HOPF BIFURCATIONS FROM SPIKE SOLUTIONS FOR THE WEAK
COUPLING GIERER-MEINHARDT SYSTEM
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ABSTRACT. The Hopf bifurcation for the classical Gierer-Meinhardt system in an one-dimensional
interval is considered. The existence of time-periodic solution near the Hopf bifurcation param-
eter for a boundary spike is rigorously proved by the classical Crandall-Rabinowitz theory. The
criteria for the stability of limit cycle is determined and it is numerically shown that the Hopf
bifurcation is subcritical.

1. INTRODUCTION

In this paper we consider the following canonical one-dimensional Gierer-Meinhardt system

([6] [12])

_ _ . A2 -

At:e2Am—A+E, A>0 for 0<z<1,t>0,
(1.1) TH, = DH,, — H + A2, H>0 for 0<z<1,t>0,

Ay =H, =0, for £ =0,1, t >0,

where the unknowns A = A(x,t) and H = H(x,t) characterize the concentrations of the activa-
tor and inhibitor at a point x € (0,1) and at a time ¢ > 0. Throughout this paper, we assume
that

€ > 0 is a small parameter independent of x and ¢,
7 > 0 is a fixed constant independent of z,¢ and €, and
D > 0 depends on € but is independent of z and t.

We further assume that D = D(e) — oo as € — 0 and call this the weak coupling, or shadow
limit, case.

Using the reduction techniques of [22], one can easily show that the stationary system of
has solutions with a single boundary spike at © = 0, as € — 0 and D = D(e) — oo at a suitable
speed. (See also early work [I7].) Since we consider a boundary single spike solution at x = 0,
it is convenient to consider the even extension (with respect to the spatial variable z) of the
system on the interval [—1,1]. In this case the spike solution becomes symmetric about
z=0.

The aim of this paper is to rigorously prove that, for € > 0 sufficiently small, there exists a Hopf
bifurcation threshold for 7 beyond which a time-periodic solution of bifurcates from the
single spike stationary solution. In addition, we prove that this Hopf bifurcation is subcritical, i.e.
the bifurcating time-periodic solution is unstable. Previous studies into Hopf bifurcations for the
one-dimensional Gierer-Meinhardt have used matched asymptotic expansions to derive leading
order nonlocal eigenvalue problems (NLEPs) with purely imaginary eigenvalues for specific,
numerically computed, values of 7 [20, 21I]. The numerical simulations in these studies suggest
that the Hopf bifurcation is subcritical, though a rigorous proof has not yet been given. The
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aim of this paper is to give the first rigorous proof of the existence of time-periodic patterns and
its sub-criticality.

To prove the existence, uniqueness, and stability of the Hopf bifurcation we use the classical
Crandall-Rabinowitz bifurcation theory ([I]). More precisely we use a more concise formulation
given in Theorem 1.8.2 of [9]. The linear stability of the bifurcating periodic solutions is obtained
using Corollary 1.12.3 in [9]. Specifically, stability is determined by the sign of certain Floquet
multipliers relative to a transversality condition. To apply these results we need to write
in the form of an evolution equation

(1.2) U, = F.(U) = LU + R(r,U),
where - i
U= [U;] - [H—H]
and 42
£€:|:‘Cl:|:[6dz2_1+2A H62 ]
'CQ %Ae (Dde - 1)

denote the perturbation and linearization about the stationary single-spike solution (A, H)”
respectively, and R(7,U) indicates the remaining higher order term

(Ac+U1)?2 A2 24, U1 + A? U2
(1.3) R(r,U) = | Hetl: Hel
U7

To motivate the remaining sections we outline briefly the key components of the Hopf bifur-
cation theorem derived in [9]. This theorem states that under suitable spectral conditions on
the operator L. at some critical parameter 7 := Teh, as well as additional regularity conditions
on the nonlinear term, there exists a family of unique time-periodic solutions bifurcating from
the stationary steady state. Central to the conditions is the study of the eigenvalue problem

2

A
62(¢€)$€E ¢e + 2 ¢e H—; we = )\egbea
D(e) (1/}6)1&? - 1/15 + 2Ae¢e = T)\ewe;

where )¢ is some complex number,

(1.4)

(15) ¢E EHIQV([_LI])a ¢e EH]2V([_171])7
and (A, H¢) is the stationary solution of (1.1)). Here
(1.6) HY([-1,1) = {¢ € H*([-1,1]) : 2(=1) = ¢(1) = 0}.
Closely related to L, is its adjoint:
22 4 24 2A
(1.7) Lr=| 2
_HZZ (Dd:rQ -1

and the corresponding eigenvalue problem

A, 2
E(PD)aw — O + 20508 + ZAPE = Ni¢?,
H, T
(1.8) 2
D(€)(W8)aa — ¢ = TH50% = TALYL

To make the definition of adjoint clear we establish the following definitions. For two functions
¢; € L*([-1,1]),j = 1,2, their inner product is defined by

1 —_
(P1,02) L2(-1,1)) = /_1 ¢1(x)p2(z)dz,
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where the overbar denotes the complex conjugate. Set Z = L?([—1,1]) x L?([-1,1]). Then, for
two function pairs ©; = (¢;,v;) € Z (j = 1,2), their inner product is defined by

(1.9) (01,02)7 = (#1,2) L2(—1,1]) + (¥1,¥2) L2(-1,1))-

With these definitions, the defining characteristic of the adjoint operator £* is that
(1.10) (£O1,02) 7 = (01, L;02) 7,

for ©1,0, € Z.

Additionally, we have the following relationships between the eigenvalues and eigenfunctions
of L. and L*. First, it is easy to see that A € C is an eigenvalue of L. if and only if X is an
eigenvalue of £?. Furthermore, if A € C is a simple nonzero eigenvalue of L. with a nontrivial
eigenfunction ©, and ©* is a nontrivial eigenfunction of £ corresponding to A, i.e.

LO = )\O, LXO* = \O*,

then
A(@,@> = (EJ%,@) = <@,E:@> = A(@,@%

and therefore

(1.11) (6,0") = (0,6%) =0
On the other hand if (A\] — £.)~! is compact for all A € p(L.), we have that
(1.12) (0,0%) £ 0.

for the simple eigenvalue .

The main results of this paper can be summarized as follows: we first rigorously prove that
there exists a unique 7 = Teh at which a Hopf bifurcation appears. This Hopf bifurcation is
transversal (and hence is simple and of codimension 1) (Lemmas and 5.17). By apply-
ing Crandall-Rabinowitz theory we prove that near 7 ~ 7/ a time-periodic solution bifurcates
(Theorem 6.1). To show stability/instability of this time periodic solution, we use Kielhofer’s
formula and derive a stability criteria. By a numerical computation we then show that the Hopf
bifurcation is subcritical (Theorem 7.1).

The study of localised patterns in the so-called Turing’s diffusion-driven-instability reaction-
diffusion systems has attracted lots of attention in the last couple of decades ([I1]). The one-
dimensional canonical model system such as the Gierer-Meinhardt system ([6] [12]) has been
intensively studied in many papers. For the existence and stability of steady spiky patterns in a
bounded interval or the whole space, we refer to [5], [3], [18], [8], [14], [24] and the book [25]. The
dynamics of spiky patterns for one dimensional Gierer-Meinhardt system has been studied in
[4] and [16]. For Hopf bifurcations out of spiky patterns for one-dimensional Gierer-Meinhadrt
system, we refer to [20, 21].

