ON FINITE MORSE INDEX SOLUTIONS OF HIGHER ORDER FRACTIONAL
LANE-EMDEN EQUATIONS

MOSTAFA FAZLY AND JUNCHENG WEI

ABSTRACT. We classify finite Morse index solutions of the following nonlocal Lane-Emden equation
(=A)°u = [uP~lu R"

for 1 < s < 2 via a novel monotonicity formula. For local cases s = 1 and s = 2 this classification is provided
by Farina in [10] and Davila, Dupaigne, Wang and Wei in [8], respectively. Moreover, for the nonlocal case
0 < s < 1 finite Morse index solutions are classified by Davila, Dupaigne and Wei in [7].

1. INTRODUCTION AND MAIN RESULTS
We study the classification of stable solutions of the following equation
(1.1) (=A)*u = |ulP~tu R"

where (—A)? is the fractional Laplacian operator for 1 < s < 2. For various parameters s and p this equation
has been of attention of many experts in the field of partial differential equations.

1.1. The local case. For the case of s = 1, a celebrated result of Gidas and Spruck in [12] shows that the
only nonnegative solution solution of the Lane-Emden equation is u = 0 for 1 < p < pg where

_ o0 if n <2,
ps(n) = ni2 if n > 2,

that is called the Sobolev exponent. In addition, for the critical case p = pg(n) it is shown by Caffarelli-
Gidas-Spruck [1] that there is a unique (up to translation and rescaling) positive solution for the Lane-Emden
equation. For finite Mose index solutions (not necessarily positive), such classification is provided by Farina
in [10] and the critical exponent, called Joseph-Lundgren [16] exponent, is given by

(1.2) (n) 00 if n <10,
. Pel) = (n—2)%—4n+8vn—1 .
‘ (n—2)(n—10) if n > 11,
Note that p.(n) > pg(n) for n > 2.
For the case of s = 2, Wei and Xu [19] (see also Lin [15]) proved that the only nonnegative solution of
the fourth order Lane-Emden equation is u = 0 for 1 < p < ps where pg(n) is the Sobolev exponent, i.e.

00 if n <4,
(13) ps(n) = { n+d if n > 4.

Moreover, for the critical case p = pg(n) they showed that there is a unique (up to translation and rescaling)
positive solution for the fourth order Lane-Emden equation. For finite Mose index solutions (not necessarily
positive), Davila, Dupaigne, Wang and Wei in [8] gave a complete classification. The Joseph-Lundgren
exponent, computed by Gazzola and Grunau in [11], is the following

0 if n < 12,
(1.4) Pe(n) = nt2-/n?+4-nv/n?—sni32 ifn > 13,

n—6—v/n2+4—nv/n2?2—-8n+32
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The key idea of the proof of Davila, Dupaigne, Wang and Wei in [8] is proving and applying a monotonicity
formula. Note that a monotonicity formula for the second order equation is established by F. Pacard in [17].

We also refer the interested readers to Wei-Xu in [19] for classification of solutions of higher order confor-
mally invariant equations, i.e. s any positive integer.

1.2. The nonlocal case. Assume that u € C??(R"), ¢ > s > 0 and

ju(y)|
— __dy <
/Rn (1 + gtz =

so the fractional Laplacian of u

(1.5) (—A)*u(z) ::p.v./ Mdy

n T —y|nt2s

is well-defined for every x € R".

For the case of 0 < s < 1, a counterpart of the classification results of Gidas-Spruck [12] and Caffarelli-
Gidas-Spruck [1] holds for the fractional Lane-Emden equation, see the work of Li [14] and Chen-Li-Ou [5].
In this case, the Sobolev exponent is the following

00 if n < 2s,
(1.6) ps(n,5) = { nt2s if > 2s.

Very recently, for the case of 0 < s < 1, Davila, Dupaigne and Wei [7] gave a complete classification of finite
Morse index solutions of (1.1) via proving and applying a monotonicity formula. As a matter of fact, they
proved that for either 1 < p < pg(n,s) or p > ps(n,s) and

1—‘(% — pil)l—‘(s+ pil) F(n+42s)2

Prar(ess — =) Tz

p—1 2 p—1 4

the only finite More index solution is zero. In this work, we are interested in knowing whether such classifi-
cation results hold for finite Morse index solutions of (1.1) when 1 < s < 2.

There are different ways of defining the fractional operator (—A)® where 1 < s < 2, just like the case of
0 < s < 1. Applying the Fourier transform one can define the fractional Laplacian by

(CA)u(0) = [¢P*a(C)

or equivalently define this operator inductively by (—A)* = (=A)*~1o(—A), see [18]. Recently, Yang in [21]
gave a characterization of the fractional Laplacian (—A)®, where s is any positive, noninteger number as
the Dirichlet-to-Neumann map for a function u. satisfying a higher order elliptic equation in the upper half
space with one extra spatial dimension. This is a generalization of the work of Caffarelli and Silvestre in [2]
for the case of 0 < s < 1. See also Case-Chang [3] and Chang-Gonzales [4].

