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ABsTRACT. It has been established that the local mass of blow-up solutions to Toda systems associated with the
simple Lie algebras A,, B,,, C, and G can be represented by a finite Weyl group. In particular, at each blow-
up point, after a sequence of bubbling steps (via scaling) is performed, the transformation of the local mass at
each step corresponds to the action of an element in the Weyl group. In this article, we present the results in
the same spirit for the affine B(Zl) Toda system with singularities. Compared with the Toda system with simple
Lie algebras, the computation of local masses is more challenging due to the infinite number of elements of the
affine Weyl group of type B(Zl). In order to give an explicit expression for the local mass formula we introduce
two free integers and write down all the possibilities into 8 types. This shows a striking difference to previous
results on Toda systems with simple Lie algebras. The main result of this article seems to provide the first major
advance in understanding the relation between the blow-up analysis of affine Toda system and the affine Weyl
group of the associated Lie algebras.
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1. INTRODUCTION AND MAIN RESULTS

The main focus of this article is to derive the relation between the quantization result from the blow up
analysis and the associated algebraic structure for the following system

3
Au;+ Y a;jei =4ny; 6y in Bi(0)CR?,  i=1,23,
(1.1 j=1

up+uy+2uz3=0 in  By(0),
where y; > —1 for i = 1,2, 3, ¢¢ stands for the Dirac measure at the point O and
1 0 -1
(1.2) A=(j3=|0 1 -1
b

Up to a constant one sees that the coefficient matrix A is exactly the Cartan matrix of affine Lie algebra B(zl)
and we call (1.1) the affine B(zl) Toda system. Let

Uy =-w+n, up=-w-1n, Uu3=w,
then (1.1) is equivalent to

Aw+e® — %e_“”” - %e““_” = 4my360,
(1.3)

An+ %e‘“”" - %e‘“’_" = 27(y1 —7y2)00.
When y| =y, =0, system (1.3) is related to minimal surface into S* without superminimal points [18] and

also appeared in the work of integrable system by Fordy-Gibbons in [19]. If 7 = 0 then system (1.3) is
reduced to the simplest affine Toda system, i.e., the well-known sinh-Gordon equation

(1.4) Au+eée*—e™ =0,

which was originally introduced by Edmond Bour [7] in the study of surfaces of constant negative curvature
as the Gauss-Codazzi equation for surfaces of curvature —1 in 3-sphere, see [30, 48, 51] for its further
applications in many other mathematical and physical problems. It is also interesting to remark that system
(1.3) shared some similar structures with the rank two 77 Toda system (1.5) which appeared in the work
of Cecotti-Vafa (see [9]) on topological-anti-topological fusion,

Awg —e" + e2W1=wo) — ()
(1.5 |
Awy +e W — 27wl —
Indeed, if we write
1
V1 = Wwo, V2 = —WwWq, V3 = E(Wl —Wo),

then (vq, v, v3) satisfies

Vi Vi
Alvy|=A[v] =0, vi+vy+2v3=0,
V3 V3

which differs from (1.1) only in the sign of A. For more backgrounds and recent developments on 77 Toda
system we refer the readers to [20-23] and references therein.

From the analytic point of view, one of the fundamental issue is to establish the compactness result of the
solution space of system (1.1). It is a very challenging problem due to the critical nonlinearity in dimension
two and lack of compactness in general situation. One of the important techniques attacking this issue is
the so called blow up analysis method, which dates back at least to the famous work of Sacks-Uhlenbeck
[50] on the investigation of the blow up phenomena for two-dimensional harmonic maps. Since then, there
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are a lot of works concerning the blow up analysis for harmonic maps [15, 17], minimal surfaces [52], the
Yamabe equation [1, 10], the Liouville equation and systems [3, 8, 11-14, 34, 35, 46] and Toda system of
simple Lie algebras [27-29, 36, 38-41].

Among the aforementioned equations, Liouville equation and Toda system of simple Lie algebras have
the closest relation to the system we considered in the current article. In the pioneering work of Brezis-Merle
[8], Li-Shafrir [35], Li [34], Bartolucci-Tarantello [3, 4], Lin-Kuo [33], Wei-Zhang [54-56], the blow up
phenomena for the single Liouvlle equation with singularity has been fully understood

Au+eé" =4drady, a>-1.
After that, the following Toda system has been widely studied (See [5, 6, 16, 27-29, 31, 32, 3641, 45, 47])

n
(1.6) Aui+)_ajje" =4maid, a;>—1, i=1,--.n,
j=1
where A = (a;;)uxn 1s the Cartan matrix of a simple Lie algebra of rank n. It is known that all the simple Lie
algebras are A,, B,, C,, D,, Eg, E7, Eg, F4 and G;. In [27, 29], the authors initiated the study on the blow
up analysis for the A, Toda system. The first step of the blow up analysis is to classify the possible values
of the local mass at a blow up point p, which is defined as

. k .
A
for a sequence of blow up solutions {(u’]c ,u’é)}. Under some mild assumptions Jost-Lin-Wang [27] proved
that the local mass value (o71(p),02(p)) belongs to the following set

{(0,2),(2,0).(0,4),(4,0),(4,4)}.

Since then there has appeared several works [36, 38, 39, 41] concerning the compactness issue for rank
two Toda system with simple Lie algebras A;, B>(C;) and G,. While for Toda system with rank »n > 3,
Lin-Yang-Zhong [40] considered the cases for A,, B,, C, and G,. Especially, they have shown that the
formula of the local mass has a deep connection with the Weyl group of the corresponding Lie algebra. In
more precise terms, we consider the A, type Toda system, we set

,8,-:1+ozi, i=1,~-~,n.

Then the local mass for the blow up solutions to (1.6) at the singular point O can be represented by

i1/ f() J
(1.7) Ti(0)=2) (Zﬁg—Zﬂg) +2N;, i=1,-,n,

j=0 \¢=1 =1
where N; € Z forany i = 1,--- ,n and f is a permutation map from {0,--- ,n} to itself, which is exactly iso-
morphic to the associated Weyl group of the A,, type Lie algebra. The essential point of obtaining the above
formula (1.7) is that for the Lie algebras of types A, B,, C, and G the solution is related to an complex
ODE whose coefficients are the W-invariants of the Toda system. The crucial fact of the corresponding
ODE is that the local monodromy matrix is unitary. It is interesting to mention that the representation of
the underlying Lie algebra plays a vital role in deriving the ODE. For the other types of Lie algebras, even
though we are only able to get a pseudo differential operator instead of an ODE (see [2]), one can derive the
local mass value for D4 and F4 Toda systems. The reason is that any sub-system belongs to one of A,, B,
or C, type Toda systems with lower rank, see [31].

In the current article we shall compute the local mass value of the blow up solutions to (1.1) and try to

connect it with the associated algebraic structure of the affine Lie algebra B(zl). It is known that (see [44]

for instance) the corresponding algebraic structure of B(Zl) is the following affine Weyl group: letting G be a
group generated by the following generators

(1.8) G =Ry, Ry, R3)
3



with R;, i = 1,2, 3 satisfying
RioRy =R20Ry, [R1oRy =2,
(R1oR3)> = (R3oR1)>, R oR3| =4,
(Ra0R3)> = (R3oRa)>,  [Rpo M3 =4,
RI=RI=R3=3, [Ri=2,i=1,23,

where J and o denotes the identity and the operation of G respectively, |R| represents the order of the element
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R, i.e., R¥ = 3. To simplify the notation, we omit the operation notation ” o in this article and denote
Ri2 =R, Riz = (F1R3)%, Rz = (Fa93)°.

To state the main result, we formulate the problem as follows.
Let u* = (u'l‘, u’ﬁ, ug) be a sequence of blow up solutions to (1.1) satisfying the following conditions

(1.9)

OF 0 is the only blow up point of u® in B(0), i.e.,
max sup ui-‘(x)+2yl~log|x| — 400 and max  sup ui-‘ < C(K),
(1.10) I xeB(0) I KCB(0)\{0}
(iD): b)) —uf(y)| < C, Vx,y on 8B1(0), i=1,2,3,
k .
(i) fBl(O)e“tdxs C, i=1,23.
For this sequence of blow up solutions we define the local mass by
1
(1.11) ;= — lim lim e“tkdx, i=1,2,3.
T r—0k—+oco B,(0)
We shall see in next section that o = (071, 03,073) always satisfies the Pohozaev identity
(1.12) (o1 —(1'3)2 + (0 —0'3)2 =4(u1o1 + oo +2u303), where y; =1+vy;, i=1,2,3.
For a given p = (uy,uz,13) we introduce the set I'(u) = I'(uy, up,u3) for the local mass quantity o via the
following way:
(1) 0=(0,0,0) e I'(p).
(i) If o= (01,02,03) €'(u), then Ro € I'(u) for any R € G satisfying (1.8) and (1.9), where each generator
R;, i=1,2,3 sends o to R;o with
3
4ui=2> ajioi+o;, if j=i,
(mia')j _ i ]; ijv j i
j, if j#1i.
Here, (a;j)3x3 is given in (1.2).
It is easy to see that for any o = (071,02,03) € ['(), 07 is a degree one polynomial of y, u» and u3. Now
we are able to state the first result of this article

Theorem 1.1. Let u* = (M]lC ,ué, ué‘) be a sequence of solutions of system (1.1) satisfying (1.10) and the local
mass o = (01,03,03) be defined by (1.11). Then there exists & = (6"1,02,03) € I'(w) such that

oi=0;+4m;, m;eZ, i=1,2,3.
In section 3 we can give an equivalent definition of I'() in some concrete way. We have already pointed
out o satisfies (1.12), based on this fact we shall prove that (see Proposition 3.4)

3
(1.13) T(u) =Tn(p) = { o | o satisfies (1.12) and 0y =4 Y _njju;, nyj € NU{O}, i=1,2,3
j=1
In fact, we can give explicit formulas for the coeflicients n;;, i, j = 1,2, 3, see Theorem 3.7. As a consequence,

we can restate the Theorem 1.1 as the following corollary
4



Corollary 1.2. Under the setting of Theorem 1.1 we can find 6 = (61,52,53) € I'y(u) such that
oi=0;+4m;, m;eZ, i=1,2,3.

Remark 1. By the fourth equation of (1.1), y1, v2, v3 are forced to verify that y; +vy, +2y3 = 0. Actually,
the conclusion of Theorem 1.1 still holds if we replace the fourth equation of (1.1) by ull‘ + u'2C + 2u§ = Cy with
Cy being uniformly bounded from above for any k.

Remark 2. The computation on the local mass for (1.1) without singularity is given by Liu-Wang [43], they
have shown that each o is multiple of 4, see Remark 7 for the explicit expressions. When u; = up, system
(1.1) is reduced to the sinh-Gordon equation (1.4) with singular source (see system (7.2)). In Section 7 we
shall present the results on the computation of its local mass, which extends the corresponding quantitative
results of the sinh-Gordon equation (1.4) in [24, 25, 30] to the case with singularity.

Remark 3. In [40] we have already seen that the Weyl group of the corresponding Lie algebra plays an
important role in determining the local mass of the blow-up solutions. From the result of Theorem 1.1 and
Theorem 3.7, we find that similar things also happen for the affine Toda system. However, there is a major
difference between these two types of systems. In the former one, the Weyl group is just the permutation
map from {0,1,--- ,n} to itself and the number of elements is finite; while for the later one, from the work
[24] and [43] we see that there are infinite choices for the values of local mass due to the fact that the
corresponding affine Weyl group has infinite number of elements. Even though it is not difficult to guess
that there are two free integers in the expression of the local mass for Bgl) Toda system (there is only one
free integer for the sinh-Gordon equation and Tzitzéica equation, see [24, 25, 30] and [26, 53] for these
two equations respectively), it is not easy to write all of them in a clean form. Instead, we have found that
there are 8 types of expression formulas according to the remainder integers after modulo the number 4, see
Theorem 3.7 for details.