The results in this paper can be easily extended to the whole R'. The existence of slowly
varying amplitude Hopf bifurcation for the one-dimensional Gierer-Meinhardt system in R! is
studied in [19], by geometric singular perturbation technique and centre manifold analysis. It
is unclear if the same technique works for bounded intervals. Furthermore, in [bottom of page
2218, [19]] it is assumed, without proof, that the Hopf bifurcation (eigenvalue) is simple and is of
codimension 1. This is a key element in applying Crandall-Rabinowitz bifurcation theory. One
of our main technical results in this paper is to give a rigorous proof of the transversality of the
Hopf bifurcation. See Lemma and also the formula . Our proof is more PDE-oriented.
We believe that the techniques and computations presented in this paper can be used for the
study of sub-criticality or super-criticality of Hopf bifurcations of spiky patterns in many other
Turing systems.
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The remainder of this paper is organized as follows. In Section [2] we summarize important
properties of the stationary single spike solution (A, H.)? for 0 < € < 1. Then in Section [3] I
we discuss the spectral properties of the leading order NLEP obtained from . for e < 1.
Sections [ and [f] are dedicated to analyzing the spectral properties of the perturbed problem
for e sufficiently small. This is followed by Sections[6] and [7] where we apply, set-up, and state the
Hopf bifurcation theorem. Finally, in Section [§ we numerically compute an unknown quantity
whose sign dictates the criticality of the Hopf bifurcation, while in Section [9] we perform some
numerical simulations which illustrate the theoretical predictions.

2. PRELIMINARIES

As remarked in the introduction, investigating the eigenvalue problem is crucial to
establishing the main results of this paper. It is therefore imperative that the properties of the
stationary solution (A, H)”, appearing as coefficients in , be well understood. Indeed the
study of the stationary solutions to has been the subject of numerous studies. Specifically
the two-dimensional case for small € > 0 was studied in [22]. The one-dimensional case is similar
and we review here the most pertinent characteristics for our analysis.

We begin by supposing that

1
2.1 D(e) = ——,
(2.1) @ = 505
so that D = D(e) — oo is equivalent to 5 = 3(e) — 0. The stationary system for (1.1)) is then
A2

€2 Ags A+ﬁ 0, A>0 1in [0,1],

1
(22) gpHee — H + A2=0, H>0 in01],

A, =H,=0, for z =0,1.

As stated in the introduction, we consider the even extension of A and H to the interval [—1, 1].
In this sense, (2.2)) becomes

A2
€2Am$_A+ﬁ :07 A>0 in (_1’1)’
1
(2.3) @Hm —H+A%2=0, H>0 in(-1,1),
A, = H, =0, for x =—1,1.

The equation in H can be solved using a S-dependent Green’s function whose properties we now
review. Let Go(z, &) be the Green’s function satisfying

(Go)m(ﬂ%f)—l-i—(S(a:—é):O in (—1,1),
(2.4) Go)z(z,8) =0, for z = —1,1,

/Goxg

For a complex number 5 € C such that % — B2I : H%,([-1,1]) — L*([-1,1]) is invertible, we
let Gg(x,&) be the Green’s function given by

{(Gﬁ)m—ﬁcﬁw(.@—@ =0 in [-1,1],

(25) (Gg)z(x,€) =0, for x = —1,1,
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We can relate Gz and G as follows. From ([2.5) we get

/1 Gg(z,&)dr = B2
-1

Set X
Then
= = 1
(Gplaw — B2Gs — 5 +0(z =€ =0 in [-11],
1
—-1
(Gp(2,€))e =0 for x = —1,1.
and imply that

Gali,6) = (05— 1) ) (3-06-o)

d2 2 ! d2 2 2
_ (m 3 I) [(d iy I) Gol, &) + B2Go(a, €)

22
d? !
:Go(flf,g)—i-ﬁ? (d:1;2_521> G()(l',é-)
Since Go(-, &) € L?([-1,1]), we have
) -1
# (42 1) Gl =00
in the operator norm of L?([—1,1]) — H?([-1,1]). Hence
2 -1
@7 Galw) = 367+ Cole. &)+ 5 (g~ FT) Go= 367+ Golw.§) +O()

in the operator norm of L?([-1,1]) — H?([-1,1]).
We assume that for e sufficiently small and D = % sufficiently large such that

(2.8) B(e) = O(e%) for some constant o > 0.
From the argument found in [22], we have the following theorem.

Theorem 2.1. Problem (2.3 has a solution with the following properties:
(i) Ac(—z) = Ac(x), = € [-1,1], and

x

(2.9) Adx) = gw (2) + 0(8)

uniformly for x € [—1,1], where

2

2.10 §e=—F—5 7>
( ) € fR w?(y)dy

and w is the unique solution of the problem

wyy—w+w2:0, w > 0, m R,
0) =

(2.11) w(0) = maxw(y),

w(y) — 0, as [y| — oo;
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(i) H(—x) = He(z), x € [-1,1]
(2.12) H.(z) = £(1 4+ O(5?)) uniformly for x € [—1,1].

Remark 2.2. The symmetry requirement of A. and H, implies that problem (2.2)) has a bound-
ary spike solution at x = 0 with corresponding properties.

3. THE NONLOCAL EIGENVALUE PROBLEMS

In this section we study the following nonlocal eigenvalue problem (NLEP)

2 fR+w¢
14+ 7N fR+ w2

(3.1) L := ¢y — ¢+ 2we — w? = \o¢p, ¢ € H3(Ry),

as well as the corresponding adjoint problem given by
2 f R, w2¢*
L+7X [ R, w?

(3.2) L*¢* := ¢, — ¢* + 2we™ — w = A", o* € HY(Ry).

As we will demonstrate in the next section, these two NLEPS serve as the limiting problems for

both eigenvalue problems ((1.4]) and (1.8 respectively when e > 0 tends to zero.
It is easy to see that (3.1) can be extended to the entire real line

(33) Lo = dyy — & +2wp — 2_Jn 02 = Mo, d€HXR), ¢y)=¢(~y)

147X [pw?
We define the function
2 J we
3.4 = —
(3-4) ¥ 1+7Xo [, w2
Similarly the adjoint problem (3.2)) is equivalent to
) fR ,w2 ¢*

(3.5) L7¢" := ¢y, — ¢" + 2we" — w= A", ¢€H(R), ¢"(y)=0¢"(-y).

14+ 7A§ wa2

For the remainder of this section we will establish several properties of the spectrum of (3.3)).
We first recall the following well-known result:

Lemma 3.1. The eigenvalue problem

(3.6) Lo¢ = ¢y — b+ 2w = g, ¢ € H*(R),
admits the set of eigenvalues

(3.7) w1 >0, pe=0, pu3<0,---.

The eigenfunction ¢ corresponding to p1 can be made positive and even; the space of eigen-
functions corresponding to the eigenvalue 0 is

(3.8) Ko = span{wy} .
For the proof of this lemma we refer to Theorem 2.1 of [10] and Lemma C of [I3]. In fact
(3.9) w(y) = gsech2 (%) .

Note that the nontrivial eigenfunctions corresponding to the eigenvalue 0 are odd functions.
A noteworthy identity for w is obtained as follows. Multiplying the equation for w by yw,
and integrating over R we obtain

1 2 1 2 1 3
= - - — 0.
2Ly+2Lw 3Lw
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Multiplying the equation for w by w and integrating over R we obtain

—/wZ—/wQ—i-/wS:O.
R R R

Therefore we have the integral identities

1 1
(3.10 /wQ:/wQ:/w3.
) R 7 5Jg 6 Jr

Integrating the equation for w over R we obtain

(3.11) /Rw:/RwQ.

