=—|—=— — — — 1. 8.3
p(x,z2) D |: ) > ] (8.3)
For x # z we calculate
—5Hifx <z
VXVZGD(xv Z) = 01 VXGD(.X, Z) == (84)
—% if z <x.
‘We further have
z
ViGp(x,2)|x=; = VxHp(x, 2)|x=; = _ﬁ (8.5)
Letx; = -1+ % So we obtain
1
VGp = (Cij)(—ﬁ), (8.6)
where
x1+1,i <],
cj=3xi—1,i>],
Xi, = _]

We need to compute the eigenvalues of

N
M=——I—-yVGp(I+yGp) ' (VGp)T

54 |
=—— 1 —y(—)*Ccd 1T, 8.7
) J/(ZD) (I +yGp) (8.7)

To this end, we introduce two matrices which will play very important roles.
First, let us denote

P=(qi,---.qn),
where

_ L
a =),
Q=Gi--->qnN) [=2,....,N (8.8)

q,’jz\/%cos(%_l)(l—%)) j=2....N.

(Note that P consists of the eigenvectors of K in Appendix B.)
Similarly, we define

Q:(Vl7"'3VN)1
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where
-1 _ _1\N+1
= ﬁ(l, 1,1 , (=D ),
vi=Ww,...,unN), [=2,...,N (8.9)
v, =\/%8in(%(l—%)), j=2.....N
We now make a few claims:
Claim I:
Al
P~IGpP = , (8.10)
AN
where
1 ! 2 N (8.11)
1 =" = i 2 .] EEREAS] .
6DN' "' 2pNsin2 (24D
Claim II:
V1
QVGpP = : (8.12)
VN
where
0 ! =2 N (8.13)
vw=>u Vv=———"" Jj=2,...,N. .
7 2D tan ”%NI)

We shall verify these two claims at the end of the appendix. Let us suppose the

above two claims are true. Then the eigenvalues of M are given by

N -
mj=—s5 =YV (1+)/)»)

Som1———andf0rj_2 LN,

-1
N s 1 %
my= s =y (1= L)
tan® 2DN sin” +

2
which proves Lemma 3.2.
Finally we prove Claim I and Claim II.

Proof of Claim I. Let 6 # 0. We recall the following formulas:

smt9N
Zcos@(l — —) = —
25m
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Nsin%sinN@ — %(1 —cos@N)cos%

N 1 1
Z(l - E)cose(l — 5) — ey

=1 2

=1 sin 5 4 sin 3

Al I, 1 N [cosNO cos %sinN@
Z(I—E) cos0(l = 3) == — | + 75 .
0 0

To prove Claim I, all we need to check is

N
Y Golxi, xDaj = ;i ;- (8.14)
=1

When j = 1, we have that

al 122 1 2 Y 1
2D Gpix)=(—=— L - HN+ =S -=
; (i, x) = (3= =) +N§( >)
N N
2 1, 12
DB R v ]
=1 =1
2 N N
=(—=— 2N l—i|—— = 2
372 +l§| iy 2;:1
=2D);,
where A is given by (8.11).
For j =2,..., N, we need to check that
N 1 1
> Gp(xi, x1) cos(@;( — 3)) = 2 cos®;(i = ). (8.15)
=1
where
y TG =D
J N N
Note that
2DG (o x0) = bty — i — - = L
D\Xj, X]) = |Xj — X 3 > >
R 1+2(1—%) 2(1—%)2“’ |
T3 2 27N Nz A
Since
N 1 sin N6,
Zcosej(l—§)= 7 =0,

in 4
=1 2sin
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we have that

N
1
2D Y " Gp(xi, x1) cos(®; (I — )
=1

2 Nz 1 - 2
_N;(_E)COS(J(_ 7

R 1 4
+ l;‘(l —i)eosfil =)+

4 [ (cosN8; — 1) cos %
N 4sin2%
%
N (—cos NO;) cos +

N
(l——) cos 0 (l——)
11

i . 1
;(l—l)cosgj(l—z)

2 9;
2

2 - J
N? 4 sin? 07’

Ncose2 cos N6; sin —)
+

4 0;
4 gin* 7

4 1< 1< 1 1
+ ((z — E);cosé)j(l -5 Z(z — 5)c0s0;( - 5))

4 1 sinf;i tsm s1n9 il — (1 — coséji)%cos%
= = (l - _) 5 6;
N 2 251n— 2 sin? 7’
0;
3 cos
.2 0;
N sin” +
cos0;(i — 3)
=T N Y
N sin 7’
Therefore we obtain that
1
Aj=————F——, j=2,...,N, (8.16)
s 2 w(j—=1)
2DN sin =N
which proves Claim I. O

Next we prove Claim II.

Proof of Claim Il. We need to show that

(——) chzCOS(

For j = 1 we calculate

N N

1) 7(j—1) 1
(z——>)— v sin ( = (——))

Ser=Yxi+(N-i)=x;N+N—-2i—1=0.

=1 =1
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So we get

V1 =0.

For j > 2, we consider

ZC” cos < O )(l — —))
N .
= gx,- cos (%(l — %))

i—1 N
1
il — = 0i(l — =
+Zcos< ( )) Z cos( i( 2))
I=i+1
sing; (i — 1) 1
= - g + 7 (sin NO; — sinif;)
3 J
2sin + 2s8in <4 5
_ sin@;(i — 1) +sini6;
ZSin%j
251n9 (l—z)cosez’
251n97
1
=——7 sin6; (l——)
tan7

Claim II is thus proved. O
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