Theorem 1.1 has several important applications for the affine Toda system defined on compact Riemann
surface. For example, let (M,g) be a compact Riemann surface, A, be the Beltrami operator on M, we
consider a sequence of solutions uf = (u’f, u§ u§ ) to the following system

_|Al/1|> =47y ap; <6p—ﬁ), i=1,2.3,
peS

k
hl; el

3
Agulf + 3" a0k
(1.14) R R

e
Sytte'iav,
uk+ub+2u5 =0 on M
1T 3 ’
where i, hk,h§ are positive and smooth functions on M with their C3(M) norm being uniformly bounded in

M, S is a finite set of M, a,; > —1 is the strength of the Dirac mass ¢, and ok = (p’l‘,pé,p’g) is a sequence
of constant vectors with nonnegative components satisfying klim p" = (p1,p2.p3). As the Toda system with
—+00

simple Lie algebra and Liouville equation, (1.14) can be regarded as a natural extension of the local version
(1.1) to the case on Riemannian manifold. Equation (1.14) together with (1.1) are closely related to the
nonlinear Klein-Gordon equations ([19]) and the minimal tori in S* ([18]). We notice that (1.14) remains
the same if u; is replaced by u; + ¢; for any constant ¢;. Thus it is reasonable to assume that each component
of u¥ is in

H' (M) = {fe H'(M) | / fdv, = o}.
M
Simultaneously, from the equation u’f + ué + 2u§ = 0 one can easily verify that
(1.15) ap1tapr+2ap3=0, VYpeS.
By introducing the following Green function on Riemann surface M

1
AG(x,p)+ <6p - |M|) =0, / G(x,p)dV, =0,
M
5



we decompose

uf(x) = i (x)—4n Y piG(x.p),  i=1,2.3.
peS

Then (1.14) can be rewritten as

(1.16) Ag”ﬁzlaz‘jpj = an | =0, =123,

-~ le.
J= thI;'e Jdvy
ok mk Ak _
ity +i, +2ii3=0 on M,
where

RE=hfexp | —4m) e, Glx.p) |, i=1,2.3.
peS

Letu,; =1+ap;fori=1,2,3 and denote

ri = 27T E O-p,i + 87Tmi | (0-[7,1’0-17,270—[),3) € F(ﬂp,laﬂp,Za/’lPG)a R g Sa m; € Z
PER

The second result in this article is the following a priori estimate for the system (1.16).

Theorem 1.3. Suppose that p; ¢ I; for i = 1,2,3. Then there exists a constant C > 0 depending on p; such
that for any solution (iiy, iy, i13) of system (1.16) in H'(M),

li;(x)| <C, VxeM, i=1,273.

To prove Theorem 1.3, we shall determine the local mass at each blow-up point of solutions #i*. Here the
blow up point p is defined by

d a sequence pk — p such that max ftf(pk) — +400.
4
The set B of all blow up points is called the blow up set. For each point p € B we define the local mass by

k Jok s
Pi fB(p,r) hie'idV,

T r—0k—+0c0 fM i‘l;{eﬁfdvg

, 1=1,23.

By Theorem 1.1 we are able to compute o;(p). Together with the assumption p; ¢ I'; we shall see that B=0
and it leads to the compactness of (1.16).

The organization of this article is as follows. In Section 2, we establish a selection process of a sequence
of blow up solutions, an oscillation estimate outside the blow-up set, and the local Pohozaev identities
corresponding to the system (1.1). In Section 3, we study the Pohozaev identity of blow up solutions and
classify all the possible values of I'(z). In Section 4, we present several important lemmas for later use.
In Section 5 and Section 6, we discuss the local mass on each bubbling disk centered at 0 and not at O
respectively, then we prove Theorem 1.1 by grouping these bubbling areas together. Furthermore, we sketch
the proof of Theorem 1.3. In Section 7, we carry out the blow-up analysis for sinh-Gordon equation with
singular source. In Section 8, we collect some classification results which are used in our proof.

In this article, we always use the notation r; = o(1)sy to express r¢/sx — 0 as k — oo, and the notation
re = O(1) sy to represent C ~1 < 1 /sk < C as k — oo for some constant C > 0. For the sake of brevity, we use
boldface type for sequence and vectors, such as s = {s¢}, r = {r¢}, T = {7} and o = (071,072,03). We will not
distinguish sequence and subsequence in this article, i.e., we shall still denote u* the subsequence of itself if
necessary.
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2. BUBBLING ANALYSIS AND POHOZAEV IDENTITY

In this section, we analyze the bubbling areas by a standard selection procedure and establish some type
of Pohozaev identity for local mass.

Proposition 2.1. Let u* be a sequence of solutions of system (1.1) satisfying (1.10). Then there exists a

sequence of finite points Zj := { O,x’f, xk } (if O is not a singular point, then O can be deleted from %) and

a sequence of positive numbers I¥,-- l§1 such that

(1) X —0and Ik — 0 ask — +oo, Ik < ldist(x’;,xk \(x4), j=1,---,m. Furthermore, B(x}, 1) N B(x\, %) = 0
for1<i,j<m, i#]j.

(2) max uk(xk) = max max uk(x) — 400 as k — +co, j=1,---,m. Denote
1,23 i= 1233(xk1)
-1 max u{-‘(xk-)
8]](':=e 22123 Toj=1,,m
k
Thean:j—>+ooask—>+oo j=1,---,m.
J

(3) In each B(x lk) set
vf?(y) = ui-‘(x’j‘- +s']‘-y) + Zlogs']‘-, i=1,2,3.
Then one of the following alternatives holds:
(a) v]f and v]3‘ (or vé and v]3c ) converge to a solution of the following Toda system in CIZOC(RZ),

—Av=¢e"—¢", .
1 i in RZ,
—Aw =—3e"+e",

2
loc(R );
Vi and v5 converge to solutions of Liouville equation in , while v§ converges to —oo in
(b) v{ and v§ g l Liouville equation in Cj, (R?), while v4 2 '
Ly (R?);
(c) One component of V¢ converges to a solution of Liouville equation in CIZOC(RZ), while the left ones
converge to —oo in LIOC(RZ).
ere exists a constant C independent of k such that the following Harnack-type inequality holds:
(4) Th C independ, k such that the following H k-type inequality hold.

2.1 .rr}azx3 {uf-‘(x) + 2logdist(x, Ek)} <C, VxeBi(0).
1=1,z,

while v§ (orv ) converges to —oo in L

Proof. We construct X by induction. If y; =0 fori = 1,2,3, i.e., the system (1.1) has no singularity at 0, we
start with X; = @ and the proof is in line with that of [43, Lemma 2.1]. Otherwise, we start with ¥; = {0} and
the proof is similar. But it should be mentioned that all components of V¥ cannot be bounded at the same
time by the fourth equation of (1.1). O

We have the following oscillation estimate generated by the Harnack-type inequality (2.1).

Proposition 2.2. Let ¥ = {O,x’l‘ .-+, xk} be the blow-up set (if O is not a singular point, then O can be
deleted from %y). Suppose that u* is a sequence of solutions to system (1.1) satisfying (1.10). Then for any
X0 € B1(0)\ Xy, there exists a constant Cy independent of xy and k such that

|k (x1) — uf (x2)| < Co, Yx1, X2 € B(xo,dist(x0,%4)/2), i=1,2,3.

Proof. One can prove this result by following the same arguments of [38, Lemma 2.1] and [43, Lemma 2.2],
here we omit the details. O

Next we introduce the definitions of fast decay and slow decay.
Definition 2.3. (i) We say uf.‘ has fast decay on 0B(xy,ry) if
ub(x) +2log|x—xx| < =Ni,  Vx € OB(x, 1),

for some Ny — +o0 as k — +oo.



(ii) We say uf-‘ has slow decay on 0B(x,ry) if
uf-‘(x) +2loglx—xi| > —C, Vxe€dB(xg,r),
for some constant C > 0 which is independent of k.

At the end of this section, we can establish a Pohozaev identity of local masses for the system (1.1). In
Proposition 2.4 and Remark 4, we denote

1
o(r,xo;u) = / "9dx, O'{-C(I”,X()) =o(r, xo;uf), (Ti-‘(r) = (T(r,O;uf), i=1,2,3.
7T J B/(x0)

Let xf‘ € X and T;( = %dist (xf‘,Zk \ {xé‘ }), then we can derive from system (1.1) and Proposition 2.2 that
(2.2) uf(x) =i, (n+0(1), xe€BQ,T)),

]9
where r = |x— xf‘l and

1
(r=— uk ds,

—k _
u k,l = 3 i
! T J aB(xk,r)

X
and O(1) is independent of r and k.
Proposition 2.4. Let X} C X be a subset of Xy with 0 € X} C B(xy, ) € B1(0), and there holds
dist(Z;, 0B(x, ry)) = o(1)dist(Zy \ Xy, OB(x, r1)).

Suppose ul]‘ , ué, u/§ have fast decay on 0B(xy,ry). Then we have the following Pohozaev identity

2.3) (o7 (ries ) = 7 (e, x0) — 27’1)2 + (05 (rey 1) — 7 (e, xi) — 27’2)2
=4 (O'If(rk, X))+ o-lﬁ(rk, Xi)+ 20"3‘(rk, xk)) +4 (y% + y%) +o(1).

Furthermore, let u; = 1 +vy; fori=1,2,3, then o = (01,07,03) satisfies the Pohozaev identity

(2.4) (01— 03) + (02— 03)" = 4101 + 02 +2030°3),

where uy + up +2u3 =4 and o; = kl—igloo O'f(rk,xk)for i=1,2,3.

Proof. Without loss of generality, we assume x; = 0. For fixed 6 € (0, 1), let Q = Bg(0) \ B:(0), where £ > 0

is small enough. Then applying the standard Pohozaev identity for the first two equations of (1.1) on Q, we
have

1
3 IVukP(x-v)dS — [ (x- Vuk)(v-Vub)ds

0 o0
:—Z/euf'cdx+/ e“lk(x-v)dS—/e”é(x-Vuf)dx, i=1,2,
o) 00 o)

where v denotes the unit outer normal vector. Combining the above equations and the fourth equation of
(1.1) we derive that

1/ (IVu]f|2+|Vu§|2) (x-v)dS—/ ((x-Vu]f)(v-Vu'f)+(x-Vug)(v-Vug)) ds
2 Joa 90

= —2/ (e”llc +e”§)dx+/ (e”ﬁ +e“§)(x-v)dS —/ & (x- (Vullc +Vu]§)) dx
=2 / (e +e"2)dx + / (e + ") (x-v)dS +2 / " (x- Vuk)dux
Q 0Q Q

-2 / (" + 2 + 2" )dx + / (" + e +2¢")(x - v)dS.
Q oQ

8



We calculate the L.H.S. and R.H.S. of (2.5) respectively. By (iii) of (1.10), we obtain

RHS.=-2 / (@ +e +2¢%)dx+ [ (e +e + 2 (x-v)dS
Q oQ

=2 / (" + e +2¢%)dx + 6 / (" + e +2¢")dS
By(0)\B.(0) 0Bs(0)
s / (" + e +2¢")dS +o(1)
0B,(0)

= —4n(c*(0) + 7k(0) + 2% (9)) + 0 / (e + "2 +2¢5)dS +o(1).
3By(0)

On the other hand, we have
1
LHS.=3 / (IVui P +1Vi5 ) (x-v)dS - / ((x- Vi) - Vild) + (x- Vidb) (v - Vb)) dS
0Q 0Q

0 &
=2 / (Vs +|Vubl?) ds - = / (Vs ? +|Vub[})ds
2 0By(0) 2 0B:(0)

—6’/ ((V'Vulf)2+(v-Vu]§)2>dS +8/ ((V'Vull‘)2+(v-Vu1§)2>dS.
0By(0) 0B:(0)

Applying the same argument of [42, Lemma 4.1], we deduce the following estimate
(2.6) Vik(x) = =2y,x/|x* + o(1) near the origin,
which implies that

—8/ (IVulf|2+|Vu]§|2) ds +s/ ((V-Vu'f)2+ (V-Vug)z) ds =47r(y%+y%)+0(1).
2 JoB,0) B;(0)
Hence we can rewrite (2.5) as

0
: / (Vi +IVib)ds -0 / ((v-9uk)*+ (- v5)*) dS +4703 +73)
2.7) 0By(0) 0By(0)

= ~4x (k) + 7h(0) +254(6)) +6 / (e + ¢ +2¢"4)dS +o(1).
0By(0)

Since uf,u&, 1 have fast decay on dB(0, ), i.e.,

uf(x)+210g|x| <=Ny, Ixl=r, i=1,2,3
for some Ny — +oo, then by [43, Lemma 2.4], there exists R’f — +oo such that
R’f dist(Z;, 0B(x, ry)) = o(1)dist(Zy \ X;, OB(xx, rx))

and
i (x)+2loglxl < =Ni, 1 < x| < Rir,

for some Ny — +co. So we can choose R — +oo with RF < RY such that u¥,u4,u! have fast decay on
dB(0,R*ry) and

/ M@Ddx < CeMlogRe = o(1), i=1,2,3,

B(O,R*ri)\B(0,r%)
which implies that
o (R ) = ok (r) +o(1), i=1,2,3.