Lemma 3.2. There exists a unique 7 = 7, > 0 such that for 7 < Ty, admits a positive
eigenvalue, and for T > 13, all nonzero eigenvalues of problem satisfies Re(N\g) < 0. At
T =Tp, has a pair of pure imaginary eigenvalues \o(h) = tiay with ag € (0,00) uniquely
determined by 1. Moreover, the following transversality condition holds

(3.12) Re(Ny(mh)) # 0.

Proof. The existence and uniqueness part of the lemma is essentially part of Theorem 2.2 and
Lemma 2.4 of [22], which treats interior spike solutions in a two-dimensional space. The proof
found there can be applied here almost without modification but for the sake of completeness
we reproduce it here. The transversality condition and its proof here are new.

Note we here only consider even functions. By Theorem 1.4 of [23], for 7 = 0 and by
perturbation for 7 small, all eigenvalues lie on the left half-plane. By [2], for 7 large, there exist
unstable eigenvalues. Therefore, for an intermediate value of 7 = 73, an eigenvalue A\g must cross
the imaginary axis into the positive real-part half-plane. We first show that this eigenvalue may
not cross through the origin, and then we show the value of 75, must be unique.

Suppose that there is a zero-eigenvalue crossing, A\g = 0, when 7 = 75,. Let

Lop = ¢yy — ¢+ 2wo,
so that at the zero-eigenvalue crossing the NLEP (3.3)) becomes

Log— 292002 — g,

Jrw?
and hence I
we
Lo <¢_2fiw2w> =0.
Thus
we
¢—2~§Rw2w € Ky,
R
and since ¢ is even by Lemma [3.1] we must have
(3.13) ¢—2§R2fw _o.
R

It follows from ¢ % 0 that

/chbséo.

But on the other hand, multiplying (3.13|) by w and integrating over R, we arrive at the contra-

diction
/w¢:2/ wo.
R R
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From the preceding argument we deduce that there must exist a 7, € (0,00) at which L has
a pair of pure imaginary eigenvalues

)\O(Th) = j:a[i,

where ¢ = v/—1 and ay > 0. Next we show that 7, is unique. From

2 [pwoo
Lo — Xo)oo = z 2
(Lo — Xo)o T [ w?,
we obtain for A\g = «yi that
2 Jrpweo 1,2
— Lo— X
%o 1+7)No wa2( 0= Ao)

and hence oyt is a simple eigenvalue in the sense that
Ker(L — ayi) = Span{(Lg — ai) " w?}.
Thus we may assume that ¢g = (Lo — o)~ w? whence (3.3) becomes

) .
(3.14) /w(ﬁozw/ w?.
R 2 R

Let ¢o = ¢ft + ¢f¥i. Then from (3.14) we obtain

1
/w¢§:2/w27
R R

and

/ woh = Ly s

R 2 Jr
But from
¢ = (L() — a]i)fle = (L() -+ a[i)(L% + a%)*le,
we have
o6 = Lo(Lg +af)'w?,  ¢f = ar(Lg +af) T w,
It follows that
1
(3.15) /[wLo(L% + a2) tw?) = 2/ w?,
R R
3.16 w(L? + o?) w? = T w?.
( 0 I
R 2 Jr

Let h(ag) = [plwLo(L§ + oF) 'w?]. Then

W (ar) = —2a; / wLo(L2 + a2)~2u?).
R
By integration by parts, the last equation yields

b (o) = —2a1/ [w?(LE + o?)"2w?] < 0.
R

Since

ho) = [ w(ghe?) = [ WP and hla) 20 e aroox,
R R

there exists a unique ay € (0,00) that (3.15)) holds. The unique value of 7 = 73, € (0,00) then
comes from ([3.16]).
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It is left to show that (3.12) holds. Setting Ao = Ag(7) + iA7(7) we have the system of

equations
1+T)\R/ / Lo — AR 9
w Y
LO_)\R +)\%

2 2
— [ w= [ w w”,
2 /R /R (Lo — )\R)2 + A7

Suppose that @(Th) = 0 and differentiate the second equation of (3.17) with respect to 7
and evaluate it at 7 = 7, to obtain

(3.17)

(3.18) % /R w? = —QAI(Th)ag);_I)(Th) /R w[Lg + Aj ()] 2w?,

where we have used )\R(Th) = 0. This implies that (/\I (1) # 0. If we now differentiate the
first equation of ( with respect to 7 we obtain

a(\2)

(3.19) 0=~ m) [ wholtd+ 2],

However (TI )( ) # 0 and integrating by parts we see also that
/ wLo[L3 4+ N3 (m)] " 2w? = / (Lo + o) 2w > 0,
R R

22 (73,) # 0.

which yields a contradiction. Therefore 2

The next lemma is a continuation of Lemma [3.2]

Lemma 3.3. Let A\ = faji be the unique imaginary eigenvalue pair described in Lemma[3.3
(at T =1p,). Then

(3.20) Re(X\y(mh)) > 0.
Proof. Consider the eigenvalue problem
2 [pwo
3.21 Log — R 2 = Ao
(3.21) 0P - waQw 0p

As in the proof the transversality condition of Lemma we have

2 waqS
14+ 7)o wa2

¢ = (LO - )\0)71’“}27

so that multiplying by w and integrating gives

1
(322) +7‘)\0/w2:/w(L0)\0)_1w2.
2 R R

Differentiating (3.22]) with respect to 7 we obtain

A A
(3.23) 0—;7—0/ w? = )\6/ w(Lo — Ao) " 2w?,
R R

or equivalently

(3.24) ! = Xo fR2w2 (/Rw(LO ~ o) 2wl — % /sz,)—l .
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Letting 7 = 73, and using Re(Ao(7,)) = 0 we obtain

(3.25)  Re(Ny(m)) = —Im()\o(Th))fR;U Im [(/Rw(LO — No(mm)) w? - 2 Rw2>_ ] .

Denote
/ w(Lo — Ao(mh)) 2w? = a + ib, c="1h w?, with a,b,c € R.
R 2 Jr
Then we have
~1
Im </ w(Lo — Mo(m)) " 2w? — w2>
R 2 Jr

(3.26) =Im[(a+bi—c)"!]

_ —b

"~ (a—c)2+b%

On the other hand

—2 92 L2_)\I(Th)2+2i)‘1(7—h)[/0 2
(3.27) /Rw(Lo—)\O(Th)) w —/Rw ° (L2 + A(m)2)? w

and consequently by integration by parts we obtain

b=2\
“”AW%+M@WW

— 2s(m) /R (Low)(L2 + Ar(m)2)~2w?

—2s(m) /R W(L2 + Ar(m)?) 2w,

Hence

)\[(Th)Q fR ’LU2

(3.28) Re(Xo(mh)) = (a— o2+ 12

/ w? (L2 + \r(m)?) " 2w? > 0.
R
O

We conclude this section with an alternative representation of A\j,(7) and bounding the spec-
trum of (| . In we write pg = T, ¢ as ¢g, and differentiate the equation with respect
toT

Lodh — 2 Jpweh 2#6 wa‘z’sz_( Ho

w
L+po [pw? L+ po)? [pw?
Multiplying by the conjugate of the adJomt eigenfunction d)ig and integrating over R, we obtain

/[tﬁSLo%]— 2 waqu/wQ(ﬁS 241 wa%/ w2
R R

1+ o wa2 (14 pp)? f w2

_ to | H - , Mo ey
(-5 +2) [ o+ [ T,

Taking conjugate of (3.5) and recalling that A\§ = A9 we obtain

2 wa2¢75
L+ po [pw?