Throughout this note set b := 3 — 2s and define the operator

Apyw = Aw + éwy =y b div(y’Vw)
Y

for a function w € W22(R"+1 yb).
Theorem 1.1. [21] Let 1 < s < 2. For functions u. € WQ’Q(RT'l,yb) satisfying the equation

Alu, =0
on the upper half space for (x,y) € R™ x Ry where y is the special direction, and the boundary conditions

ue(x,0) = f(x)

313% YOy ue(2,0) = 0
along {y = 0} where f(x) is some function defined on H*(R™) we have the result that
() (&) = oy lim 0, Ay ()
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Moreover,

/ €2 [ule) 2de = Cs / V| Ay (z, ) Pdedy
R™ Ry

Applying the above theorem to solutions of (1.1) we conclude that the extended function wu.(x,y) where
x = (x1, -+ ,T,) and y € RT satisfies

Alu. = 0 in Rﬁ“,
(1.7) lim, 0 y°0yue = 0 in OR},
lim, 0 y°0yApue = ChslufP~lu in ORTH

Moreover,
/ \éIQSIU(S)\Qdfzcn,s/ Y| Apue (2, y) Pdady
R™ RY*Y

Then u(z) = ue(z,0).

For 1 < s < 2, Chen et al in [6] have classified all positive solutions of (1.1) for 1 < p < pg(n,s). The
main goal of this paper is to classify all (positive or sign-changing) solutions of (1.1) which are stable outside
a compact set. To this end, we first introduce the corresponding Joseph-Lungren’s exponent. As it is shown
by Herbst in [13] (and also [20]), for n > 2s the following Hardy inequality holds

JRGRE T
R™ R™

for any ¢ € C2°(R™) where the optimal constant given by

r(n«ZQS )2

An,s = 2% Ao
NGk

Definition 1.1. We say that a solution u of (1.1) is stable outside a compact set if there exists Ry > 0 such
that

) — 2
(1.8) /n /n dedy fp/Rn lulP~1¢? >0

for any ¢ € C*(R"\ Br,).
In the following lemma we provide an explicit singular solution for (1.1).

Lemma 1.1. Suppose that 1 < s < 2 and p > ps(n,s) then

(1.9) ug(z) = A\x|7%
where N . .
Ap71 _ F(§ — E)FQ(S + p.—l)
F(pi1)r(% - pi1)

solves (1.1).

Proof. From Lemma 3.1 in [9], we conclude that when 0 < ¢t < 1, for any —%2’5 <p< H_T%

2t—mn 2t—n
(1.10) (=A) |77 =y (B)|a] 2 T
where
1—\ n+2t+23 1—\ n+2t—203
(1.11) n(B) = 2% (n72ztlf2[3) (n72%+2ﬂ)
D= (=)
From the fact that (—A)® = (=A)o(—=A)! for 0 <t =s—1 < 1 we have

2t—n 2t—n

2t—n
(112) (AP = 5 (8)(=A)al *T* 72 =~y (B + 1y — D] “T 22
where n; = %T’” + B — 2t. Now using the change of variable t = s — 1 we get
(113) (7A)S|x 2S277L+ﬂ71 = *75—1(5)775—1(71 + Ns—1 — 2)“r| 252’"+672571

(1.14) = 1B n 4 mey —2) (Jo) 701
3




25;7L +8—25—1

where = P From this we conclude that 8 = ;E‘i + "_223 + 1. This implies
2 -
(1.15) us(z) = Alz| 7T
where
n—2s 2s
AP =) - 1
( 2 1" )

is a solution of (1.1) for
(1.16) /\(ﬁ) = —%—1(/5)%—1(71 + Ns—1 — 2)

Elementary calculations show that

I'(5 — 729 - 1)
(117) ’Ys—l(ﬁ) = 228_2 s - n—2s s
F(p_l)r( 22 T p—1 =+ 1)
and
n—2s
(1.18) a1 —2) 4(s+p1)( )
From (1.17) and (1.18) and using the property al'(a) = T'(a + 1) we conclude the desired result.

Here is our main result.

Theorem 1.2. Suppose that n > 1 and 1 < s < § < 2. Let u € C?**(R™) N LY (R™, (1 + |y|)"T2%dy) be a
solution of (1.1) that is stable outside a compact set. Then either for 1 < p < pg(n,s) or for p > ps(n,s)

and
F(g - pil)l—‘(s + pil) F(%%)Q

p S n—zs S > n—4sis
F(p 1)F( 22 ) 1) F(TZ)2

(1.19)

solution u must be zero. Moreover for the case p = p.(n ) solution u has finite energy that is

|u|p+1 ))2 < 00
o o Jan |x— |n+2s

If in addition u has finite energy then u must be zero.

Note that when s = 1 and s = 2 assumption (1.19) is equivalent to 1 < p < p.(n) where p.(n) is given
by (1.2) and (1.4), respectively. Here is the computation for the case of s = 1. Note that when s = 1 the
assumption (1.19) is

N%*;%Wﬂ+**) L(%?)?
L(;4)0(5 1——*) L)

We now use properties of the gamma function, i.g. T'(1 4+ a) = al'(a) for a > 0, to get
1 1 1
(1.21) r(”_ L) - (o \p(Pqo
2 p—1 2 p—1 2 p—1
1 1 1
1.22 14— ) = (2 \p(_1_
42 (51) - )G
-2

(1.20) P

p—

(432) - (o)

Substituting this in (1.20) we get

(55 )= ()

Straightforward calculations show that this is equivalent to 1 < p < p.(n) where p.(n) is given by (1.2).
Some remarks are in order. Even though the proof of Theorem 1.2 follows from the general procedure
used in [8] and [7], there are a few new ingredients in our proofs. First (in Section 2) we have derived the
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monotonicity formula involving higher order fractional operators. Second (in Section 3) we have developed
a new and direct method to prove the non-existence of stable homogeneous solutions. This method avoids
multiplication or integration by parts and works for any fractional operator.