Letting 6 = VR¥ry, then we have

—4n(aK () + 75(0) + 20%(9)) = —4n(h (1) + T () + 2075 (1)) + 0(1)
9



and

9/ (M +e +2e"§) ds = o(1),
0By(0)

since u’{uéué have fast decay on dB(0, VR*r;). Therefore, (2.7) can be rewritten as

Rk
_ VRin / (Vi P + IVib?) dS + VRFr / ((v-vuk)*+ (v-vih)*) a5
(2.8) 2 Jos g @ 9B iz, ©

= 4x (0 (re) + o5 (r) + 205 (r)) +47 (v +93) +o(1).
Similar to the estimate (2.6) (by [42, Lemma 4.1] and a scaling argument), we obtain

x o)

Vil (x) = —W«r’f(rk) — k() -2y + i ¥ € OB i, O,
and 0
X o
Vil (x) = —W((r’é(rk) —ah(re) = 2y2) + T X € OB i, (0.

Therefore, we conclude from (2.8) that

(o-’f(rk) - o-lg(rk) - 2)/1)2 + (a'lg(rk) - o-é(rk) - 272)2 =4 (a']f(rk) + o-'ﬁ(rk) + 20']§(rk)) +4 (y% + y%) +o(1).

Finally, taking u; = 1 +1v; for i = 1,2,3 and letting k — +co, we can rewrite (2.3) as (2.4). This completes
the proof of Proposition 2.4. ]

Remark 4. Let X C Xy be a subset of Xy with 0 ¢ X} C B(xy, 1) € B1(0), and there holds
dist(X;, 0B(x, ) = o(1dist(Zy \ Xy, B(x, 1))
Suppose u’l‘ , ué, u’§ have fast decay on 0B(xy,ry). Then we have the following Pohozaev identity
2 2
(o (ries x1) = 51y 1)) ™+ (T3 (i x10) = 5 (s x0)) ™ = 4 (05 (s x0) + 075 7y x0) + 2075 (i x10) ) + 0(1).

In other words,
(01 —03) + (02— 03) = 4(0) + 02 +2073).

1
3. THE STRUCTURE OF I'(t1, (2, 143) AND AFFINE WEYL GROUP OF B(2 )

In this section, we shall compute all the possible local mass values for the blow up solutions to (1.1) by
studying the set I'(1), which is introduced in the introduction (Section 1). First of all, we prove that each
element of I'(u) verifies the Pohozaev identity (2.4).

Proposition 3.1. For each element o € I'(), o satisfies the Pohozaev identity (2.4).
Proof. One can get it easily by Vieta’s theorem and Pohozaev identity (2.4). O

As indicated by the setting of G, there might have several ways defining the same elements in I['(i). In
order to represent each element in the cheapest way we introduce the following concept

i, (i, €{1,2,3}, 1 <a < n) is a simplest chain with length n if R can
Ry foranym<n, j,€{1,2,3}, I <a<m.

Definition 3.2. We say R=R; R, -

not be reduced to a sub-chain R, R;,

Remark 5. For example, R3R RN is not a simplest chain, while R3RRoR3 is a simplest chain with
length 4.
Proposition 3.3. For any o = (01,03,03) € ['(4), o = 42;21 n;jpj for some n;j € NU{0}.

Proof. By induction, one can easily verify that o; = 4 z;zl n;jp;j is a polynomial of u; with n;; € NU{0}. In
fact, direct computation shows that the first 3 levels of I'(u) are given as
10



0,6:0)

R
Ry
(4141,0,0) (4u1,4u2,0)- -
&
(4p1,0,4u1 +4uz)---
Q8
(4u1,442,0)- -
Ry
‘Rz iRZ
0 (0,4u,,0) 0,6;0)
Ry
(0,4u2,4us +4us)---
%,
(4py +8u3,0,4u3) - -
R
Ry
(0,0,4u3) (0,4uz + 8us,4uz)- -
Ry
(0,0;0)
1st level 2nd level 3rd level ---

i R; _ ---R;, with length n such that o~ = R(0). In this
case, we say that o is in the n-th level. Now the conclusion is true for those o in the L-th level, 1 < £ < 3.
By induction, we suppose that the conclusion holds for all oD in the L-th level, then we shall prove it also
holds in the (L + 1)-th level. Let 0@ = (¢", 0", 0{"), where 0"’ = 4 3°3_ (", n{’ e NU{0}. Then

(ER] O'(L)) <4 4n(1L1) + 8n(L)) (—4n(1L2) + 8n(L)> Ho + (—4n(1§) + 8n(L)) U3,

For any o € I'(u), there exists a simplest chain RN=N; R

(9{20'(”)2 = <—4n(2L1) + Sn(L)) U+ (4 4n(215) + 8n(L)> Ho + (—4}1(2[5) + 8n(L)> U3,

and

(9[{30'(”) 3= <4n(lLl) + 4n(2L1) - 4n(L)) u1+ (4n(L) + 4n(2L) 4n(L)) o+ (4 + 4n(113) + 4n(L) 4ng§)) us.
Obviously, the coefficients of y; in the above components are multiples of 4. Thus we shall prove that these
coeflicients are nonnegative. We divide the proof into two steps as follows.
Step 1. We claim
3.1) 4—an'D+8nlY >0, —4nly +8ny) >0, —4nl} +8nY >0,
and

(3.2) —4n$D 480 >0, 4-4nD 480y >0, —4nll) +8n > 0.
11



Since the proof for (3.1) and (3.2) are almost the same, we shall only give details for the first one. Using (2.4)
and substituting the expression of o© (or R;0"P) into (2.4), we can obtain the following three equations
by comparing the coefficients of ,u?, j=12,3,

33 (=) (o =) =
a4 (108" + (o2 -2 =12
@9 (1 -n8) "+ (15 -2 =202
By (3.3), we can regard n(lLl) as a solution of the following quadratic equation
(3.6) P (2ngL1) + 1> x+ (nng)) + <n(2L1) nng)) =0.

Since (n%f) + ( ng) nng)) > 0, then the other solution of (3.6) satisfies
2n(3L1) +1 —n(lLl) >0 = 4- 4n(1L1) + 8n(3L1) > 0.

In a similar manner, by (3.4) we can view nELZ)

a7 22 (1) (1 o)t =0

It is not difficult to check that

as a solution of the following quadratic equation

(L) L _ (L) (L)
(m2 ) + (n22 n3, ) -1y, 2 0.
Hence, the other solution of (3.7) satisfies

(L) (L)

anLz) -nj, 20 & —4n;, D > 0.

+8ny, >

(L)

As n and n12 , by (3.5) we can treat n}5 as a solution of the following quadratic equation

(3.8) x —2n§?x+ (n%)) (n(zlg) n%?) 2n(L) 0.
Notice that if
(3.9) () + () -nB) " 202 2 0,
then the other solution of (3.8) satisfies
2B —nD >0 = -4nlt +8nY > 0.

Therefore, (3.1) is proved. So it remains to verify (3.9). For the cases of n(slg) > 2 and ngg) =0, it is trivial.

While if n33 =1, we must have <n23 1) > 1. Indeed, comparing the coefficients of 3 in the Pohozaev

identity, we find n< ) |

is even. Hence (3.1) is proved.
Step 2. We claim that

(3.10) an') +4nl) —anS) > 0, 40’y + 4nly) —any) > 0, 4+ 40 + anl) - any > 0.
12



As Step 1, we can apply (2.4) to get that n%), i =1,2,3 are the solution to the following three equations

respectively
2 2
2x2 -2 (n(lli) + né?) X+ (n(lLl)) + (né?) - n(lli) =0,
2 2
2x2 =2 <n(115) + n(2L2)> X+ (nﬁ?) + (né?) - ngé) =0,
2 2
2x% -2 (n%) + n(zlg) + 1) X+ (n%?) + (n(zlg)) =0.
Notice that
2 2 2 2 2 2
(n(lLl)) + (n(le)) —n(lLl) >0, (n(1L2)> + (n(2L2)> —n(sz) >0, (”(ILS) ) + (n(z?) >0,
then by the same argument of Step 1, we conclude that
n(lLl) + n(le) - nng) >0, n(1L2) + n(zli) - ngé) >0, 1+ ”(1? + n(zg) — n%) > 0.
Hence (3.10) is proved and we finish the proof. O
Proposition 3.4. Let I'y(u) be defined as

3
(3.11) Ty(u) = o | o satisfies the Pohozaev identity (2.4), oy =4 Y _njjuj, nij € NU{0}, i =1,2,3
j=1
Then
In() =T'(p).
Proof. 1t is easy to see that I'(u) C I'y(u) by Proposition 3.1 and Proposition 3.3. Thus it remains to show

I'y(u) €T'(n). For any o = (01,02,03) € I'y(u), by Proposition 3.1, R;o satisfies the Pohozaev identity
(2.4). So we shall prove

(3.12) if o €'y(u), then Rjo e y(u), i=1,2,3.

Letoel'y(w), o, =4 E?zl niuj, i =1,2,3, where n;; € NU{0}. Then by the same arguments of Proposition
3.3, we obtain

4—-4ny1 +8n3; >0, —4ny; +8nz; >0, 4n1; +4ny —4n3; >0,
—4ny1p +8nsp >0, 4—4ny +8n3p >0, and 4nip +4nyy —4nsp >0,
—4n13+8n33 >0, —4ny3 +8nszz > 0, 4+4n13+4ny3 —4nzz > 0.

This completes the proof of (3.12).
Next we define a partial order < in I'y(u), we say

o) <0y provided (01); < (02);, i=1,2,3.
Then there must hold
either o <R;ocorRo =<0, i=1,2,3.
For any o € I'y(), let
[g:={RiRi, - R;,0 In e NU{0}, ix €{1,2,3}, L <k<n}.
Thus for any 01,0, € I'y(u), we have either
(3.13) [, =Tg,orl'y, NIy, =0.

Now we can prove that 0 = (0,0,0) € ', for any o € I'y(u). An element & € 'y is minimal if o < 6 for
some o € 'y, then o = 6. By well-ordering Principle, we conclude that I', has a local minimal element
00 =(01,0,02,0,030), 1.e.,

a'oﬁ‘.R,-a'o, i=1,2,3.
13



Therefore, we have
3
4ui=2) aijojo=0, i=123.
j=1

On the other hand, since o satisfies the Pohozaev identity (2.4), we get

3 3 3

OSG'L() 22611]'0']"0—4/11 +020 22(12]-0']-,0—4/12 +20’3,0 22613]'0'1;0—4/13 <0,
j=1 j=1 j=1

which implies that o;9 = 0, i = 1,2, 3. Otherwise, we must have

1 1
2(o10—030) =41, 2 (020 —-030) = 4o, 2 <—20'1,o ~ 5020 +0'3,0) =4us,

then 2u; + 2u +4us = 0, a contradiction. Hence 0 € I';-. By (3.13), we obtain I'; = Iy for any o € I'y(p).
This amounts to say that

() =T(p).
The proof of Proposition 3.4 is complete. O

In the following of this section we are focused on giving a precise expression for any element in I'().

Lemma 3.5. Let yv; =0, i =1,2,3. For any o = (01,03,03) € I'(1,1,1) with o; = 4n; and n; € NU {0},
i=1,2,3, we set

ny—n3 =mj (mod 4), ny—n3=m) (mod4) forsomemy,m,e{0,1,2,3}.

Then (m},m}) admits all the following 8 types:

{(0,0), 0,1), (1,0), (1,1), (2,2), (2,3), (3,2), (3,3)}.
In this way, we call that o is of type (m’,m5).
Proof. Applying the Pohozaev identity (2.4) with y; = 1,i=1,2,3, we obtain
(3.14) (n —n3)* + (n2 —n3)? = ny +ny +2n;3.
Notice that
(3.15) ny —n3 = 4ky +mj, ny —n3 = 4ky +mj
for some ky,k, € Z and m’,m5 = 0,1,2,3. Substituting (3.15) into (3.14), we conclude that
m'? +mh* = m), +mb (mod 4),
which is solvable if and only if
Gt mp) € {(0,0), 0,1, (1,01, (1,1), 2,2), 2.3), 3.2), B.3) }.