>¢+ —@p.

(3.29)

pes Ho—
L0¢0 - = 7¢0
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Multiplying by ¢, and integrating over R, we obtain

_ 9 24% _
(3.30) /R (¢ Lodp] - Ji 0% /R w = T/Rq%%.

14 wo wa2

Note that by integration by parts,
| @racal = | eatod).
We obtain from and - that
2y Jrwdo / 2% Mo /
31 * _ ( _PY
. e S S "= (T ) f o

Therefore we have the formula

Th ) Jr P05

(3.32) po(7h) = s '
fR ¢0¢0 1+7—h>\0(7—h)]2 w2 fR w¢0 fR ’U)2¢0

Finally we have the following bound estimates for the spectrum of . which will play a key
role in showing the unperturbed linear operator is sectorial.

Lemma 3.4. Let \g be an eigenvalue of (3.1). Then one of the following alternative cases
happens:

(i) Im(X\g) =0 and \g < 1, where py > 0 is the first eigenvalue of Ly, or
(1) Im(Xo) # 0 and |TAo — 1| < V2.

Proof. Multiplying (3.1)) by w and integrating over R, we obtain

(3.33) /Rw2¢ - <A° 1 +2 Ao Jp w2> / wo-

Using (3.10]) we obtain It follows that

(3.34) /R w?p = <)\0 + M) /R wa.

Taking the conjugate

(3.35) /R% <0+M>/ we.

Multiplying (3.1)) by ¢ and integrating over R, we obtain that

2 2 B 2 2 wad’ 27
(3.36) /<r¢y| 10l = 20lof?) = o [ 10— s | e
Combining (3.35)) and - we obtain

\ 2
(337 /R (o + 197 = 2utof’) = =xa [ jof - (1220 + o2y Hael

L+7Xo  5|1+7Xo|2) [rw?
Writing
Ao = AR +iAr, ¢ =¢r+ 191,
and considering the imaginary part of m we obtain
2Ar(1+272R) | [rwol
3.38 A 2 R ‘
(3.38) ]9 = s e o
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We first consider the case that A; # 0. In this case we have

/ |¢|2 1 +27—)‘R) |wa¢|2
(1+7AR)2+ 72207 [pw?

\/Rw¢|2s/Rw2/R¢|2,

21+2A8)
(L+7AR)2+ 7202 = 7

Using the Schwartz inequality

we get

which is case (ii).
Now assume that \; = 0. If 7TAg + 1 =0, then

1
)\0:)\R:*;<0</L1.
If TAr + 1 # 0, we then use the Rayleigh’s formula

L1o+ [ 108 =2 [ wiof = i [ 0P
R R R R
and (3.37)) to get that

2AR 6 /. w¢\2
A 2+ ( + ) R / 2

If A\g <0, we are done. If Ag > 0, we then have

Ar /R 612 < i /R 6.

Hence case (i) happens. O

4. SPECTRAL ANALYSIS OF (|1.4))

We want to show that the operator L. is an infinitesimal generator of the a strongly continuous
and analytical semigroup. Since it suffices to show that L. is a sectorial operator this naturally
leads us to study the following eigenvalue problem

2

A
<¢6) ¢6 + 2 (Zse HEQ we = >\6¢67

(4.1) )
@(wE)x»’c — e + 2Ache = TAYe,
where y = e 'z, D = 872, A\ is some complex number, and
(4.2) de € HY([—7', 1), Y € HY([-1,1)).

It is convenient to set A, = 1A and H, = §; L H, so that (4.1]) becomes

A2
(¢6) ¢6 + 2 d)e 621/}6 = )\eﬁi)ea

(4.3) .

@(T/Je)m — e + 26 Acpe = TAHe,
The second equation in is equivalent to
(4.4) (e)w — B3, e + 28°¢cAche = 0.
where

(4.5) By, =B (1+1A).
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We may assume that ||¢€||H2([76_176_1D — 1.

Let x be a smooth cut-off function which is equal to 1 in [—3, 2] and equal to 0 in R\ [-1,1].
Let
(4.6) Xe) =x(ey), yel-elel
Define the cut-off of ¢.:
(4'7) 925?(3/) = ¢E(y)XE(y)7
where © = ey. Then if Re(1+ A¢) > ¢, or [Im(\¢)| > ¢, for a small constant ¢ > 0, we have
(4.8) P = g +e.s.t. in H*([—e ', e71]).

Then by the standard procedure, we extend ¢¢ to a function defined on R such that

16l L2(r) < Colldell L2(—e-1,e-1y),
(4.9) 1(¢€)y HL2 ) < Coll(de)yllLz(—e-1,e-1)

() yyllLz(r) < Coll(Pe)yyllLe((—e—1,e-1))

for a constant Cp > 1. Since [|@e||g2(—e-1,-1)) = 1, we have |[¢¢] g2(r) < Co.
Using the Green’s function mtroduced in Sectlon 2] we write

(1.10) wio) = [ 29%6Ga, oA (£) 0 () de

At z = 0, we calculate

$(0) = 262 /1 Gy, (0,€)cw (f) " (5> aé + of1)

_252/1 <(5A) +Go(0,6) +0(1 )> £ <€> o (5) dé + o(1)

= HlAﬁee/ w(y)pg(y)dy + O(B%Ece) + o(1)

1+ o c
1+ T)\ 56 / Wk
2[1+ o c
as € — 0.
(1 +TAc) fR w2 / we ¢
Substituting (4.11) into the first equation of (£.3) we arrive at

Ao — ot

As in the proof of Theorem 1 in [2] one obtains
(4.13) e = Ao, be(y) = do(y) in H?(R), as € — 0,

where (Ao, ¢o) is an eigenpair of the NLEP (3.1)).
We can now prove the following spectral result for the eigenvalue problem (4.1)).

(412) (fz)s)yy - (Z)E + 2'LU¢6 -

Lemma 4.1. If ¢ > 0 is sufficiently small then there exists a unique value T = 7! for which
has a pair of purely imaginary eigenvalues N\ = ia§ with o5 > 0. Moreover this pair is
unique in the sense that if i35 is an eigenvalue of , then By = af or f; = —af. Furthermore
at this value of T = 7" all other eigenvalues have negative real parts.
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Proof. For € > 0 sufficiently small, as in the proof of Lemma all eigenvalues of have
negative real parts when 7 > 0 is small, whereas there exist eigenvalues with positive real part
when 7 > 0 is sufficiently large. Furthermore, we can show that there are no zero eigenvalues
for any 7 > 0. Thus, there exists a 7 € (0, 00) such that has a pair of pure imaginary
eigenvalues.

The uniqueness comes from the fact that for Re(A.) > —c we define he(X\) := [, wRe(¢¢)
for the unperturbed problem so that subject to a subsequence, af —> a I and Pe — ¢o as
e — 0 we have

(4.14) hL(AG) — B'(A\1) <0 as € — 0,

according to the calculation in the proof of Lemma and the uniform continuity of A’'(A;) in
Al
O

The following two lemmas establish the semigroup framework.