The monotonicity formula we derived in Section 2 implicitly used the Pohozaev’s type identity. For higher
order factional operator the Pohozaev identity has been derived recently by Ros-Oton and Serra [18].

2. MONOTONICITY FORMULA

The key technique of our proof is a monotonicity formula that is developed in this section. Define

E(T‘,x,ue) = 7’25%_” / L 3 2S|AbUe‘2 C’ﬂ,s / ug‘i'l
]R"JrlﬂB (z0) 2 + 1 6Ri+lﬂ3r(wo)
s (p +2s—1 B n) T73+2s+p“j1 —-n / y3—2suz
p—1 p—1 R" T NOB, (z0)
s (p +25-1 n) 4 | +25727n/ 32502
p—1 p—1 dr R" OB, (z0)
2
4= 1 3 d PEoT +2s—3—n/ Y328 ( 2s Pl + 8“6)
2 dr R N0B, (o) p—1 or
2
+1i zsﬁ—ﬂ—n/ 2 Va2 — ‘aue
2 dr Ri+lﬂaBr(1}0) or

L oggetl g 3—2s 2 |Ouc ?
g Yy |Vue|” — 3
R NOB, (20) r

Theorem 2.1. Assume that n > 5132 1 + p2€ —b. Then, E(\, z,u.) s a nondecreasing function of A > 0.

=

Furthermore,

dE(\ x,ue)
dA

2
2.1) 2s 8ue>

> C(n,s,p) )\1)4%1"’23_2_"/ y3 23( Ut
R NOBA (z0) p—- T

where C(n, s,p) is independent from A.
Proof: Suppose that o = 0 and the balls B) are centred at zero. Set,

_ ' 1 C
(2.2) E(ue, A) := AZSpET / 1P| Ayue|Pdady — M/ up ™!
RIHAB, 2 p+1 Jorrting,

ve(AX) where X = (z,y) € R™!. There-

Define ve 1= Aptie, up(X) = /\%ue(/\)()7 and v} (X) = AT+

e

fore, Apu)(X) = v} (X) and

Ap) = 0 in R},
(2.3) lim, oy°0yu} = 0 in IR},
lim, 0 y°0,v) = Cps(u))’ in ORI
In addition, differentiating with respect to A we have
du}  dv}
24 = —=.
(24) dA dA
Note that 1 .
Blu ) = B 1) = [ SyredPdedy - e [ e
RIHNB, 2" p+1Jornting,

Taking derivate of the energy with respect to A\, we have

dE(u), 1 u)
(25) ( N ) :/ yb é\ n,s
d)\ R7+1+1QB1 d)\

|u Alp

ORYTINBy



Using (2.3) we end up with

dE(u, 1 dv) du)
(2.6) dB(uz, 1) :/ ybo) Ve dxdy—/ lim °9, v e
RN B; Z)

X X

From (2.4) and by integration by parts we have

dv / du?
byA b e

Yy = Y Apu
‘/Ri+1mBl ¢ d)\ Ri+1ﬁBl ¢ d)\

A A
— / VA -V (du) v+ / Apupyd, (d“e)
RYT'NB, dX AR} NBy) dX

Note that
du) du) du)‘
— VA, - V—29b = / div VAbqu” —= —/ iy Abu
/RfﬁlmBl dX RYTINB, ( ) dX 8(R1+1r131) ( ) dX
du? du>‘
b a2, \OUe b
- A - / Y0, (Agud)
/Rn+1mB1 b B(Ri“ﬂBl) d\
d A
- / 00, (Ayud) ke
O®R™NB)) dA
Therefore,
dv A du?
J swvto (52) - | 10, (Bpud) e
RYTINB, R NBy) AR TNBy)
Boundary of Riﬂ N Bj consists of &R’_ﬁ“ N B; and ]Ri“ N 0B;. Therefore,
dv? du>‘ du)‘
b, A @Ve Ao b
Ai*lﬁBl y e dA ‘/63R1+1OBI 'Ue yl_l;l})y Yy ( d)\ ) + 1m y e d)\

d’\ du
» by N Ple
Lm0 () 02,

where r = |X|, X = (z,y) e RT"" and 9, = V- £ is the corresponding radial derivative. Note that the first
A
integral in the right-hand side vanishes since 9, (W) =0 on IR, From (2.6) we obtain

dE(u, 1) v du) N dud
2. e/ € _ e
( 7) d}\ /Ri+1 maBl y ’Ue a’r d}\ 87“ (Ue ) d}\

Now note that from the definition of u) and v} and by differentiating in A we get the following for X € RT‘l

’U/A S
(2.8) d;gX) = i( 271 uM(X) 4+ roud (X ))
UA S —
(29) Do = S (R0 + o)

Therefore, differentiating with respect to A\ we get

Pud(X) | dud(X)  2s dud(X)
N2 A p—1 d
6

dud (X)

A dX

+ 70,




So, for all X € RT*' N oB,

dué‘(X)i 2s

(2.10) 0 (u2(X) = AL - (x)

(2.11) 0, (duig\X)) = Ad%;i(f) + p;iz 25 duiE\X)

(2.12) o, (v2(X)) = Ad”i(;() —2(79;_81_1)1;3()()