We notice that the following 8 elements satisfy the Pohozaev identity (2.4) with y; =1,i=1,2,3, and
(0,0,0) is of type (0,0), (4,0,0) is of type (1,0),
(0,4,0) is of type (0,1), (4,4,0) is of type (1,1),
(4,4,12) is of type (2,2), (4,0,8) is of type (3,2),
(0,4,8) is of type (2,3), (0,0,4) is of type (3,3).

Therefore, all the 8 types could happen. O
14



Remark 6. (1) For any o = (071,02,03) €'(1,1,1) which is of type (m},m5), one can easily check that R;o
is of type (n,n}), where

ny=-mj+1(mod4), n)=m, ifi=1,
ny =mj, nh=-mhH+1(mod4), ifi=2,
ny=-m,—1(mod4), n)=-mj—-1(mod4), ifi=3.

Precisely, we conclude that
if o is of type (0,0), R0 is of type (1,0), Ryo is of type (0,1), R30 is of type (3,3);
if oisof type (0,1), Rio is of type (1,1), Ryo is of type (0,0), R30 is of type (2,3);
if o is of type (1,0), R0 is of type (0,0), R0 is of type (1,1), R30 is of type (3,2);
ifoisoftype (1,1), Rio is of type (0,1), Roo is of type (1,0), R30 is of type (2,2);
if ois of type (2,2), R0 is of type (3,2), Roo is of type (2,3), N30 is of type (1,1);
if ois of type (2,3), Rio is of type (3,3), Roo is of type (2,2), R3o is of type (0, 1);
if ois of type (3,2), Rio is of type (2,2), Roo is of type (3,3), R30 is of type (1,0);
if ois of type (3,3), Rio is of type (2,3), Roo is of type (3,2), N30 is of type (0,0).

(2) For any general o € T(u), o; = 423=1 nijpj, nij € NU{0}). Let N(o7) = 4Z§=1 n;j and denote

%(N(o-l )= N(o3)) = m| (mod 4), % (N(o2) = N(073)) = m) (mod 4)  for some m',m) € {0,1,2,3}.

Then (m},m}) also admits all the following 8 types:

{(0,0), 0,1), (1,0), (1,1), (2,2), (2,3), (3,2), (3,3)}-
We will prove this result in Lemma 3.6. In this way, we say that o is of type (m},m5) as well.

Lemma 3.6. For any o € I'(), suppose that o is of type (m},mj) for some m},m; = 0,1,2,3. Then (m},my)
admits all the following 8 types:

(3.16) {(0,0), (0,1), (1,0), (1,1), (2,2), (2,3), (3,2), (3,3)}.

Proof. We prove this result by induction. Recall the binary tree diagram given in the proof of Proposition
3.3 and we can directly check that

(0,0,0) is of type (0,0),

(0,4u,0) is of type (0, 1),

(4u1,0,0) is of type (1,0),
(0,0,4u3) is of type (3,3),

(4uy1,4u;,0) is of type (1,1),
(0,412,410 +4u3) is of type (2,3),
(0,417 + 8us,4us) is of type (3,2),

(4p1,0,4u1 +4us) is of type (3,2),
(4p1 +8usz,0,4u3) is of type (2,3),
(4py,4pn,4uy + 4o +4us) is of type (2,2).

The first 9 elements are in the 1-st, 2-nd and 3-rd levels, the last one is in the 4-th level. Obviously, these
elements are of type (i, j) described as in (3.16) and all 8 types could happen. We suppose that each element
in the N-th level is of type (i, j), which is one of (3.16). Then we shall prove each element in the (N + 1)-th
level is of type (i, j'), where (i’, j’) admits a form belonging to (3.16).

Suppose o = (071,02,03) € ['() is an element in the (N + 1)-level, where o; = 42;21 niuj, nij € NU{0}.
Without loss of generality, we assume that o is of type (0,0). Then one can easily check that R;o is of type
(n},n5), where for i = 1,2, 3, respectively,

m
na

n}| = -mj+1 (mod 4),
nh =

m5,
Then we get the same conclusion holds by Remark 6-(1). Thus, we finish the proof.
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Theorem 3.7. For each element o € T'(u), we can express o as o = Fu', where F = (f;j)3x3 is a matrix, f;j
are multiples of 4 by Proposition 3.4, and t denotes the transpose operator, i.e.,

op fit fiz fis M
oy | =Fu'=| fa fo f3 J75)
03 1 i f33 “3

Let
Tw(p) = {o | o' =Fy', where F admits FO, ¢=1,--- 8}

Then Tr() = Ty (). Here FO are defined as the following:

Type (0,0). For any my,my € Z with (my,my) = (0,0) (mod 4), we have

lm% + %m% lm% +m + %mg —my lm% +2m; + %mg
FD = Tm? —my + Im3 +my Zm% + 1m3 Sm? + %m% +2my
4y —mi+ gm3 ami +gm3 —m 2+ 5
Type (0,1). For any mi,my € Z with (my,my) = (0,1) (mod 4), we have
% }tm% 2m2+4 lm%+m1+%m%+%m2—% 1m%+2m1+2m% m2+%
F® = % % my + m%+ My — % m%+ m%+%m2+§ ?m%+ m2+m2—%
M —my+ m3 — ém2+f T+ mi 4 imy— 3 ST+ 5m3 —my + 5
Type (1,0). For any my,my € Z with (m1,my) = (1,0) (mod 4), we have
tm43my+Imi+ 3 tmrimy+imi—-mo—3  Imi+my+gmi -3
F = ?fm%+§m1+4m%+m2—i m% %m1+1m%+% fm%—m1+§m%+2m2+%
bnta b dd=30 " o= T Jodomas Do+ Dok

Type (1,1). For any my,my € Z with (m1,mp) = (1,1) (mod 4), we have

1.2 ,3 1.2 1 5 1,2 ,1 1.2, 1 3 1.2 1.2
T AT Tl T S GG 16 W T e B S
FY = fm1+§m1+fm2+§m2—f 7m1—7m1+1m2+>m2+§ My — m1+§m2+m2—1
? 2 1 % 2 % % 1 2 2
2

2 1 1.2 1
Zml + §m1 + Zmz— §m2— 2 Zml - jml + 1m2+ jmz— 2m1 mi+ émz—m2+ 1

Type (2,2). For any my,my € Z with (m1,mp) = (2,2) (mod 4), we have

lm%+m1+im%—m2+2 lm%+%m§—2 %m%+2m1+2m%
F = m%+ m2 2 4m% m1+lm%+m2+2 %m%+1m2+2m2
2 1,2 2 2 2
3t + gmz —my gmy —my+ iy 2+ i,
Type (2,3). For any my,my € Z with (m1,mp) = (2,3) (mod 4), we have
1,2 1,21 5 1,2.1,.2_ 1 7 1,2 1,2 1
. ?m1+71]+1212+§712+1 %m1+1m2—1§m2—11 S 2m1+2m1+ m2 %m2+§
FO = %m%+%m%+?m2+§ ;%m%—m1+zm%+?m2+% %m%+ m%+m2—?
12, 1.2, 1. 3 1,2 1.2 1 i1 1
g+ gy + 5y =g Jmi—mytgmy = gmy+ g ymi+ymy—my+
Type (3,2). For any my,my € Z with (m1,mp) = (3,2) (mod 4), we have
I+ imy+imi-m+2 tmd+dmi+im3+ 1 Im?+my+imi-3
(7) — 1.2 1 1.2_7 1.2, 1 1.2 5 1.2 1.2 1
Y= ?ml—%m1+ m; = ?m1+%m1+ m;+my+3  Smy—my+ymy+2my+ 5
1.2 1 1.2 1 1,21 1.7 3 2 171
gmy—gmitgmy—my+ g gmy+amy+gm; =y My —mi+3m; + 3
Type (3,3). For any my,my € Z with (m1,mp) = (3,3) (mod 4), we have
lm%+%m1+%m%+§m2+l lm%+%m1+%m%—%m2+% %m%+m1+lm%—m2—l
F® = ?m% g+ gmy 2+§m2+? m%+?m1+zm%+?m2+? sm3 —my+3m3+m;— 1
21 1 2 1.2 2 1 2
Zml 2m1+1m2+§m2—§ Zm1+§m1+1m2—§m2—§ le—m1+§m2—m2+1
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Proof. Let
Te(u) = {0' | o' = Fu' where F admits F©, £=1,--- ,8} )
Our aim is to show I'r(u) = I'n ().

On one hand, for any o € I's(u) with o = F([)y’ for some ¢ € {1,---,8}, one can directly check that o
satisfies the Pohozaev identity (2.4) and ;1 are multiples of 4. Hence I's(1) C Ty(u) by the definition of
Iy() in (3.11).

On the other hand, we can prove I'y(u) C I'r(u) by induction. For any o € I'y(u), o; = 42?21 nijpj,

nij € NU{0}. Let N(o) = 42;21 n;;j and denote

1 1
(3.17) 7 WN@)=N(o3)=mi, - (N(02)=N(o3)) = my.

Suppose o is of type (m],m5), where (my,my) = (m},m3) (mod 4). We recall the binary tree diagram given
in the proof of Proposition 3.3 and directly check that

0 =(0,0,0) is of type (0,0), 0" =FVy! for (m;,m>) = (0,0);
o = (4u1,0,0) is of type (1,0), o =F®u' for (m,my) = (1,0);
o = (0,411,0) is of type (0,1), o' =F®u' for (m,my) = (0,1);
o =(0,0,4u3) is of type (3,3), o' =F®u for (my,my) = (-1,-1);
o = (4u1,44,0) is of type (1,1), o' =F¥y! for (my,my) = (1,1);
o = (4u1,0,4u +4u3) is of type (3,2), o' =F Dy’ for (my,my) = (—-1,-2);
0 = (0,410,410 +4u3) is of type (2,3), o =FOu' for (my,my) = (-2,—-1);
o = (41 +8u3,0,4413) is of type (2,3), o =FOu' for (my,my) = (2,-1);
0 = (0,442 +8u3,4u3) is of type (3,2), o' =F 7y’ for (my,my) = (~1,2);
o = (41, A0, 4y + 4 +4us) is of type (2,2), o = FOu’ for (my,my) = (-2, -2).

This implies that o € I's(u) for those o in the £-th level with o € Ty(u), 1 < £ < 3. In particular, all
possibilities o = FOu’ could happen, £ = 1,---,8. Suppose that o € I'z(u) for those o in the £-th level with
ogecly(), 1 <L <M. Weneed to verify R,o € ['r(u) for any o € I'y(u) in M-th level and any i = 1,2,3.
Now, suppose that o is an element in the M-th level of I'y(u), by assumption we have o € I'r(u) with
o' =FOu' for some £ € {1,---,8}. Denote
3
o= Z ﬁ(j@ (my,mp)u;, where ﬁ(jg) (my,my) is the element of FO,
j=1
Assume that o is of type (m|,m5), where (mi,m>) = (m},m}) (mod 4), and R;o is of type (n},n3), where
(n1,n2) = (n,ny) (mod 4). Here (m,m;) and (n1,n;) are defined as in (3.17) related to o and R;0, respec-
tively. The corresponding matrices F of type (m{,m}) and (n},n5) are F©) and F“) respectively. One can
directly check that

FO —my,ma)d, ifi=1,
(3.18) Rio) = L FD(my, 1 —mo)d, ifi=2,
FO (—my—1,—my - D!, ifi=3,
for some indices ¢; € {1,---,8}, i=1,2,3.
In the following, we just provide the details for the case / = 1. By straightforward computation we have

R10) =FOU —my,m)p!, Rao) =FD(my, 1 —mo)p!, R30) = FO(=my —1,—my — D',
17



Denote o = (071,07,03), where

Zf( )(ml,mz),uj, where f( )(ml,mz) is the element of FV.

j=1
Then R0, R0 and K30 is of type (1,0), (0,1) and (3, 3) respectively by Remark 6, and hence ¢; =3, £, =2
and ¢3 = 8. On one hand, direct computation shows (R;0) = Ay’ with

1 (my =4+ 1m3 1(rm 2P+ (m =2 =2 S(my—2)*+ym3 -2
A= 1m =2 +1(m+27?-2 Im}+im} Tm?+ 1 (my+2)* -2
e I S
On the other hand, we can rewrite F® as
?(m L+3)%+ ? m3 %(m1+1)2+%(m2—2)2—2 %(m1+1)2 Zm mj -2
FO=| Tom+D*+1m+2?-2 Lm-1)%+imd 2@1—1Y+-(m +2)° -
S+ 1)+ im3 -1 S -+ L m -2 -1 Lm - 12+ 1m3

Comparing the above two matrices, it is easy to observe that
R10) =FV(1 —my,my)p'.
Similarly, we obtain
(R20) =FP(my, 1 —mo)p' and (307" = F®(=my — 1,.—my — Dyt
Then we finish the discussion for the case of £ = 1. For the other cases, by direct computation one can get:
(D). Ife=1,
R10) =FO0 —my,mp’, Ra0) =FP(my, 1 -mo)p!, R30) =F® (=1 —my,—1 —mp)p';
(). If¢=2,
R10) =FYA =my,mp’, Ro0) =FV(my, 1 -mop!, R30) =FO(=1=my,—1 —mp)p';
3). If £=3,
R10) =FDA = my,m)p’, Ra0) =FYmy, 1 —mop!, R30) =FP (=1 =my,—1 —mp)p's
', T s
4. If =4,
R10) =FO1 —my,mp’, Ra0) = FO(my, 1 —mo)p!, R30) = FO (=1 =mo, =1 = my )"
5). If =5,
R10) =FP(1 —my,mp', Ra0) =FO(my, 1 —mop!, R30) =FD(=1—my,—1 —mp)p';
6). If £ =6,
R10) =FOU —my,mp’, Ro0) =FVmy, 1 -mo)p!, R30) =FD (=1 —my,—1 —mp)p';
(7). If =17,
R10) =FOU0 —my,m)p’, R0 =FOmy, 1 —mop!, R30) =FO (=1 =ma, —1 —mp)p';
(8). If £=8,
Rio) =FOU—m,m)p', Ro0) =FV(my, 1 —mp)p', R30) =FV(=1—my, 1 —mp)p'.