Lemma 4.2. Let A\ € C be an eigenvalue of problem (4.1). Then for sufficiently small € > 0,
one of the following cases happens:

(i) Im(Xe) =0 and A\e < 21, or
(ii) Im(Ae) # 0 and |[TA| < 7.

Proof. We may assume that the constant Cp > 1 in (4.9) is arbitrarily close to 1. Multiplying
(4.12) by ¢¢ and integrating over R we get

_ ey 12 |2 w c2_2[1+0(1)]wa¢§ W2hE — o c|2
419) = [ 100u [ i [ wiot =22 [ G = it [ it

Multiplying (4.12)) by w and integrating over R we get

116) (o o = [ i = 2wl = A [
Using (3.10) we obtain

2.c 12 c
(4.17) / w26¢ = [14 o(1)] ()\E + S +me)> /Rw@.
From and (| - we obtain

(4.18)

o . ; oo 24 |wa¢§‘2
[1+o(1)]/R(|(¢e)y + [0 — 2w[f?) = = A /|¢| <1+7’)\ Jr5|1-1-7')\e|2) wa2 ‘

Considering the imaginary part of (| - we get

XS (1 + 27 e
(4.19) 1 +0(1)]/\§/ |6¢)? = (1 +T])\(§%)—2F+7—72]?1\3)2 ’f?wa2’ :

If A; # 0, we have

2(1427)%) 1 .
A+ + 720 > 3 for sufficiently small € > 0,
or equivalently, for small € > 0,
(4.20) (TA%R —3)% + (TA7)* < 13,

From here we obtain the coarse bounds

3- VI3 < 7A, <3+ V13, —VI3 < 7S < V13,
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and hence
(4.21) ITA <3+ V13 <7,
If Af =0, then A\¢ = A%, and becomes
2X¢ 24 wet|?
[1+0(1)] /R(rwi)yr? + |66 — 2wl¢¢?) = / |pé]? (1 s T P) ”fjﬁ' :
Using the inequality
GO + 1P = 2ul6?) = =y | P

we obtain that for € > 0 sufficiently small

e c|2
I N R (e e e
Then A, <0, or A% > 0. In the case A, > 0, we obtain from (|4.22) - ) that

[ 1o < 2 [ 1ok
R R

and hence
(4.23) AR < 2p41.
This finishes the proof of the lemma. U

In view of Lemma there exist constants €9 > 0, @ > 0 and ¢ € (5, m) such that the sector
(4.24) Sa0 :={A € C: |arg(A —a)| < 0} U {a}
is contained in the resolvent set of L, for all € € (0, €o].

Lemma 4.3. The operator L. is a sectorial operator and hence generates a strongly continuous

and analytic semigroup on the space L*([—1,1])x L?([—1,1]). Moreover, for \ € S, g with a > 1,

the operator R(\,a) = (A — L¢)™t is compact as an operator mapping L*([—1,1]) x L*([-1,1))

into itself and there exists a constant M > 0 such that
M

A —al’

Proof. For any A € S, 9 we consider the resolvent equation

(4.26) (L. — ) m _ [;ﬂ ,

namely,

(4.25) IR\, )| < for A€ Sgp.

AQ
(¢6) ¢e + 2 ¢e 7621#6 = )‘¢e + f17
(4.27) H:

62 (wé):mc e + 2£eAe¢e = TAYe + 7 fa.
From the second equation of (4.27) we get

(4.28) vlo) = [ 11 Gy (,€) [2525646 (f) be (ﬁ) B, (f)] de.

As before we calculate at x = 0 to get that

(4.29) ¥e(0) = [1 4 o(1)] (1 fm iﬁﬁi - —?—TT)\ /Rf5> .
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We assume a > 1 and € be fixed. Then from the first equation in (4.27)) we get
d? AT A

4' e — - 1 )\ 276 < €

(4.30) b= |edm - w2y | (aver )

Since for € small,

£ <2w(0)=2
i . 2000) = 2

there exists, by the resolvent estimate, a constant M > 0, such that

M
Pellz2(-1,1)) < nrio (0)’(w2(0)||1/1eHL2([—1,1]) + 1 fill2(=1,17))-
While 4
€ — < <
||¢ HL2([ 1,1]) = ”wHL2(R)‘1+7—)\’||¢6||L2(R ‘1+ )\’||f2||L2
C
< m(”@be”LQ([fl,l]) + I f2ll L2 ((=1,17))-
Let a > 0 be sufficiently large, then if A € S, 9, we have
Muw?(0)C - 1
1+ 7AA+1—4w(0)] 2’
and hence
CM
(4.31) [@ellL2((-1,17) < el (A1l 2opy) + I f2ll 2 =11 -
From (4.29)) we then have
CM
(4.32) el L2 (=1,1) ’/\ p (12l e2=1,17) + If2ll L211p) »
and therefore
M
(4.33) IR, a) < MC_C” for A € Sy.

The compactness of (A — £.)~! is obvious. This finishes the proof of the lemma.

The semigroup generated by L, is defined by the formula

1

(4.34) T(t) = el = — / eMR(N, a)d),
271 T

0i

where I is a smooth curve in S, ¢ that connects ooe % and ooe?.

5. THE TRANSVERSALITY CONDITION FOR THE PERTURBED SYSTEM

We begin from the eigenvalue problem

A2
(d)ﬁ) — @+ 2 d)e 621# = Ae®e,

H

(5.1) ) é
@(QbE)xI — e + 2€€Ae¢e = TAcWe.
We let pe = 7Ae. Then (j5.1)) is equivalent to the following eigenvalue problem

2
T{(¢E) ¢E + 2 ¢e ;we} - Med)e,
(5.2) H;

1
@(we)xw - w€ + 2€EA€¢E = ,ere.
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Namely,

53 <[] = i)

with . = 7L£. We note that £* = 7.L*.
Let 7. be the parameter value from Lemma so that Re(A(7")) = 0. Then, via the
relationship

(5-4) pe(T) = TA(T) + Ac(T),

we obtain that Re(u.(1!)) = T!LRB()\/E(TE))). We now show that /(1) > 0 for € > 0 sufficiently
small.

Let O, = (¢, %)’ be a nontrivial eigenfunction of .# corresponding to . and O} = (¢*, )T
be a nontrivial eigenfunction of .Z* corresponding to p’. We have by definition

(5.5) (0,07) = (6, 67) = 0.
Since Ag is a simple eigenvalue, u. is simple. Moreover we also have
(5.6) (0, 07) = (0., 07) # 0.
Write
¢e] ) [qb}

5.7 O, = , o =175
(5.7 o 7
Using the Green’s function introduced in Section [2 we write

1
(5.9 ole) = [ 26%6.G5, @ 0A (£ o () e
By (4.11]) we have
_ (1+0(1)) /
(5'9) ¢6(0) = (1 T 7_)\6) €&e Rw¢0

Similar to the calculation of (4.11f), we write

1 A2
vite) == [ et mogs (£ e ()
and calculate

i 0) =15, [ G 0.00° (&) e (&) de+ o)

= e, [ (P2 an0.9+ 0 )t (&) (o0 (£) g ot
. = vt [ (g PG00, + 0 ) (&) (60 (&) de-+o)
| s [ WP+ o)

_ 1(1+0(1)) w2 (*)e
N (1+¢Ag)wa2/R “(90)