Substituting (2.11) and (2.12) in (2.7) we get

(2.13)7‘@(;5’1) = /RTWBI yPu) <AC§;‘3 + p—p1_—1 2 ‘Zf) —y (A‘il”f - 72(1’;_51_ 1%3) ‘il“f

d2u? du) dv? du)
b A e A e e e
A 3 - A

/Ri“maBly ( e T dA d)\)

Taking derivative of (2.8) in r we get

o) | ou) N 0 (dué‘) 2 ou)

r3r2+8r_ ar \d\ p—1 Or

So, from (2.11) for all X € R N 0B, we have

0?u) o (du p+2s—10u)
(214 v = (a) T

) /\dgué‘ p—2s—1du) o pt2s—1 )\dué‘_ 2s ”
dA? p—1 d\ p—1 dx  p-1
o d*u 4s  du} 2s(p+2s—1) ,

D2 p—1d (p—1)2 e

Note that
v = Ayu) =yl div(yPVud)
and on ]RT‘l N 0By, we have
div(y’Vu) = (trr + (0 + b)u, )0 + diven (00 V gnul)

where 61 = £. From the above, (2.10) and (2.14) we get

d?u) du) 4s 2s . p+2s—1
A 2 e e _ A o —b 7 " b . A
ve = N A (b p_1)+ue(p_1>( P n—>b)+0;" divs» (0] Vsnug)
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From this and (2.13) we get

dE(u), 1) b o d?u du V) Pud
2.1 e’ e e e
(2.15) X /RmmaB AN v N TP ) e
d2 )‘ du du?
2.1 ¢
(216) +/Rmmmg s (¥ ) %
du} d d2u) A
2.17 — oN— — (A2 A
(2.17) erinom L AN d/\< N2 Ue
(2.18) + ef;Ad ue €0 divgn (00 Vgnud)
Ri+lﬁaBl d>\2
du)
(2.19) + / 3608 (0°V snu))
R NOB, d)\
du)
2.2 — 9’&7 07 diven (0°V gn c
s and 3 := (p ‘;2_51_ L b). Simplifying the integrals we get
By, 1) Pu\’ d*u) du) dud\?
249 = 0° | 2X3 c 4N ——c ¢ BN =<
25%5 /RmﬁaBl I (d)\Q) AT Ty PR M
2
5i )\2)_1i )\3i du +éi(u,\)z
RmmaBl 2 d\2 2dx \ 7 dx \dx 2dA ¢
u) du d du)
ALY divgn (00 V gn diven 02V gn diven (0°Vgn e
—I—/RTrlmaBl D2 iven (07 Vgnu )+3 iven (0] Vgnu ) 0\ d)\( ivsn (07 Vgnu )) N

Note that from the assumptions we have o« — § — 1 > 0, therefore the first term in the RHS of (2.21) is

positive that is

223 <

From this we have

/ o
R 1(’] B
2,

d
+ / PRk
R NOB,

d\?
Ri + Rs.

d2>\

w 2
e) +4A2

dzué‘ dué‘
d\? d\

e 2(a

dE(u,1)
dA

Note that the terms appeared in R

d2

91)7 A A2
Jsnpm, i O
/ o4 [ysd (du\®
zitinos, AA |7 dA\dA
/ UA)Q
”+1maB

B d
2 d\?

dué‘ 2 BRI
=2
) = (VG

(e

divgn (9 Vsnu )+3d1V3n (9 Vsnu )

du2)2+2(a—ﬂ—1))\<

dX

dué‘ 2
0
d)\) ”

- (

du)
dA

a4
d\

A

e

/\3d

(/\(u )2) - % d\

du)
dA

X (leSn (9 VSnU ))

are of the following form

d? 4s
- % )\E—&-Q(s—l)—n/ ybug

dx? ( R} T NOB

d [ sd [ s 2s .’
- )\3 )\p_1+28—3—n/ b )\71 . €

d)\[ dA( e I M
_d 25—3+-25 —n b, 2

d (A ' R noB ytle

+ A

8



We now apply integration by parts to simplify the terms appeared in Rs.

Ry, = /]R"“maB )\ddz;;)‘ divgn (07V gnu)) + 3 divsn (07V gnu) )LZL)\ di)\ (diven (3 Vgnud)) d;}\g‘
N /w+1m331 ~OIAV s - Ve ﬁ;\? 300V snup - Vgn dd)\é +911’/\‘V5" Cizuf 2
) _g%; </RiﬂmaBl 9§’|V9u;\|2> - g% </Ri+1magl 91{|V0U;\|2> +2X R N0B, 0} Vo d;)\é\ 2
) _%di; (A /Ri“maBl 9§’|Vau22> - %% </Ri+1magl 9117|V9“?|2> +2A RIHNOB, 0 |Vo Ciiuf 2

s _1d )\/ PVl ) - 1L / 60 [V gul ?
- 2dA2 RiJrlﬁaBl 1 ¢ Qd)\ Ri+1m831 1 €

Note that the two terms that appear as lower bound for R3 are of the form

d? / d? ptl ou

- (A RIVour? | = -5 )\2‘%—1_”/ |Vul? —

d)\2 ( Ri+1ﬂaBl 1 d)\2 R1+1f—183>\ 8T
d / b 2 d 2s2%L —1/ b 2 ou
= BVl = = [AFEEn I T e
d)\ < Ri+1ﬂ831 L d)\ R1+1ﬂ83,\ 87“

p+4s 1

)
2)1

Remark 2.1. It is straightforward to show that n > p+125 implies n >

3. HOMOGENEOUS SOLUTIONS

In this section, we examine homogenous solutions of the form u = rif%lw(e). Note that the methods
and ideas that we apply here are different from the ones used in [7].