Therefore (3.18) is proved. This implies that any element o € I'y(u) in the (M + 1)-level also belongs to
I'e(u). Thus, I'y(u) € I'r(ut) and the proof of Theorem 3.7 is complete. O
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Remark 7. For the case of y1 = y2 =0, one can easily verify that for any o = (01,02,03) € I'(n),
o1 =my(my +3)+my(my— 1),
o =my(my — 1)+ ma(ma +3), where (my,my) € 2>

o3 =mi(m —1)+mo(my—1),

J either my;,mp =0,1 (mod 4),
an { or my,my = 2,3 (mod 4).

This expression coincides with that of [43, Theorem 1.1].

4. SOME TECHNICAL LEMMAS

In this section, we present some important results for preparation. Consider the following system
3
4.1) Auk(x) + Za,-,,-e“?x) =4y 6y in B1(0), i=1,2,3,
j=1

where the coeflicient matrix A := (a;;)3x3 is defined as in (1.2). By a little abuse of notations, in the sequel
we denote for any sequence (X,r) = (XK, o),

1

ﬁwww»=/ &Ody, i=1,2,3.
271' B(x",rk)

In Lemma 4.1, we assume that

(i) The Harnack-type inequality holds
1
4.2) uk(x)+2loglx| < C  for ShsK<2s, i=1,23.

(i) All components of u¥ have fast decay on dB(0, ;) and
lim lim oX(B(0,rl)) = Jim ¥ (B(0,It)).
— 400

r—0k—+c0

For simplicity, we denote o; := klim O'fF(B(O,lk)) in Lemma 4.1.
—400

Lemma 4.1. Let u; = 1 +vy;. Assume that (i) and (ii) hold.
(a) Ifuﬁ-‘ has slow decay on 0B(0, sy) for some i € {1,2,3}, then
3

2,u,'—Zaij0'j > 0.
j=1

(b) At least one component of uk = (u’f , ué, u’§) has fast decay on 0B(0, ).
Proof. (a) Performing the following scaling for the system (4.1)
Vi) = uf(siy) +2logsi for yeBa(0), i=1,2.3,
gives
3 k
A+ aije ! =4mysy in By(0), i=1,2.3.
j=1

If there is at least one component of u* has slow decay on 9B(0, s;), we denote J the set of consecutive

indices such that uf‘ (i € J) has slow decay on dB(0, s¢), then vf-‘ (i € J) converges to the solution v; (i € J) of
a Toda system (or Liouville equation). Precisely, one of the following alternatives holds:

Case (1). If J ={i} for i € {1,2,3}. Then v’]‘.(y) — —ooin Ly (B2(0)\{0}) for j € {1,2,3}\J, and vﬁ.‘(y) - v(y)
in CIZOC(Bz(O) \ {0}), where v(y) satisfies

—Av=¢€" in By(0)\{0}.
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Case (2). If J = {1,2}. Then v&(y) — —oo in Li® (B2(0) \{0}), and (},14) — (v1,v2) in CZ .(B1(0)\ {0}), where
(v1,v) satisfies

AVz +e2 =0
Case (3). If J ={i,3} fori=1 or 2. Then v’J‘.(y) — —coin Ly,
(vi,v3) in C2,.(B2(0) \ {0}), where (v;,v3) satisfies

Avi+e'i—e” =0
Avz — %evi +e7 =0

(B2(0)\ {0}) for j€{1,2,3}\ J, and (vi-‘,v’;) -

in B(0)\{0}.

Case (4). If J = {1,2,3}. Then (v§,15,04) = (v1,v2,v3) in C} (B2(0) \ {0}), where (v, v2,v3) satisfies

—Av; = el —¢e"
4.3) ~Avy = e — in By(0)\{0}.

—-Avy = —%evl - %evz + €%

We shall prove the point (a) by concerning the Case (4), the proofs for the other cases are similar and
simpler. The strength of the Dirac measure at O for (4.3) can be expressed by

0 :
lim vl(y)dS = lim lim <4ﬂy1 —/ evlf(y)dy+/ evé(’)dy>
=0 Japo,y) OV r—0k—00 B(0.r) B(O,r)

=dny, - 2n(o —03) =: 4nf1,

d .
lim Y20 4§ = lim lim (4ﬂy2— / 20 dy + / eV’s‘O’)dy)
B(0,r) B(0,r)

r—0 dB(0,r) ov r—0k—oco

=4y, —2n(0op —03) =: 4n3,,

0 1 1 )
lim / vs0) dS =lim lim <4ﬂ73 + = / MOdy + — / 2 0dy — / evé(y)dy>
=0 Japo,) OV r—0k—co 2 /B0y 2 /o BO.r)

1 1
=4y —2n <—20'1 - 50’2 +0'3> =: 4nf5.

This implies that there is an extra term written as 475;6¢9 on the R.H.S. of (4.3) for each i = 1,2,3. It is
known that if 8; < —1 for some i, then (4.3) has no solutions. Hence

and

1 1 1 1 1
Bi ::71—5(0'1—0'3)>—1,,32 :=72—§(0'2—0'3)>—1,,33 =Yy <—20'1—20'2+0'3> > -1

which implies that

3
(4.4) 2= aijoj>0, i=12,3
j=1

(b) Since u* has fast decay on dB(0, [;), o satisfies the Pohozaev identity (2.4), i.e.,
(01— 03) +(02— 03)" = 4101 + 1207 +2u303),
which is equivalent to

3 3 3
ol Zale'j—Zm +0> Zazjaj—Z,uz + 2073 Za3j0'j—2,u3 =210 +2up00 +4uzos > 0.
j=1 j=1 J=1
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As a consequence, there exists ig € {1,2,3} such that Zj: 1 @iy 0 j — 2pi, = 0. However, if all components of

u¥ have slow decay on dB(0, s¢), then by the (a)-th conclusion we obtain (4.4). Contradiction arises. Hence,
we conclude that at least one component of uX has fast decay on dB(0, s¢). O

Lemma 4.2. Suppose that the Harnack-type inequality (4.2) holds for all components of u* over r € [%", 25s1].
If all components of u* have fast decay on all r € [Iy, si], then

oH (B0, 5)) = oF (BO, ) +o(1), i=1,23.
Proof. The conclusion is trivial if s /l; < C. In the following we assume that s/l — +0c0. We shall prove
the lemma by contradiction. Suppose there exists / € {1,2,3} such that
(4.5) a1 (B(0, 5)) > o1 (B(0.1i)) + 6,
for some 6; > 0. We define
Gi= lim ok (B,1y), =123,
—400
and
3
I o2 = 1€ (1,23} 2= >y < (resp. >,2) 0

j=1
Then we claim
4.6) (4.5) is impossible for i € I} U, U I5.
In fact, we have I; U I, is not empty. Otherwise, we have

01-03=2u1, 02-03=2p, —01-02+263=4us.

Adding the above three equations we get that u; + o +2u3 = 0 and this is impossible due to that u; > 0 for
each i. Thus I; U I, is not empty. We set

S 92 0000 ™My in ol

3
2pi = g a;j0;
=1

and choose I € (I, ) such that
(4.8) max {o(l) -0} = 62.

Obviously, §; > 0. Using Harnack-type inequality (4.2) we have uf.‘(x) = ﬁf(lxl) +O(1) for %lk <|x| < 2sy, see
(2.2). By direct computations, we deduce from (4.1) that
3 k

d 2u; — > Sy a;;05(r)
£ (@@ +2l0gr) = 2 221 94 . hk<r<s, =123,
dr r
where o%(r) = o%(B(0,7)), i = 1,2,3.

Concerning the indices of /1, we could get from (4.7) that

(4.9)

d ) -
— (ﬁﬁ‘(r) +210gr) < ——2, forr e [l lx], iel.
dr r
By integrating the above equation from /; up to r € [Ig, I;], we have
J
7 (r) +2logr < () +2logl + 62 log =, i€,
r

which implies that for |x| = r,

(4.10) ¢ <o) < Ce MR, e,
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where we have used ﬁf(lk) +2logl; < —N; by the assumption of fast-decay. By integrating (4.10) over
I < x| £ I, we conclude that
I

. ~ ko —Nk
/ "idx < 2Cre N"liz/ r17%dr <2Crn
Le<lx<ly Iy

e

—>0, iEIl,
2

as k — +oo. Hence
(4.11) k@) = )+ o), iel.

Similarly, for those i € I, we deduce from (4.7) that
d o -
P (ﬁi-‘(r)+210gr) > 72, forre[li,l;], i€l

By integrating the above equation from r € [Iy, [;] up to I, we get that

ﬁf-‘(r)+210grs&f(fk)+210gl~k+6glogl£, forre [l I], i€l.
k

This implies that for |x| = r € [It, ], there holds
W <01V < Ce M e,
where we have used ﬁf(fk) +2logl; < —Ny by the assumption of fast-decay. Thus

e N

Ik
/ ¢ dx < 2nCe™ M % / r 12 dr < 27C —0, ieh,
Ie<IxI<T

I 2
as k — +oo, which implies that

(4.12) k(@) = k) +o(1), ieb.
Hence, combining (4.11) with (4.12) we have
o) =) +o(l), ien UL,
It remains to consider the indices i € I5. We set g; = k1—i>r-{l:loo O'f.‘(ik) -6 Foriel1Ul,g,=0. Foriel;, we
have 2u; — Z;zl a;;j0 ;= 0. Substituting & +&;, i = 1,2,3 into the Pohozaev identity (2.4) we derive that
8% + 8% + 23% —2¢e183 26283 =0,

and it leads to
g1=&=&=0.
Contradiction arises. Thus (4.8) does not hold for i € /3 and it proves (4.6). O

To state the last lemma in this section, we introduce the following definition. Let the Harnack-type
inequality (4.2) hold for all components of uf overall r e [%lk, 2714]. For a sequence s; < 7¢, we define

lim o (B(X*, s1)), if u¥ has fast decay on dB(xX, sy,
(4.13) Fi(Bx,8) = § kv o )
hr% khm o (B(x",rsi)), if uj has slow decay on 0B(x", s¢),
r—0k—+oo

where (X, s) stands for the sequence of the pair { (2%, s1)}. When x* =0, we simply denote &;(B(X,s)) by &(s).
Lemma 4.3. Let 6(s) be defined as in (4.13). There is a sequence ry € [ly,Ti] satisfying the following
conditions

(1) u* has fast decay on 0B(0,ry),

(2) Aie{l,2,3}, such that &i(r) # 67(t) (r and T stand for the sequence {r;} and {Ty}).

Then there exists sy € (ry, Tr) such that

(i) sx/ri — +oo, there is at least one component uﬁ-‘ of u® such that uf-‘ has slow decay on 0B(0, s).
22



(ii) Gi(s) =Gi(r), i =1,2,3 (s stands for the sequence {s;}).