1 1
= _ {1+ of ))2/1112(;53 as € — 0.
(L+7X0) [rw? Jr
Differentiating ([5.3]) with respect to 7 we find that
g € € €
(5.11) 0L, 4 g9 _Okeq |, 9O

or or or He or
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Taking the inner product with © gives

0L 00, Olhe 00,

12 a_ VYeée : ) € €9 9 :a
(5.12) (5700, 07) +(£575,07) = (50, 07) + (15, 07)
and then using

0. .. 00, _,
<$W766> _:u6< T 765>7
we obtain
o (220,,07) . Jl bt

1 r(hy €(-hy_ \or € 1 )

(5 3) lu’e(Te) 87— (7—6) <9579:> Th <®€’®*>

We compute

1 !
| odiar=c [ odia

(5.14)
:e[1+o(1)]/R¢o¢5dy,
and
1 1
/ $eE da = ; / e () EE () d
(5.15) ! </t

27h —
—€[l+o(1 £ /ngb*/ng),
O e 0
so that in view of (3.32)), we obtain
[T+ o(1)]Ao(Th fR¢0¢7E§
S ®005 — (1+Thxo(7h w2 Jrwdo [w?d;

As a consequence of Lemma we therefore have

(5.16) pe(rl) = = [L+o(1)]po(7n).

1
(5.17)  Re(X.(v1)) = —hRe(,u'G) = [1 4 o(1)]Re(Ny(T)) > 0, for sufficiently small € > 0.

6

6. HOPF BIFURCATION: EXISTENCE, UNIQUENESS AND SYMMETRY

We have now established all the assumptions of the Hopf bifurcation theorem of [9]. Indeed,
the relevant spectral and semigroup assumptions on the linearization Dy F, = L. at 7 = Teh
were established in Sections {4| and Furthermore, with X = HZ%([0,1]) x H%([0,1]) and
Z = L?([0,1]) x L?(]0, 1], the map F, : X — Z satisfies the required regularity assumptions. We
introduce the spaces

C’Y

(R, )Z{U:]R—>X|U(t+27rp):U(t) t eR,

(6.1)
o |U) —U(s)llx
U x~ -—%%!\U(t)!\ﬂig sy )
and
021:,](11;& Z) = {U :R— Z|U€eCy,,(R 2), % eCl (R Z),
(6.2)

U1z = 1|20 + (14 Hm<oo}
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where v € (0,1] is the Holder exponent. The relevant space for solutions to (1.2]) is ¥

Crp(R, X) N C%;;(R, Z) with the norm

(6.3) 1U1ly = 11Ul1x + 19711 2
The Hopf bifurcation theorem thus applies and yields the following result.

Theorem 6.1. There exists an €9 > 0 such that for every 0 < e < ¢ there are numbers

besme > 0 and continuously differentiable functions pe(s), Te(s), and (Ac(s), He(s)) € Y defined
in —ne < s < ne such that (Ae(s), He(s)) is a 2mpe(s)-periodic solution to (1.1) and

7(0) =7/, pe(0) =1/af, A(0)=A., H(0) = H..
In addition the solutions are montrivial in that (fle(s),ﬁe(s))~ # (Ae, He) for 0 < |s| < 7e.

Furthermore we have uniqueness in the sense that if (7'61,/16’1, H. 1) is a 2mpe 1 -periodic solution
of (L) with |peq — 1/a$| < ¢, |7e1 — 7| < 0¢, and ||(Ac1, He1) — (Ae, He)|ly < 6, then there

exist numbers s € [0,m¢) and 6 € [0,2mpc 1) so that 71 = T(s) and the solution (Ac 1, Heq) is
obtained from a 0-phase shift of (Ac(s), He(s)), i.e.

(Ae1, Hep)(t) = [So(Ac(s), He(s))](t) = (Ae(s), He(s))(t +0) for all teR.
Finally, the bifurcating solutions have the following symmetry property
(Ae(—s),ﬁg(—s)) = Sﬁpe(s)(fle(s),ﬁe(s)), Te(—8) = Te(8),  pe(—8) = pe(s) for all —n. <
7. LINEARIZED STABILITY OF THE HOPF BIFURCATION

In this section we investigate the linearized stability of the periodic solutions obtained in
Theorem from the previous section. This stability analysis is carried out in the context of a
generalization of Floquet Theory from ODEs to semilinear parabolic PDEs and we refer here to
Section 1.12 of [9]. We briefly summarize the main aspects of this theory so that our stability
result may be accurately stated.

Suppose A(t) is a time-dependent linear operator which is p-periodic in ¢ and consider the
problem

dw

(7.1) i A(t)w = 0.
The Floquet multipliers of are the eigenvalues of U(p), where w(t) = U(t)x is the solution
of satisfying w(0) = x. We say that « is a Floquet exponent of if and only if e P* is
a Floquet multiplier, or equivalently if x is an eigenvalue of % — A(t) in the space of p-periodic
functions.

The concepts of Floquet Theory arise in the study of periodic solutions as follows. If u is a
p-periodic solution of the nonlinear problem

du

7.2 =

(72) U (),
then the linearization about this periodic solution results in the variational equation
(73) 2 gu(u(t))v =0,

from which the Floquet multipliers and exponents are defined as for (7.1)) with A(t) = g, (u(t)).
Ifu = ‘Z—Tt‘ # 0, formally differentiating (7.2)) shows that

du .

= gulu(t))i,
so that 0 is always a Floquet exponent and 1 is a Floquet multiplier for u. It has been shown
that the stability properties of a periodic solution to (7.2) are determined by the moduli of its
Floquet multipliers (see Section 8. 2 of [7]). Specifically, if the Floquet exponent x = 0 is simple

5 < Ne.
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and all remaining Floquet exponents have positive real parts, then the p-periodic solution v is
linearly stable. . B
The Floquet exponent for the 27 p,(s)-periodic solutions Uc(s) = (Ae(s), He(s)) from Theorem
[6.1] are therefore numbers  such that the problem
1 dw

(7.4) o) dt (Le + Ru(1e(s), Ue(s)(pe(s)t)))w = kw, w(0) = w(2m)

has a nontrivial solution. At s = 0, ((7.4)) becomes

. dw

(7.5) ap— Low = Kw, w(0) = w(2m).
The set of values of « for which (7.5)) has a nontrivial solution is {ajni—o (L) : n = £1,£2,,...},

so the corresponding multipliers are e27@(£<)/a7  Thus, 1 is clearly a Floquet multiplier with

multiplicity two corresponding to the double eigenvalue k = 0 inherited from +ia; € o(L). On
the other hand, Lemma [4.1] implies that the remaining eigenvalues of L. at s = 0 have negative
real part and therefore the remaining Floquet exponents have positive real parts.

Since a zero Floquet exponent persists for all values of —7. < s < 7, it is a second, nontrivial,
Floquet exponent, k(s), with x.(0) = 0 which determines the linear stability of the periodic
solution. Specifically, if Re(kc(s)) > 0 then the periodic solution is linearly stable in the sense
of [7], and is otherwise unstable. With - denoting a derivative with respect to s, Theorem 1.12.2
of [9] implies that £.(0) = 0 and 7.(0) = 0. Moreover, formula (1.12.34) of [9] relates the second
derivatives according to

ke(0) = 27(0) Re(N(77")).
From Section |5 we know Re(\L(7)) > 0 and therefore the first part of Corollary 1.12.3, or the
Principle of Exchange of Stability, of [9] applies.
Theorem 7.1. Let the hypotheses of Theorem[6.1] be satisfied. Then

sgn(Te(s) — Teh) = sgn(ke(s)) for —mne<s<ne.
Hence, the bifurcating periodic solutions of Theorem are linearly stable (resp. unstable) if

the bifurcation is supercritical (resp. subcritical).