Theorem 3.1. Suppose that u = r_%w(ﬂ) is a stable solution of (1.1) then v = 0 provided p > Z%g‘: and
F(g - pil)r(s pil) F(%QSF

TGN — o5 T(52)

p—1 2 p—1

p

Proof. Since u satisfies (1.1), the function ¢ satisfies (we omit the P.V.)

\mrﬁw Iyl 7 TY(0)
/ ‘n+25 y
_ / 2]~ mﬁ( %fﬁt—%w(o)
(241 -2t < 0,0 >)"2" |z|r+2s
R i b as U
(t24+1-2t<0,0>)"%

s

T (0) — (o) .
+/( t" " dtdo]

+1-2t<0,0>)"%

] TP (9)

|z|"t" " Ydtdo where |y| =1t

2ps
We now drop |z|~»-1 and get

(3.1) ¥(0)An,s(0) + K 2: (< 0,0 >)((0) —¢(0))do = 9P (0)

§n—1 p*

where

1—t_7
Ap s .7/ / —t" Ydodt
g1 t2+1—2t<90>)



and

e tnflfﬁ
K2 (<0,0>) ::/ e dt
Pt o (BP+1-2t<6,0>) 2
Note that
1 " 1—=5 0 A 1-777
Ko (<b,0>) = / n+2edt+/ —dt
Pt 0o (P+1-2t<6,0>) 1 (BPP+1-2t<0,0>) 2

1 n—1—-2s_ 25— 1+
t -1 4+t -
= / Ct e dt
0o (BP+1-2t<6,0>)>2

We now set Ko(<0,0>) = fo ;" ot ;:(125 dt. The most important property of the K, is that K, is
(t241-2t<6,0>

decreasing in «. This can be seen by the following elementary calculations

1 —1l—a 2s—14«
—t" Int+t Int
0Ky = / ntt -
o (

24+1-2<b,0>)"%
/1 lnt( n—1- a+t25 1+a)
0

; e dt <0
(2+1—-2t< 0,0 >)"2

n+2s

w52 we have 2s —1+a<n—1-a.

For the last part we have used the fact that for p >
From (3.1) we get the following

(3.2) VO Ay + | Koa (< 0,0 >)(@(0) — (0)dbdo = / PH(0)d6
Sn—1 gn-1 P! gn—1

We set a standard cut-off function . € C}(R,) at the origin and at infinity that is n. = 1 for e < r < 1
and 7. = 0 for either r < €/2 or r > 2/e. We test the stability (1.8) on the function ¢(z) =r e

= (0)e ().
Note that
#(@) — ¢y) V(O)n(r) — [y~ 5= v(o)n(ly])
R™ |.’IJ— |n+25 yi//gn 1 7"2+|y|2—27"\y|<9 o,>)”+29 dO’d(|yD

Now set |y| = rt then
6o 8)y, — oaes [T [ O
e @ —y[rt gn-1 t2 1-2t<6,0>

/ Y(O)n(r) =t~ P(o)n(r) +17 = () (0) = n(r) (@) 1,
g1 (t2+1—2t<60—>)”+2§

(0 / / = " ltdo
©) st (2412t < B,0>)"%

n—2s

/ / "= (W(0) ~ ()
st (2412t < 0,0 >)"F

n—2s

/ / - 177(77(7’)*77(7’75))1/1( 9) dtdo
sn-1 +1-2t<0,0>)"%

2s

(o)n(rt)

+2s
)n

t" Ldtdo

Define A,, ; := fooo Jons o 12tt<920>)"+23 t"~ldodt. Therefore,
(b x)— ¢ Yy —n_g
o) =0 gy~ s n(r)p(O)Ans

R® |$ _ y|n+2s
+r_%_s r)/ Kn 2s (< 9 g >)(w(6) - 11)(0))d0
sn—1

/ / n(r) = n(rt))d(o) . .
gn-1 t2+1—2t<9 o >)




Applying the above, we compute the left-hand side of the stability inequality (1.8),

/n/nWW= // |x_y|n+2f)dd

= / =% (r)dr P2, o6
0 Sn-1

+2 /00 r—tn?(r)dr Kn2 (< 0,0 >)4(0) —(c))*dodd
0 gn—1 2

(3.3) 12 /0 h { /0 T ) () — n(r) dr} /S - /S - tzi; 2t<9<00)¢>(‘)92+23 dododt

n—2s

We now compute the second term in the stability inequality (1.8) for the test function ¢(z) = r~ "=z (0)n(r)
and u = 1"7%1/}(9),

p/ |u‘p—1¢2 _ p/ 7“_237‘_("_23)’(/}17+1772(7">d7“
0 0

(3.4) = p/ooo i (r)dr /Sn_1 YPTL(0)do

Due to the definition of the 7., we have [;°r~'n?(r)dr = In(2/e) + O(1). Note that this term appears in
both terms of the stability inequality that we computed in (3.3) and (3.5). We now claim that

fu(t) = / T () (ne(r) — me(rt))dr = O(In )

Note that ne(rt) = 1 for £ <r < X and n(rt) = 0 for either r < £ or r > 2. Now consider various ranges
of value of t € (0,00) to compare the support of n.(r) and 7n.(rt). From the definition of 7., we have