Proof. Since u* has fast decay on dB(0,ry), by Proposition 2.4, (61(r), 5> (r),53(r)) satisfies the Pohozaev
identity (2.4). Set d = .r_r}azx3{é',-(r) — 0(r)}, then ¢ > 0 by the assumption (2). We decompose {1,2,3} :=

I, UL, U Iz, where

3
I (resp.2,3) = i€ {1,2, 3} ’ 2ui—Zaijé'j(r) < (I‘CSp. >,=) 0

j=1
Set

! 3
(4.14) b0 = oo min g min |- ;aiﬁjm],é, 1
We choose ¢ € [r¢, Tr] such that
(4.15) iir}%g{af-‘(fk) — ok (r)} = 6.

Lemma 4.2 and (4.15) implies that u* can not have fast decay on [r¢,x]. So there is a sequence ry << sp < €y,
such that some component of u* has slow decay on dB(0, s;). So it remains to show

(4.16) Gi(s)=0ir) for i=1,2,3.
We prove (4.16) by contradiction. Suppose it is not true, then

4.17) &) = {I}azx3{6'i(s) —Gi(r)} > 0.

By Lemma 4.2 we conclude that there exists a sequence ry < §; < s such that
(i) some components of u® have slow decay on 0B(0, 5),
(i1) 'n%a2x3{&i(§) —gi(r)} e [%60,60], where § stands for the sequence {5}
=1,z

We scale uf by
k koa A
Vi () = u; (8y) + 210g 8.
Using (i), we have some components of v converge and there is a sequence Ry — +oco such that

(i) Ri$r < sg, uX has fast decay on 0B(0, Ry 5y),
(i1) Seto; = klim O'f?(B(O,Rkﬁk)), then o = (071,07, 073) satisfies the Pohozaev identity (2.4).
—+400

Let & = 0; — 64(r) and then _n}azx3 & > 16,. We claim that
i=1,2,7

(4.18) g=0 for ielUb.

First, by the same arguments of Lemma 4.2 we have I; U, # (. Next, we shall prove that uf.‘ has fast decay
on 0B(0, ;) fori € Iy UI,. For i € I}, using Lemma 4.1-(a) we can verify it. While for i € I, we shall prove
it by contradiction. Suppose it is not true then we could get some iy € I N J, where J is the maximal set with
consecutive indices such that vf (i € J) converges to a solution of a Toda system (or Liouville equation)

3
| 1 ) ,
Avi"‘zaijev/ =4 Vi—izaijffj(s) SoinR%, i€l
jeJ J=1
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where y; — % 23:1 a;j6j(8) > —1, i € J. Applying the classification result of [49], we conclude that

| _
O{FO(RkSk) = O'io(s)+27_r/Rz e’ +0(1)
3

A 1 A
> O'iO(S) + Uiy — 5 Zl:ainO'j(S) + 0(1)
]:
> 0, (8) + 260 + o(1),
which contradicts to (4.14) and (4.15). Hence, each uf‘ (i € Ip) has fast decay on dB(0, §;), as required. After
that, we can apply the same arguments (4.7)—(4.12) in the proof of Lemma 4.2 to obtain
Gi(RS) =Gi(8) =64(r), ie [ UI,.
Thus (4.18) is proved.
Since both 6(r) and o satisfy the Pohozaev identity (2.4), substituting &(r) +&;, i = 1,2,3 into the Po-
hozaev identity (2.4) we derive that
s% + g% + 28% —2&g183 2863 =0,
which implies that
g1=&=6=0,
a contradiction to (4.17). This finishes the proof of Lemma 4.3. O

5. LOCAL MASSES ON BLOW-UP AREAS AWAY FROM THE ORIGIN

5.1. Local masses on the bubbling disk centered at x’J‘- # 0. In this subsection, we study the local behavior
of uf in the ball B(xf,rf) where xf # 0. Precisely, let xf € 2 \ {0} and set

= %dist(x’f,ilk \ {xk.

By Proposition 2.1, I¥ < 7¥. Notice that the Harnack-type inequality (2.1) holds for B(x¥,7%)\ {xf}, i.e.,
ul(x)+2loglx— xk| < C, for x e B(xF, 75, i=1,2,3.
The local mass of the i-th component is given by
1
oh ()= / ¢MWdx, i=1,2,3.
’ 27 J Bk

Since xf #0and O ¢ B(xf,rf), the system (1.1) is reduced to

3
A+ ae ™ =0, i=1,2.3,
(5.1 =1

u’f+u§+2u§=0,

in B(xf,r’;), where the coeflicient matrix A = (a;;)3x3 is defined as in (1.2).

For convenience, we fix ¢ and simplify the notations by dropping the index ¢ throughout this subsection.
Recall that all the components of uX have fast decay on AB(XK,16). In (5.1), y; =0, we have y; = 1. In
next proposition we shall assume u = (uy,10,u3) = (1,1,1). For a sequence s < 7%, we recall that 6(s) =
(61(8),62(s),63(s)) is defined as in (4.13).

Proposition 5.1. Let uk = (u’{,u’é,ué) be a sequence of solutions of (5.1) and 6(t) be defined as in (4.13),
then there holds

(1) At least one component of u* has fast decay on dB(x*,7%).

(2) 6(1)=(01(1),02(1),53(1)) € (1,1, 1), where T stands for the sequence {74
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Proof. (1) has been proved in Lemma 4.1. To prove (2), we divide the argument into several steps.

Step 1. We prove that (6-1(I),6>(1),63(1)) e I'(1,1,1), where I stands for the sequence {I¥}. Set

g = o T
and let
V) = uf(F + )+ 210ge,  i=1,2,3.
Suppose that there exists J & {1,2,3} such that uf-‘ has slow decay on AB(x*,7%) for i € J, while the left ones
have fast decay on AB(x*,7%), i.e., vﬁ-‘(y) — —o0 in LfgC(RZ) forie{1,2,3}\J and vi-‘(y) converges to v;(y¥) in
C} .(R?) fori € J, where v;(y) satisfies

Avi)+ Y aie ™ =0 in R iel.
jeJ
Furthermore, there exists a sequence Ry with R, — +o0 as k — +oo such that ¥ := RieF < 7% and satisfies
(D). fB(O’Rk)eV"dy = fRZ e'idy+o(1),ie J,
(2). V¥(y)+2logly| < —N for [y| = Ry, for some Ny — +oo, i = 1,2,3,
(3). u* has fast decay on AB(xX*, IF).
Then one of the following alternatives holds:

(a). If J =0, then (61(1),6>(1),53(D)) = (0,0,0).

(b). If J = {i} for some i € {1,2,3}, then (61 (1), 5>(I),53(1)) = (4,0,0) or (0,4,0) or (0,0,4).

(c). If J ={1,2}, then (61(I),62(]),53(D) = (4,4,0).

(d). If J ={1,3} or {2,3}, then by the classification result Theorem 8.1-(a), we get (51(1),52(1),53(l)) =
(16,0,12) or (0,16, 12).

Therefore, in any case, we always have

(61D, 62D, 63(D) eI(1, 1, 1).

Step 2. If 6() = &4(t) for i = 1,2,3, then Proposition 5.1 is proved. Otherwise, there exists j € {1,2,3}
such that () # & ;(r), then we can apply Lemma 4.3 to find a sequence s; such that I < 53 < 7, some
components of u* have slow decay on dB(xX, s;) and

Gi(l)=64s) for i=1,2,3,
where s stands for the sequence {s;}. Let
vf(y) = uf»‘(xk + s5py) + 2log sk.

Suppose that there exists J & {1,2,3} such that uﬁ-‘ has slow decay on AB(x*, s¢) for i € J, while the left ones
have fast decay on AB(x*, sp), i.e., vﬁ-‘(y) — —oo in Lfgc(Rz) forie€{1,2,3}\J and vf-‘(y) converges to v;(y) in
C2.(R?) for i € J, where v;(y) satisfies

Avi(y) + Zaijevf(y) =4ny;6y in R%, i€l
jeJ
and y; = -3 Z?zl a;;j0 () > —1. Furthermore, there exists a sequence N; with N; — +oco as k — +oo such
that N} s < 7% and satisfies
(D). fB(O’Nz)eV"dy = fRZ e'idy+o(1),ie J,
2). vi-‘(y)+2log [yl £ =Ny for [y| = Ny, for some Ny — +o0,i=1,2,3,

(3). u* has fast decay on 6B(x",N,;k Sk).
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Then one of the following alternatives holds:

Case (a). If J = {ip} for some iy € {1,2,3}. Notice that 6;(N*s) = (I) for i € {1,2,3}\ J, where N*s stands
for the sequence {N; si}, and both 6(N*s) and (/) satisfy the Pohozaev identity (2.4). Then 6,(N*s) and
7,(l) are two roots of a quadratic polynomial in o7;,. From which we can directly solve 6(N*s) = R; (6(1)).
We can also deduce this result in another way by applying classification result of singular Liouville equation

[49]:
U Y I . A
Fiy(N's)= -~ /R edx+ G (D) =4 1—§Zaioja,(l) + 651 = (Riy(0(D)),, -
j=1

Then 6(N*s) =R, (6() eI'(1,1,1) if (1) e I'(1, 1, 1).
Case (b). If J ={1,2}. From the view of the classification result of [49], we directly deduce that

3
1 1
G n(N*s) = / emdx+6,(H)=411-= Zam,-é'j(l) + (D) = Ri2(6(D))),, , form =1,2.
2 R2 2 = ’
We also notice that G3(N*s) = 63(I), hence G(N*s) = R1»(6())) e '(1,1, 1) provided 6-(I) e I'(1, 1, 1).
Case (¢). If J = {m, 3} for m = 1 or 2. From the classification result Theorem 8.1-(a), we directly deduce that

3 3
- 1 - N 1 N 1 N .
Gm(N*s) = 27T/Rze da+GuD)=8 | 1- ;:1 amio (D) | +8 | 1- 2;a3jaj(l) +6m(D)
=Rz (61))),,, form=1or?2,

and

3 3
s 1 . 1 . 1 . .
F3(N's) = /R2 rdx+d3(h=4|1-7 ;amjaj(l) +8(1-5 ;awj(l) +63(0)
=Rz (0)));, form=1or2.
We also notice that 6 ;(N*s) = (1) for j € {1,2,3}\ J, then 6(N*s) = R,3(6()) e I'(1,1,1) since (1) €
ra,i,n.
Step 3. Let Sk,1 = ]V;(F sg. If
ais))=0i(r) for i=1,2,3,

then Proposition 5.1 is proved. Otherwise, we could repeat the argument of Step 2 to find s 1 << sx,; << s j+1

such that o(s;+1) € I'(1, 1, 1), where s, stands for the sequence {si j;1}. Since the energy is finite by (iii) of
(1.10) and the total gain for the local masses at each step has a lower bound

3
(6i(sj+1)—Gils))) >4 >0,
=1

1

then after finitely many steps we have &(s;) = 6(r) fori = 1,2,3. O

From the proof of Proposition 5.1, we can further deduce a more general result which will be used to
prove Theorem 1.1 in Section 6. Suppose that there is a subset J & {1,2,3} such that each uﬁ.‘ (i € J) has slow
decay on AB(x*, sp). Let

VED) = uF(F + spy) +21og sy, i=1,2,3.
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Then vﬁ-‘(y) — —ooforie{l,2,3}\Jin Lfgc(Rz) and vf-‘(y) converges to v;(y) in CIZOC(RZ) for i € J, where v;(y)
satisfies

N
(5.2) Avi)+ Y i’ =dmyiso+4n > mpd, in R, i€l
jeJ =1

where 0 # ¢; € R?, my € N and y} = y; — % E;zl ajjo ;> —1. Set
«_ ) o) if je{1,2,3}\J,
iz i+ %fRZ e'idx, if jel.
Then we have the following result

Proposition 5.2. If there is 6 € I'(u) such that o; = &; +4n;, n; € Z. Then o} = &5 +4n; with 6 € I'(u) and
n; € Z.

Proof. We shall consider the following three cases.

Case (a). If J = {I} for some / € {1,2,3}. Then by the classification result of [49], we have

(5.3) e"dx = 4(1 +y]) +4N; = 4} +4N,,

2w R2

where
1< 1
#7=1+7’7=1+71_22101j0'j:#1_2zla1j0'j,
J= J=

and N, € Z. Since o = §; + 4n; for some n; € Z, we get
= 1o
,u;-k =Ui— 5 Za,'jcrj =Ui— §Z“if&j+ﬁi’ nez, i=1,2,3.
j=1 j=1
Then (5.3) can be rewritten as
3
o o ¢"dx = 4 +4N; = 4y - jzl:a,j&j +4N, N €Z.