To conclude the stability question it remains therefore to determine the sign of 7.(0). For this
we use the formula (see equation (1.9.11) of [9])

1

(7.6) 7e(0) = Re(N.(7F))

Re(K(e)),

where

K(€) = —(DiyyR(7!,0)[Oc, O, O, 07)
+ (DEyR(T],0)[Oc, (L — 2a%0) " Dy R(7!, 0)[O¢, O], ©F)
+ 2Dy R(7?,0)[0c, L Diy R(7', 0)[O, O], ©F)
= Ki(€) + Ka(e) + K3(e),

(7.7)

where O, = (¢, %) is a nontrivial eigenfunction of L. corresponding to the eigenvalue aji,
OF = (¢f,v7) is a nontrivial eigenfunction of £} corresponding to the eigenvalue —ayi, and
moreover

(7.8) (©,,07) = 1.
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As calculated before

(©.,07) = /11 b dz + /11 VeOF da

(7.9) ,

= €[l + o(1)] [/quoqbz; (HThAO(ZZ))QIRwQ/quz)o/waé‘J.

Therefore, we have

- 27y, o5 1+ o(1)
(7.10) /R¢0¢0 (1 + mhho(mh))2 waQ /RWGZ)O/RU/ b5 = e
Recall that

_ [Ba(7,0)
(7.11) R(1,U) = [RQ(T, U)]
with ) ) )
A, A 2A, A
RI(T)U): ( +U1) - = - Ul 6U27
H.+ U, H. H, H?
and

1 2
Ro(1,U) = - ((Ae +U1)? — A2 —2AUY) = ;Uf.

g1 hl l1
= ) h = ) l= € Z’
e R R ]

2
D(2]UR1(T7 0)[g7h] = Fglhl -

For functions

We calculate )

24, 2A°
F[gﬂw + g2h1] + FQQh%
2

6A
[g2hali +g1halo+g2hila] — H46 g2hals,

€

H3

€

2
[91h211 +g2h1l1 —|—g1h1l2] +

D?I’]UURl(Tv 0)[g7hvl] = _m

4
Dy Ro(7,0)[g, h] = ;glhh

Dy Ra(7,0)[g, b, 1] = 0.
Therefore,
Kl <6) = _<D%UUR(Teh7 0) [@67 967976]7 @:>
6A2 _
i Vel

€

(7.12) 1 - A
= /1 [;2 (2lel e + DFe) — 23 (V2Be + 26| ?) +

€ Ks(e) = (DEyR(7E,0)[Oc, &(Le — 2a5i) ' DEyR(71,0)[0,, 0], ©7)

(7.13) Mo 24— — 242 ]__ 4 [
= /_1 _E¢621 - Hfg(@% + the2]) + Hé))¢6Z2:| ¢ dr + 7 /_1 Zoeype da,
§6K3(6) = 2<D2UUR(T€.h7O)[esage‘C;ngfUR(Tehv 0)[@67@6]]7 ®:>
(7.14) Yreo o 24, . o, 242 = I R
= /1 _Ed’shl - ?ﬁg(ée}b + wfhl) + I_Iegl/}eh2] ¢e dx + E /1 1¢5¢5 da.

c 2 12 4A. 242 2
H = 6(Le — 2050) " D2y (7, 0)[O., O] = £u(Le — 205i) ! [H G~ HE O T 1"6] .

4 2
e
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Namely,
(7.15)
€ €\ L€ 2A€ 5 A2 e 2§€ 456 256 .
62(Z1)” — (14 2a%i)zf + E 1~ H2 H2 ¢ewe H3 7/1 in [—1,1],
(28)" — B2(1 + 271 a5i) 25 + 287 A2 = 48 §€¢§ in [~1,1],
(2§) = (25) =0 for v =—1,1.

By the discussions in previous sections, we can derive a limit equation of (7.15)
2 Ja( plwz — 2¢2) 2

— (14 2ari)z1 + 2wz — [ roram wa = 2¢3 — dwaoothy + 21021/13 in R,
— 9242
= Jnlwz = 26)) in R.
14 2m,ari fR w?
While
hs o [Tl = T (6 + v + S|
[ ] — (L) DR 00,0 = gt | 1O (Ot ped) v
el
Namely,
(7.16)
( 206y _ e A AZ 2% 256 256 : .

62(h1)” — 1 H2 = |¢6|2 (Qbﬁq/)e + ¢6¢6) W}e|2 in [-1,1],

(nS)" — B8%hs +2B2A hi =48 gelczael? in [~1,1],

(h)) = (hy) =0 for z =—1,1.
Accordingly, the limit equation of (7.16)) is

( whi — 2|¢o|? — — .
B — hy + 2why — 2fR( fl w2| o )w2 = 2|¢o|? — 2w (oo + Yodo) + 2w |ty | in R,
R
h1 — 2|¢ol?
h2:2fR(wf1 2¢01) in R.
RW

Therefore we have, as € — 0, that

(7.17)

e 12K (e) = [1 + o(1)] /R [2(2|¢0[*tb0 + ¢Fb0) — 4w (W5 do + 2¢0lvol*) + 6w?oltol?] &5 dy.
Using the estimate (5.10)) we obtain, as € — 0, that

e LE210y(e) =1+ o(1)] /R (23021 — 2w(Bozs + Bom) + 20 oz G dy

(7.18) 4 . —
’“*"“”(HWI@) fRWQ/Rzmo/Rw b dy.

Similarly, as € — 0,

e 12 K3(e) =2[1 4 o(1)] /R [2¢0h1 — 2w (doha + toh1) + 2w ohs] ¢f dy

(7.19) .
2%
o) s wa2/Rh1¢0/Rw 3t dy.
Here
(7.20) do = —2 Jr o

1+ man wa2 ’
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Remark 7.2. Thus the criticality of the Hopf bifurcation is the same as for the corresponding
limiting € — 0 problem.

8. NUMERICAL COMPUTATION OF Re(K (¢))

It remains to compute the sign of Re(K (€)) as given by (7.7) and using the limiting behaviour
as € — 0 of K1, K9, and K3 found in equations , (7.18)), and respectively. This re-
quires us to first calculate the Hopf bifurcation time constant 73, and purely imaginary eigenvalue
Ao as well as its corresponding eigenfunction ¢¢ and adjoint eigenfunction ¢j. Following this we
must evaluate the auxiliary functions z; and hy for k = 1, 2 satisfying the limiting equations of

(7.15) and (7.16]) respectively.

To calculate the Hopf bifurcation threshold 7, and eigenvalue Ao = iay we first rewrite the

NLEP (3.1)) as
foooo U)(LU — )\0)_121)2

(8.1) 14 Ao — 2°= =0

—0o0

=0.