2
£ = [ ) o) = ()
In what follows we consider a few cases to explain the claim. For example when € < § < % then
2

fe(t)%/ r‘ldr—i—/e r~ldr ~ Int
€ 1

2

Now consider the case = < < 1 then ¢ ~ €2. So,

£ 2
fe(t)%/ rildr—i-/ r~tdr~Int+1Ine~Int

€
2 t

Other cases can be treated similarly. From this one can see that

(3.5) / N { / T @) ) — n(rt) dr} /S - /S - t2+1t"2_::;2; e Voo

n— 25

(3.6) / / / T E I (0 dtdods
. ~ o o
gn-1 Jgn1 (2+1-2t<0,0>)"5
3.7 =
Collecting h1gher order terms of the stability inequality we get
(3.8) Moo [ 02+ [ Kaa(< 0,0 >)@(0) ~b(0)2do = p [ g
Snfl Snfl Snfl

From this and (3.2) we obtain

(s =pAne) [ 04 [ (o =K 2 )(< 00 2)0(6) = (o) > 0

11



Note that K, is decreasing in «. This implies K n-2. 20 < K 2o for p > Z*‘g; So, Kn-2s 20 — pK 2 < 0. On

the other hand the assumption of the theorem 1mphes that An s —DAp s <O. Therefore 1 = 0.
O

Remark 3.1. Note that in this section we never used the fact that 1 < s < 2. So this proof holds for a
larger range of the parameter s.
4. ENERGY ESTIMATES

In this section, we provide some estimates for solutions of (1.1). These estimates are needed in the next
section when we perform a blow-down analysis argument. The methods and ideas provided in this section
are strongly motivated by [7, 8.

Lemma 4.1. The following identities hold for any functions ¢ and n,

(A1) ACALC) = AP = =CPAun|* + 2¢A|Vn|? — 4|VC - Vnl* = 4CAmVE - Vi
(4.2) Ap(Cn) = nAs¢+ Ay +2V(-Vnp
Proof. We omit the proof, since it is elementary. O

We apply the given identities to get some energy estimates.

Lemma 4.2. Let u be a solution of (1.1) that is stable outside a ball Br, and u. satisfies (1.7). Then there
exists a positive constant C' such that

@y [l [ s < c / a2 (|Anf? + [V P|+ [V V)
OR™ R?
(14) e / el A [V
Rn+1
i
Proof. Multiply the equation with y®un? where 7 is a test function to get

0 = / yb(uen2)Ague=/ uenzdiv(beAbue)
Ry

n+1
R+

Rn+1 y—0

—/ N YV (uen?) - VA, —|—/ lim %0 , (Apue) (uen?)
Ry o

7\/ be(ueUQ) . VAbUe +On,s/ |ue‘p+1772
Ri—%—l 1é)

n+1
R+

From this we get

(4.5) Cn,s/ |u [PHLy? / Y Ao Ap(uen?)
OR% T Ry
Apply Lemma 4.1 for { = u, we get
Cow [ tulPip = [ P [ iAoz [ g VP
ORY, RY RY RY
(4.6) —4/ Y|V, - V|2 — 4/ yPue AV, - Vi
1-%—1 Ri-H

Note that the last integral is

i et = <2 [ A )V
& Ry

2/ ., e div(y" Ay V) =2/ L Y (Bl + V- VA)
e e

12



From this and (4.6) we get

47 Cun / PR = / o1y (g + 2 / yPue Ay Vil
anﬂ“ Ri“ Ri“

(4.8) —4/ ybIVue~V77|2+/ yPud(|Apm|? 42V - VA)
Ri+l Ri+1
We now apply the stability inequality (1.8) for ¢ = un to get
(49) o e N
R”™ Ry *
From (4.9) and (4.7) we obtain

/ e [PHU2 4 / PlA(uen)? < C / P luel | Do || Vn]? + C / W |V 2| Vnf?
6R1+1 Ri+1 Ri+1 R1+1

(4.10) +C lybu3(|Abn|2 + |V - VA|)

n-+
RY

Note that from Lemma 4.1 we have Ap(uen) = nApue + ueApn + 2Vu, - V1. So from (4.10) we get

(4.11) / e PP / A < C / yPlucl| Ay [V + C / Y|V V2
R R+ Ry R+

(412) 4 [ a8l + (90 9 )
Rn 1

+
Note also that 2|Vu,|? = Ap(u2) — 2ucApu,. Therefore,

(4.13) 2 [ VeVl = [P -2 [ b 9
R R": R

+

(4.14)

[ vrengval =2 [ a9
R1+1 R1+1
From this and (4.11) we get
e B A ol AR LY
+ + +
(415) 4 [ AP + (90 VA + 8] T
R}

This finishes the proof.

O

Corollary 4.1. With the same assumption as Lemma 4.2. Then there exists a positive constant C' such that

(4.16) / |ue [P + / v | Apu)® < CR™ ybu?
BrNORTT! BrORT! BrMR}T!

Proof. This is a direct consequence of the estimate (4.3). Substitute n with n™ in (4.3) for a number

3 < m € N. Therefore
(417) m? / P ael | Dy [ V2722 < e / | Ay Pun®™ 4 C(e) / yPuznPm |t
R1+1 R1+1 Ri+1

for a small enough € > 0. One can apply the standard test function to finish the proof.