Thus we have
3

1 ~
of =0+ | edx= Gr+dm+4u-2 a6 +4N, = 67 +4n;, nj €.
T JR2 X
J=1

While for j # [, we set 5 = 6'7 then
* —_— Pa— A . . —— Ak .
oi=0j=0; +4n; =: o +4n;.

Therefore, we get
o' =0"+4Z with 6" =R(F) €T ().

Case (b). If J = {1,2}. Then by the classification result of [49], we have
1

(5.4) 2

edx=4(1+y;)+4N; =4u; +4N;, N;€Z, i=1,2,
where

3 3
pi=l+yi=l+yi-5 E laijo_j:/li—i E laijo'j’ i=1,2.
J= J=
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Since o; = & +4n; for some n; € Z, i = 1,2,3, we get that

3 3
. 1 1 o .
M =,u,'—5 Ela,-jO'j:,u,-—z Ela,-j(fj-i-n,-, ne€zZ, i=1,2,3.
J= J=

Then (5.4) can be rewritten as

3
1 N N
7n RZ€de:4,u;k+4Ni:4 'ui_ig a;jGj | +4N;, NieZ, i=1,2
=1

Hence, for i = 1,2 we get that

3
1 . ~
0—7 =0;+ % 2evld_x = é-i+4ﬂi_2zaijé—j+ +4n,- +4Ni =: (,)\';k +4l’l;‘k,
R =
with 67 = 4u; — 22?21 a;j0j+6; = (R12(6));. While for the third component, we set 65 = 3. Then we
conclude that

o =6"+4Z with 6" =R;2(6) €T(u).

Case (¢). If J = {i,3} for i = 1 or 2. Then by the classification result Theorem 8.1-(c), we have

1
— | e€"dx=0;+4N;, i=1lor2,
271' R2
and
1
— | e®dx=03+4N;3,
27T R2
where
(G1,03) € {(0,0), (4u;,0), (0,4u3), (du;,4(u; +u3)), (4u; +8u3,4u3),
(5.5
(Ap7 + 8z, 4p; +8p43), (8p; + 8z, 4py +443), (8uy + 815, 4y + 8#2)},
and
ui=vyi+1,i=1(or2),3, N;€Z.
Then we get that
(5.6) ol =6i+0+4N;, i=10r2, and o =03+03+4Ns,

where N; €Z, i =1 (or 2),3. We set

By (5.5) and (5.6), from direct computation we get that
o € {6, Rtr, Mo, RIad, R, RAR6, RaRKa6r, R .
Since ¢ € I'(u) we get that 6" € ['(u) as well by the definition of I'(¢). Thus, we have
o' =0"+4Z with 6" €T(u).

This finishes the whole proof. O
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5.2. Local mass in a group that does not contain 0. In this subsection, we shall collect together some of
the bubbling disks B(xﬁ-‘, lf.‘) into a larger one. We present the procedure as follows. For any xf‘ #0eX, we
define the subset S ]1‘ of X; by the following way. Let xlﬁ # 0 € X be the point of Z; such that

dist(x}, x5) = dist (x}, 2 \ {0, x{}) ,
where dist(-,-) is the distance function. We set

sk
dlstl(;ckl|,xg) has a positive lower bound,

{5y, if
sk =

}
- !
{x’; | dist(x’;,x(;)SCdist(x’;,x’;)}, if %ﬁ’ 0.

|x

Then we have
dist(x,y)
[yl

Obviously, one can see that Z; can be decomposed into a disjoint union of S’J‘. :

Vx,yeS’f, the ratio — 0as k — +oo.

Y ={0justu---usk | mg<m and myeN.

my?

Next, we shall use S lf as an example to illustrate the combination process for the points in S ]1‘ We may
assume

S]f={x]f,1,"‘,xk

1,m

} C 2.

Let T];,k and T]; be defined as follows:
1

1

1 1
Tékzidist(x]f,l,Zk\S]f) and 7 zidist(x'f’,,S'f\{x’f’,}) for I=1,---,my.

Then it is not difficult to see that
mj
UB(XITI,HE) CB(, 7)) and 71/7 -0 for I=1,--,m.
’ 1 1
I=1
By Proposition 5.1, the local mass 6(B(x1,,7;) =4my;, i=1,2,3, [ =1,---,m satisfies
(4my 1, 4myp,4m3) €(1L,1,1) for I=1,-+,my,

where (x1;,7;) stands for the sequence of pairs {(xll"l,Tf)}, m; € NU{0}, 1 <1< my. In the following
proposition we shall compute the possible values on the blow up mass in B(x’l‘ ],T’§ i)
’ 1

Proposition 5.3. There holds:

(i) At least one component of u* has fast decay on c')B(x’f’l,T]f).
(ii) Let o= oA',-(B(Xl,l,TS;;)), then o; € AN U{0}.

Proof. By Proposition 5.1, it is sufficient to consider the following two cases.

Case (1). uf has fast decay on 6B(x’f’1,rlf). Let

lk(Sll‘) =2 1max dist(xlf,l’xllc,l)'
<I<my
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Then u* has fast decay on 8B(x’1"l,ff‘) for any /=1,---,m;. Therefore

1

TH B s = - O
’ 2 Jpk sty

-1 ¢ Odx + L i dx
21 J U Bk b 27 Bk ks U, B b
(5.7) 1
2n U;ill B(xlf,lsT];)
m
= Z 4my;+o0(1),

=1

M dx + o(1)

where m;; e NU{0}, i =1,2,3, 1 </ <m,. Here we have used the fast-decay of u¥ outside of B(x’f’l,rf‘), and
then the second integral of (5.7) is o(1).
If it holds that

Fi(Bx1L IS D)) = 6i(B(x1,1,750),  Yi=1,2,3,

where (x1,1,1(S ’f)) and (x| ,Tsf) stand for the sequences of pairs {(x’f 1 k(S ’1‘))} and {(x’f 1,‘1']; )} respectively,
. . ;
then Proposition 5.3 is proved. Otherwise,

a-i(B(Xl,laTs’lf)) > é\'i(B(Xl,l,l(Sllc))) for some i € {1,2,3}.

In this situation we can apply the same arguments of Step 2 and Step 3 in the proof of Proposition 5.1 to
obtain that

Gi(B(X1,1,T5t)) = 6i(B(X1,1,8¢) € 4ANU{0}, i = 1,2,3,

for some s¢, where s, stands for the sequence {s%} with £(S¥) < sk < ‘r’gl.

Case (2). Some components of u* have slow decay on aB(x’f’l,T'f). Since /(S '1‘) ~ T;C for 1 <1< mj, some
components of uX have slow decay on OB(x’f’l IS ’1‘)). Then one of the following alternatives (similar to that
of Step 2 in the proof of Proposition 5.1) holds:

(2-1). u’f and u'§ have slow decay on aB(xll"l,lk(S’f)).

(2-2). u'f and u'3‘ (or ug and u'3‘) have slow decay on 8B(x’1" l,lk(S '1‘)).

(2-3). One component of u” has slow decay on (’)B(x’f’l,lk(S ’f)).

We set J as the maximal set such that each ui-‘ (i € J) has slow decay on 6B(x’1"1,lk(S ’f)). Let
Vi) = uf (o + (S Hy) +21og ST, i=1,2,3,

then V& (y) — —oo in L>. (R?) for i € {1,2,3}\ J and v} (y) converges to v;(y) in Ci. (R?) for i € J, where v;(y)
satisfies

m
Avi)+ Y aije " =4xy “myid,, in R, el
jeJ I=1
where n;; = -2 Z;zl a;jm;; € NU{0}. Applying the classification result Theorem 8.1-(b), there exists a
sequence Ry with Ry — +00 as k — +oo such that Ry*(S /1‘) < T]; . and
1

(a). fB(O,Rk) e'idy = [poe"dy+o(1) = 4m;+o(1), i € J, where m; €N,
(b). vi-‘(y) +2log|y| < =Ny for [y| = Ry, for some Ny — +co, i =1,2,3,
(c). uf has fast decay on 6B(x’1‘,1,Rklk(S ’f)).
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Hence the local mass

my

o} (B 1, R (ST)) = 4 (Zmz,i +171i> +o(l), i€l

=1

and
m

o (B | RS =4 mii+o(l), i€{l,2,3}\ .
=1

Notice that the total gain of local masses at each step is at least 4. Following almost the same argument as
Step 3 of the proof to Proposition 5.1, we could get the conclusion 5.3 in finitely many steps. O

6. Proor oF THEOREM 1.1 AND THEOREM 1.3

In last section, we have decomposed

> ={0jusku...usk

my?

and completed the combination process for the points in each group S; with 1 </ < my. In this section, we
shall regard S f as points and do the further collection. Precisely, we shall collect {0} and several closer sets
S f‘ at first. Suppose xf‘ es f‘ . Without loss of generality, we may assume the sets S¥,---, S f‘o are the ones with

C_llx’fl < Ixfl < Clx’fl, for 1 <I<ly,

and
XK > 6k for 1> 1.
Setting 7 = % if my=0and 7 = %lx’l‘l if mg > 0. Let o; = §;(t), where &(7) is defined as in (4.13), then

o €I'(u). To start the second step of combination procedure, we compute the possible blow up mass in the
bubbling disk centered at origin.

Lemma 6.1. 0 = (01,02,03) € I'(n).

Proof. We select ry < 1y such that _n}azx3 O'f-‘(B(O, rv)) < 1/k and u* has fast decay on dB(0, ;). We can apply
=1,z

Lemma 4.3 to find a sequence s; such that at least one component of u* has slow decay on dB(0, s;) and
6(s) =0. If 74 /sx < C or o = 6(s), then Lemma 6.1 is proved, i.e., 0 =0 € I'(u). If 74/sy — +0c0, we can
apply the same arguments of Step 2 and Step 3 in the proof of Proposition 5.1. In fact, let

Vi) = uf (siy) +21og si.
Suppose that there exists J & {1,2,3} such that ui-‘ has slow decay on dB(0, si) for i € J, while the left ones

have fast decay on dB(0, s¢), i.e., vi-‘(y) — —00 In Lfgc(Rz) forie{1,2,3}\J and vﬁ-‘(y) converges to v;(y) in
C2.(R?) for i € J, where vi(y) satisfies

Avi(y) + Zaijevf(” =4nyi6p in R, iel,
jeJ
andy; =y;— % Z?zl a;;0 j(s) =y; > —1. Furthermore, there exists a sequence N; with Ny — +00 as k — +oo
such that N[ sy < 7, and satisfies
(D). fB(O’Nz)eV"dy = fRZ e'idy+o(1),ie J,
). vi-‘(y)+2log [yl < =Ny for [y| = Ny, for some Ny — +o0,i=1,2,3,

(3). u* has fast decay on 6B(x",N,;k Sk).
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Then one of the following alternatives holds:

Case (a). If J only contains one element / for some [ € {1,2,3}. Applying the classification result of [49], we
have

1
6 1(N*s) = / e'dx+d(s) =4 (1 +y)+0=4u; = (R)(0)),.
271' R2
Notice that ;(N*s) = 6(s) =0 for i € {1,2,3}\ {{}, hence 6(N*s) = R;(0) € I'(w).
Case (b). If J = {1,2}. By the classification result of [49] again, we have

1
G 1(N¥s) = o /2 e"dx+d(s) =4u+0 = (R12(0)),, [=1,2.
R

While 63(N*s) = 63(s) = 0, therefore 6(N*s) = R2(0) € I'(u).
Case (¢). If J ={[,3} for [ =1 or 2. Applying the classification result Theorem 8.1-(a), we have

1
0 1(N*s) = o /2 e"dx+ G (s) = 8u;+8uz +0=(R;3(0);,, I=1or2,
R

and
1
G3(N*s) = 2/ e”dx+03(s) =4u;+8us +0 = (R3(0));, [=1or2.
T JR2
For the left component j € {1,2,3}\{/,3}, 6 ;(N"s) = 6 (s) = 0, then 6(N"s) = R;3(0) e ['(u), [ =1 or 2.
Next, let Sk,1 = NZSk. If
@'i(Sl) = @',‘(T) for i= 1,2,3,

then Lemma 6.1 is proved. Otherwise, we could repeat the above argument to find s;1 << 5 j << Sk, j+1 such
that 6(sj1) € I'(u). Since the energy is finite and the total gain for the local masses at each step has a lower

bound
3

> (G1(s01) = 6i(s) = min 4p1; >0,

- i=1,2,
the process will stop after finitely nllalny Jj steps (by a little abuse of notations) and we have
Gi(s;))=0i(r) for i=1,2,3.
Hence
(01,02,03) = (61(7),02(7),63(1)) € T(p),
The statement of at least one component of uX has fast decay on dB(0, 1) follows by Lemma 4.1-(b). O

Now we are able to provide the proof of Theorem 1.1

Proof of Theorem 1.1. If mg = 0, we prove it immediately by Lemma 6.1. So we assume that mg # 0. We
select SK,--- .S f‘o as the beginning of this section and group together

S ={ojustu---ust.