The term (Lo — A\o) 'w? appearing in the numerator is calculated by solving the boundary
value problem (Lg — A\g)¢ = w? with boundary conditions ¢’(0) = 0 and ((y) — 0 as y — oo.
Numerically this is solved on the truncated domain 0 < y < L for which the exponential decay
of the solution can be leveraged to replace the decay at infinity with (L) = 0 provided L is
sufficiently large. For this and subsequent truncated domain computations we will use a value
of L = 500. Additionally we use the solve_bvp routine from the scipy . integrate library. Having
computed the relevant boundary value problem it is then straightforward to solve for 7y,
and Ao = o using a zero-finding routine. Specifically, by equating real and imaginary parts,

we first solve - N
S w(Lo —iar) " w } .

f_oooo w2dy

1 —2Re{

for ay and then obtain 75, from

2 * w(Log —iar) w?
Thzlm{f_oo (OOO 5 D }
or f_oo w2dy
Using the brentq routine from the scipy library we compute
(8.2) 7, = 0.77107, Ao = tag = 1.23764,

for which the left hand side of (8.1)) evaluates to an O(107!3) value. We remark that these
values are in agreement with those found in Table 1 of [20].
The corresponding eigenfunction ¢ can then be found by solving the boundary value problem

(Lo — Xo)go = w?, 0<y< oo, $0(0) =0, ¢o(y) -0 asy— +o0

Numerical integration then gives ¥y =~ 1 which can be verified explicitly from the definition of
1. The adjoint eigenfunction ¢ is found similarly. We first solve the problem

(Lo — Mgy =w, 0<y< oo, $o(0) =0, $o(y) — 0 asy— +oo,

and then let ¢ = Bq; where the constant 3 is chosen so that ¢y and ¢, adhere to the normal-

ization ([7.10) which yields

P /°°¢ - 2r, [ oo woo [T wiep]

iThOé[)Q f—oo w
To calculate z; and zo we first rewrite the z; limit equation of ((7.15)) as
2 JZwa ,
(Lo —2Xo)z1 = f1 + = 21(0) =0, 21(y) = 0 asy — +oo,

1+27’h/\0 f_ w2 o

o)
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where o
4 f—oo ¢0 w2
1+ 2Th)\0 fjooo w2

fi 1= 20% — dweot + 2whE —

Let & and & be the solutions to

(8.3) (Lo—2X)&1=f1, 0<y<oo, &(0)=0, &(y)—0 asy— +oo,
and
(8.4) (Lo —2X)& =w®, 0<y<oo, &(0)=0, &(y) =0 asy— 4oo,

respectively. Then
o0
2 [ wa
1 + 2Th)\0 fjooo w2
so that multiplying by w and integrating allows us to solve for [wz; from which we deduce

2 [ wé
2o | w?

T+2mh0 [ w?

21 =8 + &2,

(8.5) =8+

&o.

Therefore z; can be computed by solving the two corresponding boundary value problems nu-
merically. It is then straightforward to numerically calculate z3 =~ —1.402 —1.373¢. The function
hi can be found similarly by writing the limit equation of (|7.16)) as

2 ffooo whl 2 !
Lohy = fo + —Fo——5—w", h1(0) =0, hi(y) = 0 asy— +oo,
S w?

where foo )

L 4 |72 9ol

2= 2060l” = 2Adoto + ool + 20 ol — == Gw,
—0o0
We then let n; and 72 be the solutions to
(8.6) Lom = f2, 0<y <oo, m(0) =0, m(y) -0 asy— +oo,
and
(8.7) Loy = w?, 0<y < oo, n5(0) = 0, n2(y) =0 asy— +oo,
respectively. Solving these two boundary value problems we obtain h; in the form
2 [ wm

_ oo w?

(8.8) hy =m + T e
1-— T

and obtain hy &~ —0.14669. Using , , and we thus calculate
K = —1.2732 — 2.5039 + o(1),
€2Ky = —1.3820 — 0.39262i + o(1),
€2 K3 = 2.6454 + 7.0406i + o(1),

and therefore

(8.9) €2K (e) = —0.0098061 + 4.1441i + o(1),

where the ¢! term from the normalization of ¢4 has cancelled out the ¢! in front of the

expressions ([7.17), (7.18), and (7.19). The negative sign of Re(K (g)) indicates that the Hopf

bifurcation is subcritical and the bifurcating periodic solutions are therefore linearly unstable.



HOPF BIFURCATIONS FROM SPIKE SOLUTIONS 25

L 3 21
L b S
SRR :
hon ion 1 + 1
o I H 2
:|l||'|| | o
P 2
:|: iHn I 0 T T T
R 0 100 200 300 400 500
1 1
i
:|I'|'l:: ::2_
i i 1 et
b N I 3
M i s
AN 2,
AN o
Hi g
T ~ o ; . ; : !
H 0 50 100 150 200 250 300
Ho
:|l'|:|”: —
W T 21
oo s
RIS >
YU i + 14
youon )
I."||l| >
0.480 . . . — i 2,
0 20 40 60 80 100 0 20 40 60 80 100
t t
(4) (B)

FIGURE 1. Numerical simulations performed for D = 5000 and ¢ = 0.02. (A)
The onset of oscillatory instabilities as 7 exceeds the Hopf bifurcation threshold.
(B) Long-time behaviour illustrating the instability and annihilation of a time-
periodic solution for values of 7 = 0.79 (top), 0.9 (middle), and 1.2 (bottom).

9. NUMERICAL VERIFICATION

In this section we illustrate the theoretical results of the previous sections by numerically

computing solutions of the time-dependent system (1.1) for a variety of 7 values and fixed
values of D = 5000 and ¢ = 0.02. For convenience we introduce the scaling

fl(:c,t) = e tu(z, t), H(z,t) = e to(z, t),
so that the nontrivial equilibrium from Theorem becomes O(1). Furthermore the system

(1.1) becomes

2
ut:ezum—u—i-uf, u>0 for O<z<1,t>0,

v
(9-1) T = Dvgg —v+e€ %, v>0 for 0O<z<1,t>0,

Uy = Vp = 0, for x=0,1, ¢t > 0.

With the (scaled) equilibrium from Theorem as the initial condition we can illustrate the
theoretical results given above by solving numerically for values of 7 below and above the
predicted Hopf bifurcation threshold.

The numerical solutions are calculated by discretizing the interval 0 < x < 1 into 1000 equidis-
tant points and using a second-order semi-implicit backwards difference (2-SBDF) implicit-
explicit (IMEX) time stepping scheme (see [15] for details) with a time-step size of 0.0001. Since
IMEX schemes use explicit (resp. implicit) methods for the nonlinear (resp. diffusive) terms they
are well suited for reaction diffusion systems where they can avoid the nonlinear solvers used in
fully implicit schemes and the small time-steps required in fully explicit schemes. In Figure [1| we
collect results of the numerical simulations for different values of 7. In [Ial we observe the onset
of an oscillatory instability of the value of 7 = 0.79 exceeding the Hopf bifurcation threshold
7, = 0.77107. On the other hand, when 7 = 0.75 < 7, we observe the solution settles to the
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original equilibrium. The long-time behaviour is shown in Figure where we have chosen
to plot log(1 + u(0,t)) to better demonstrate the solution’s variability. While the uppermost
subplot (7 = 0.79) appears to exhibit a stable limit-cycle solution, these oscillations are instead
large-amplitude instabilities cased by the instability of the trivial equilibrium for 7 < 1 (see [20]
for details). Indeed the middle subplot (7 = 0.9) shows how the oscillations eventually subside
and then lead to a substantial jump from the unstable zero-solution. Meanwhile the bottom
subplot (7 = 1.2) shows how the initial oscillatory instabilities subside and the solutions settles
to the trivial equilibrium solution. Together, the numerical results shown in Figure [I] illustrate
the theoretical prediction that the Hopf bifurcation is subcritical.
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