Lemma 4.3. Suppose that u is a solution of (1.1) that is stable outside some ball Bg, C R™. Forn €

C°(R™\ Bg,) and x € R"™ define
(4.18) plz) = /n Mdy

|z —y[n+2e
13



Then

2
(4.19) / lulP T n?de +/ / — uy)n(y)| dzdy < C’/ u? pdx
R™ n n |£L' - |n+28 R™
Proof. Proof is quite similar to Lemma 2.1 in [7] and we omit it here. O

Lemma 4.4. Let m > n/2 and v € R™. Set

(4.20)

)= [ DI by where i) = (1-+ of2)

|.Z‘ ‘n+25

Then there is a constant C = C(n,s,m) > 0 such that
CT 1+ |2) ™7 < p(a) < C(1 + [z*) /2

(4.21)

Proof. Proof is quite similar to Lemma 2.2 in [7] and we omit it here. O

Corollary 4.2. Suppose that m >n/2, n given by (4.20) and R > Ry > 1. Define

pute) = [ O 4y here ni(a) = nie/ R/ Bo)

(4.22)

|z — gyt

for the standard test function v that is ¢ € C®(R™) and 0 < ¢ < 1,19 =0 on By and ¢ =1 on R™\ Bs.
Then there exists a constant C > 0 such that

pr(x) < Cn*(z/R)||~"*2%) + R™*p(x/R).

Lemma 4.5. Suppose that u is a solution of (1.1) that is stable outside a ball Bgr,. Consider pgr that is
defined in Corollary 5.2 for n/2 <m < n/2+ s(p+1)/2. Then there exists a constant C > 0 such that

for any R > 3Ry

/ u’pr < C / ulpp + RYPET
n Bsg,

Proof. Proof is quite similar to Lemma 2.4 in [7] and we omit it here. g

Lemma 4.6. Suppose that p # Ztgi Let u be a solution of (1.1) that is stable outside a ball Br, and u.
satisfies (1.7). Then there exists a constant C > 0 such that

for any R > 3Ry.

+1
/ y u2 < CRn+4 25p
Br

Proof. The extension u, satisfies

From this we have

/ y* "2 uldady
Br

IN

IN

n,s

Cn,s

yQS
a(x,y) < Cn,s/ u?(2) ——dz
RTL

(Jo = 22 +2) 5"

R y3
/ @/ edy | dedo
z|<Rz€R" 0 (lz—zP2+y?) =

/.
/.

R? R?
(2) / (2 — 22 + a2)'= 3 ~*da — \x—z|2/ (jz — 22 + a2)~3~*da
2| <R, ze]R" 0 0

wensen 2T 5+ [l = 2?7 = (jo - 22 + R%)*7 3 *dal
Z€ER™

s [ e =P (G s = 1) [l — 2P + B~ (i = 2ol
|z|<R,z€R™ 2

We now split the integral to |z — z| < 2R and |z — z| > 2R. For the case of |z — z| < 2R we get

14



| w222+ 5+ )7 (o — 2P = (o — 2+ B8]
|z|<R,|z—z|<2R 2

+/ ul(z)|z — APE+s—1)7" [(Jz — 2> + R*)"27° — (lz — 2?)* 2]
|2|<R,|Jo—z|<2R 2

IN

c up(2) (|l — 2> 5
|z|<R,|z—z|<2R

2/(p+1) (p—1)/(p+1)
R4*23/ ug(z)dz < CRY % </ |u|p+177]2%> (/ 771—{4/(1)—1))
Bsr Bsr Bsr

- 2/(p+1)
< ot ([ o)
Bsr

p+1

S CRn+472SP*1

IA

Here we have used Lemma 4.3 and Lemma 4.5. For the case of |z — z| > 2R we apply the mean value
inequality to get

/ UE(Z)(—Q + 2 + S)_l [(|$ — Z|2)2—%—s — (|.’L‘ _ 2‘2 + RQ)Q—%—S]
|z|<R,|z—z|>2R 2

n

+ [ W) — 2P (5 s )7 (o — 2P B (2P
2| <R,|Jo—z|>2R 2

3

< on | W22 — )%
|z|<R,|Jz—2|>2R

< CR! / u?(2)pdz
|2|>R

< CRn+472s % ]

Here we have used Corollary 4.2 and Lemma 4.5. This finishes the proof.
|

Lemma 4.7. Let u be a solution of (1.1) that is stable outside a ball Br, and u. satisfies (1.7). Then there
exists a positive constant C such that

(4.23) / wlte [ < R
BrNORYT! BrNR} T
Proof. This is a direct consequence of Corollary 4.1 and Lemma 4.6. O

5. BLow-DOWN ANALYSIS

In this section we provide the proof of Theorem 1.2.

Proof of Theorem 1.2. Suppose that u is a solution of (1.1) that is stable outside the ball of radius Ry
and suppose that wu,. is its extension satisfying (1.7).