In other words, we view {0} and S f‘ (1 <i<lp) as points. Let

1
#*(S) = 5||Sé;+1|| > If (S),

where

IS f‘oﬂll = min dist(O,xk) and lf‘O(S) := 2 max max dist(O,xk).
ke \S I<i<ly xkes*

Similar to the proof of Proposition 5.3, we shall encounter the following two cases.
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Case (1). u* has fast decay on 8B(0,l;‘0 (S)). Similar to the argument of (5.7) in Proposition 5.3, we deduce
that the local mass

0
Fi(15,(8)) = Gi(r) + Z‘Afi (B(x1,7))) = 6i(x) +4m;, i=1,2,3,
=1

where m; € NU {0}, 1;,(S) and (X[,TS[) stand for the sequence of {lf‘O(S)} and the pair {(x’l‘,rél)}, and 6(1) €
I'(u) by Lemma 6.1. If

(6.1) Gi(1(S)) =0l (S)), =123,
then we complete the process of grouping {0} and S’l‘ o ,Sf‘o , and the proof of Theorem 1.1 is complete by

grouping till S’,‘no. If (6.1) does not hold, by Lemma 4.3 we can find a sequence s; with lf‘o (S) < sp < t4(S)
such that some components uf (i € J) have slow decay on dB(0, s¢) and

Gill(S) =0Gi(s), =123,
where s stands for the sequence {s;}. Let
v;‘(y) = uf-‘(sky) +2log sk.
Then we can apply the same argument of Step 2 and Step 3 in the proof of Proposition 5.1 and the result of
Proposition 5.2 to get that
Gi(#(S)) =Gi(sp) eT(w)+4Z, i=1,2,3,
for some s,, where s, stands for the sequence {slg } with lf‘O(S) < sk ;< #%(S). Indeed, we have vk(y) — —o00in

Lfg’c(R2) forie{1,2,3}\J and vf?(y) converges to v;(y) fori € J in CIOC(RZ), where v;(y) satisfies (5.2). All
the possibilities have been discussed in Proposition 5.2. Then there is a sequence N;; — +0c0 as k — +oo such
that u* has fast decay on 0B(0, N sx). Using Proposition 5.2 we conclude that the new local mass

o= lim (oK (N 510, 5 (N s1), 5 (N sw)) € T() +4Z.
—+00
We can repeat almost the same procedure as above to find sk ¢+1 > si¢ such that 6(se+1) € I'(u) +42Z if

necessary. Since the energy is finite and the total gain of local masses at each step has a lower bound, then
the process will stop after finitely many steps and

0 = (01(1(5)), 62(7(5)), 53(7(5))) € T'(u) + 4Z.

This ends the process of grouping {0} and S ’f ETINY f‘o . One can continue the procedure until S, is included.
Then Theorem 1.1 is proved.

Case (2). Suppose that there is a subset J & {1,2, 3} such that u’.‘ (i € J) has slow decay on dB(0, l;‘O(S )). Let

Vi) = uf (1 (S)y) +21og [ (S).

Then we go back to the proof of Case (1) by replacing s; by l’l‘O(S ). The rest proof is similar and we skip the
details. m|

As a consequence, we are able to provide the proof of Theorem 1.3.

Proof of Theorem 1.3. Suppose that @i is a sequence of solutions to system (1.16). Let

Ak ~k Pl .
it (x) =it;(x)+1o , 1=1,2,3.
’ 5 Hetav, [, hkett v,
Then the system (1.16) can be rewritten as follows
ok a;ip; .
. Adl Rk e Tl -0, i=1,2,3.
(6.2) it +Zau Z i i
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We notice that

k

¥ < ik +1ogpf - / udeg —C for some universal constant C,
M

where we have used the Jensen’s inequality and hi-‘ are smooth positive functions. Thus,

(6.3) i/l‘ + i/§ + 212/§ =Cy, Cy is uniformly bounded above with respect to k.

Around each blow up p we take r such that BN B,(p) = {p}, and set

) if pes,
" | # +4na,Glx.p), if peSs.

Together with (1.15), (6.2) and (6.3) we see that L‘tf satisfies

3 ok 3
Aﬁf + Z aijh/j‘.e”f - Z
J=1 J=1

L't’f + it’z‘ + 25/3‘ =y, Cj is uniformly bounded above with respect to k.

(6.4) UL YL 4nB, 6y, = 1,2,3,

where Ef-‘ = 715-‘ exp (—47r,8p,,-G(x, p)) ,i1=1,2,3 and

0, if p¢s
,Bp,i = .
ap;,, if peSs.

Then it is not difficult to see that i_zi-‘, i =1,2,3 are smooth and positive in B,(p). Though there are some
extra constant terms in (6.4) and A, contains some other terms than the Euclidean Laplace operator in the
local coordinate, they can be ignored when we perform the blow up analysis for (6.4) since we only need
the local information for computing the local mass. By Theorem 1.1 and the Remark 1 we have

1 ok
— lim lim re'idv, = o . +4m, ., j=1,2,3,
T r—»0k—+oco B(p.r) 8 p.J P> J

*

where (o ol

0,2:0,3) €Xp 1, 1p2, 1p3) and my, j € Z. This amounts to say that

k Kk uk
oir hte”idV,
— lim lim jfB(p ) J ul

27 r—0k—+o0 k uk
Jyeav,

=0, ;i +4mpj, j=1,2,3.

Together with the fact there is at least one component which possesses the concentration property, without
loss of generality, we may assume the first component has such property. Then we get that

lim pf =2n g 0,1 +8mm for some my € Z.
k—+00

PER

k

It obeys the choice of p; ¢ I';. Therefore, we must have @i is uniformly bounded and it finishes the proof. O

7. BLOW-UP ANALYSIS FOR THE SINH-GORDON EQUATION
In this section, we consider the blow-up analysis for the sinh-Gordon equation
(7.1) Au+e'—e™=0.
Let u; = u, up = —u, then (7.1) can be written as the following equation with y; =y, =0,
Auy + "' — " = 4y 69,
(7.2) Auy — "' + e = 4y, 60,

ur+up =0.
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The local mass for the blow up solutions to equation (7.1) with y; =y, = 0 has been derived by Jost-Wang-
Ye-Zhou [30] and Jevnikar-Wei-Yang [24] by different methods. Now we shall consider a more general
situation, where

(7.3) yi>-1,i=12, y1=-y2#0.

Suppose that u* = (u’l‘ , u'ﬁ) is a sequence of blow-up solutions of system (7.2) in B(0) satisfying
/ dWdr<c, i=1.2,
B1(0)

(7.4) |uf(x) — uf(y)l <C, i=1,2, ¥x,y € 0B(0), for some constant C > 0,

max max uf(x) < C(K), maxmax(u} (x)+2y;log|x|) — +oo.
i=1.2 KB (0)\(0} i=1.2 B, (0)

Denote the local mass o corresponding to the solutions u* by

.. .
;= — lim lim e”f‘((x)dx, i=1,2.
T r—0k—o0 B,(0)

Then applying the same arguments from Section 2 to Section 6 in the present article, we obtain the following
result.

Theorem 7.1. Suppose that u* = (u’l‘ ,ué) is a sequence of solutions of system (7.2) satisfying (7.3)—(7.4).
Let u; = 1+7vy;, i =1,2. Then there exists 0 + & = (61,62) € ['(4) such that

0',-=0A',-+4m,-, m; €z, i= 1,2,

where

2
(7.5) () ={(0'1,<72) | o =4Znij/~lja n; € NU{O}, i=1,2, (0 —02)* = 4(ui 0y +,u202)}-
=1

Furthermore, one can easily check that (7.5) is equivalent to

o1 = (m+ 1) uy +(m* = Dy, 02 = (m* = Dy +(m— 1)z, m = 1 (mod 2) }

r = b
®) {(Ul 72) o =mPuy + ((m— 1% - 1)#2, o= ((m+ 1)° - 1)#1 +m’uz, m =0 (mod 2)

Remark 8. For the case of y1 = y2 =0, we obtain
I'(p) = {(0’1,0'2) =Q2mm+1),2m(m—-1)) or Cm(m—-1),2m(m+ 1)) }
This result coincides with [30, Corollary 1.2] and [24, Theorem 1.1].

8. APPENDIX: CLASSIFICATION RESULTS

In this appendix, we provide a quantization result which has been used frequently in the grouping process.
We consider the following system

1 N .
Au+te'—5e" =4ny ,_ ap16p, in RZ,
(8.1) Av—e'+e’ =4x > ) @26, in R?
Jro€'dx, [poe¥dx < +oo,

where p, are distinct points in R? and ap;i>—1for1 <€<N,i=1,2.

Let
1

vV
= — e'dx.
27T R2

o eldx, o,

B % R2
The main result of this section is the following

Theorem 8.1. Suppose that (u,v) is a solution to system (8.1).
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(a). If N =1, i.e., there is only one singular source on the right hand side of (8.1), then there holds
(O’u,O'V) = (80’1,1 +4a/1,2 + 12, 8011,1 + 80’1,2 + 16).

(b). If ar; eNU{0}, i=1,2, 1 <L <N, then there holds (o, 07y) = (4N1,4N,) for some positive integers Ny
and N.
(c). Ifay;>-1,i=1,2and ap; e NU{0}, i = 1,2, 2 < £ < N, then there holds
(oy,0y) = (0, +4N7, 0, +4N5),

where N €Z, i = 1,2 and
(0,.07) € {(0,0),(401,1,0),(0,401,2),(40!1,1,8&1,1 +4a12), (4ay ) +4ar 2,41 ),
(4a1 +4a12,8a1,1 +8a12),(8ar +4a2,8a1 +4a12),(8ar +4ar2,8a11 + 801,2)}-

Proof. Let
u=u;+log2, v=uy+log2.
Then we have
(8.2) (Ou,0u) = %(O'M,O'V), where oy, = o . e"dx,
and (u1,uy) satisfies

in R

N
(8.3) {Aul et — e = 4r) oy @10

N
Aupy —2e" +2"2 =4y - p26p,,

We notice that equation (8.3) is exactly the standard C, Toda system, which can be obtained from A3 Toda
system with some symmetry condition. Precisely, we consider the following system

Aiiy +2e" —e™ =43, @010,
(8.4) Aiiy — €™ +2e™ — e = dx S ) @26,  in R
~ i i N
Aiiz —e™ +2e" =4n) ", @36,

Setting
(8.5) iy =fiz=uy, fp=upy, ap =ar3, 1<EN.

Then (8.4) can be reduced to (8.3).
When there is only one singularity on the right hand side of (8.4) we get from [37, Theorem 1.3] that

1 . 1 _
— e”‘dx:4a/11+2a12+6, — e“zdx:4a/11+4a12+8,
27T R2 ’ ’ 271' R2 ’ ’
which together with (8.2) implies the conclusion (a).
It is easy to see that conclusion (b) is an easy consequence of (c). So in the following we shall focus on
the point (c). By [40, Theorem 8.1], we have

10 L /1) J
Oy, ZZZCX1J+2N], 0'142:22 (ZQU_Z“U) +2N>,
=1 =1

I=1 j=0

where N; € Z,i=1,2, a1y, [ =1,2,3 are given as in (8.5) and f is a permutation map from {0, 1,2, 3} to itself
satisfying
fO+f3-)=3,1=0,1,2,3.
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Exhausting all the possibilities of f, we have

£(0) 1 S J
22011,1,22 Zal,l_za’l,l € {(0,0),(2a/1,1,0),(0,2(1/1,2),(2(11,1,4a1,1 +2a12),
=1 =0 \ =1 =1

Qarg +2a12,2a12), 2ay g + 212,411 +4a1 ),

(4a1 +2a12,4a1,1 +2a12),(4ar 1 + 210,41 1 +4C¥1,2)}-

Together with (8.2), we get the conclusion (c¢) and it finishes the proof. O
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