Let’s first consider the subcritical case, i.e. 1 < p < pg(n). Note that for the subcritical case Lemma
implies that w € H*(R"™) N LP*1(R™). Multiplying (1.1) with u and doing integration, we obtain

(5.1 [l =l

in addition multiplying (1.1) with u*(x) = u(A\z) yields

/ \u|p71u)‘:/ (—A)S/Zu(—A)S/zuA:)\S/ wwy,

15



where w = (—A)*/?u. Following ideas provided in [8, 18] and the using the change of variable z = v/Az one
can get the following Pohozaev identity

25 — d
_Z% ulPtt = %/ w? + ab\:l/ w M VA =
Rn n n

ully g,

This equality together and (5.1) proves the theorem for the subcritical case.
We now focus on the supercritical case, i.e. p > pg(n). We perform the proof in a few steps.
Step 1. limy_o0 E(ue,0,A) < 00.
From Theorem 2.1 E is nondecreasing. So, we only need to show that E(u.,0,\) is bounded. Note that

1 2 1 2N A
E(ue,0,)) < 7/ E(ue,0,t)dt < —/ E(ue,0,y)dydt
A JA A S

From Lemma 4.7 we conclude that

22
1 C,
/ 728%7'ﬂ / 3725 | Ayue [2dyda — &/ uPtdx | dydt < C
A Je R"'NB, 2Y +1 Jorrting,

where C' > 0 is independent from A. For the next term in the energy we have

1 2\ t+A ts 1 2\
ﬁ / / 773+25+ﬁ*n / ygiqugdydI‘ d’}/dt < F / =
A Jt R} T'NOB, A

A

B / v 2 uldydrdt
By \Bq¢

22
< %/ t—3+2s+p4%1—n (/ ySQSuzdydx) dt
pt1 1 22 4s
S )\n+4 25 )\2/ t73+28+pjfndt
A
< C

where C' > 0 is independent from A. In the above estimates we have applied Lemma 4.6. For the next term

we have
2N ptA 2
72 d | os-3-n4te / 325 (25 1 Due
_— p— _ e+ — ddt
>\2// 2d[ vopTrY et ) |9
1 2 47 au 2
— t A s— n+ e
e /. TSy /aB wt 5
_as [ 28
y>? (7 Lue + > Jdt
OB p_l
3 22 tHA 25—1 4 4s 3-2 2s 1 aue 2
—— ST ST -8 U, drydt
2A2/A / i ' /aBy (p—ﬂ “*870) !

—242s—n+ 22 3—2s 8ue ?
< A p—T y <C
B3x\Ba - 1 57"

where C' > 0 is independent from A. The rest of the terms can be treated similarly.
Step 2. There exists a sequence \; — oo such that (u)?) converges weakly in H. (R",y*~2dzdy) to a
function ug®
Note that this is a direct consequence of Lemma, 4.7.
Step 3. ug® is homogeneous.

—t°°
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To prove this claim, apply the scale invariance of F, its finiteness and the monotonicity formula; given
Ry > Ry > 0,

0 = lim (E(ue,0,Ra);) — E(ue,0,R1)\;))
71— 00
= lim (B(u)",0,Rs) — E(u)}',0, Ry))
71— 00
" 2 our \?
Z hm inf y3—257.p471+25727n (Sr—lué\i + Ug > dyd(E
1700 J(Bry\Br, MR p—1 or
2
> / yPBp T2 (28 rtu + 8“30) dydz
(Bry\Br, NR7H p—1 or
In the last inequality we have used the weak convergence of (u)?) to u2® in H} (R",y*~2*dydz). This implies
2 ou®
pjlr_lugo + % =0 ae. in R}

Therefore, ug® is homogeneous.
Step 4. ug® =0.
This is a direct consequence of Theorem 3.1.
Step 5. (u)?) converges strongly to zero in H'(Bgr \ B,y ?*dydz) and (u?) converges strongly to zero in
LPFY(Bg\ B.) for all R > ¢ > 0.

Step 6. u, =0.
I(ue,X) = I(u2,1)
1
= 5/ ) v Ayul [Pdady — Hsl / lup [P da
R"NB, p+1Jorr+ing,
1 )
= 5 [ APy - S [t
RHNB, p+1 Jorr+ing,
1
+*/ y3725|Abu2‘\2dmdy . / \ué‘\pﬂdaz
2 Jrrt'nB\B. p+ 1 Jornt1nB,\B,
s(p+1) 1
= & I(ug, Ae) + f/ 32| Ayu Pdady — — / [u) P dx
2 R7HNB;\B. P+ 1 Jorm+nB\B.
s+ 1 ;
< CeRT +§/ y> 72| Au) [P dedy — Hsl/ [u) [P dx
R"+1B;\B. p+ 1 Jorn+inB,\B.
Letting A — +o0o and then ¢ — 0, we deduce that limy_, 1 o I(te, ) = 0. Using the monotonicity of E,
1 [ 2s(p+1)
(5.2) E(ue,\) < 1 E(t)dt < sup I +CAX "1 T / u?
A X220 B2x\Bx

and so limy—, oo E(ue, A) = 0. Since u is smooth, we also have E(u.,0) = 0. Since E is monotone, E = 0
and so u must be homogeneous, a contradiction unless u, = 0.

Remark 5.1. Note that we expect that when (1.19) does not hold that is when
T(3 — =0)0(s + 557) _ r(nt2s)?

p—1

Prar(ess — =) ~ T(=2)

p—1 2 p—1

(5.3)

there exist radial entire stable solutions. The method of construction of such solutions is the one that is applied
in [7] and references therein. More precisely, one needs to mimic the standard proof for the existence of a
minimal solution that is axially symmetric for the associated problem on bounded domains. Then applying
the truncation method and the moving plane method one can show that the minimal solution is bounded and
radially decreasing. From elliptic estimates and some classical convexity arguments the minimal solution
would converge to the singular solution that is stable. This implies that (5.3) should hold. Finally using
the singular solution and the minimal solution one can construct a radial, bounded and smooth solution via
rescaling arguments.
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