AXTALLY SYMMETRIC SOLUTIONS OF ALLEN-CAHN
EQUATION WITH FINITE MORSE INDEX*

CHANGFENG GUI', KELEI WANG! AND JUNCHENG WEI

ABSTRACT. In this paper we study axially symmetric solutions of Allen-Cahn
equation with finite Morse index. It is shown that there does not exist such a
solution in dimensions between 4 and 10. In dimension 3, we prove that these
solutions have finitely many ends. Furthermore, the solution has exactly two ends
if its Morse index equals 1.

1. INTRODUCTION

In this paper we study axially symmetric solutions of the Allen-Cahn equation
(1.1) Au=W’'(u), inR"
Here W (u) is a general double well potential, that is, W € C*([—1, 1]) satisfying
e W >0in (—1,1) and W(£1) = 0;
o W/(£1) =0 and W"(—1) = W"(1) = 2;
e IV is even and 0 is the unique critical point of W in (—1,1).
A typical model is given by W (u) = (1 — u?)?/4.
For this class of double well potential, there exists a unique solution to the fol-
lowing one dimensional problem

(1.2) g'(t) = W'(g(t)), g(0)=0 and lim g(t) = +1.

Moreover, as t — 400, g(t) converges exponentially to +1 and the following quantity
is well defined

- /_m Bg’(t)z—l—W(g(t)) dt € (0, 450).
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In fact, ast — o0, the following expansions hold: there exists a positive constant
A such that for all || large,

g(t) = (1 — Ae=V2thsgn(t) + O(e=2V2M),
g'(t) = V2Ae VA 4 O(e-2V2M),
g"(t) = —2Ae~ V2 L O(e2V2M),

Denote points in R™™ by (21, ,x,,2) and let r := \/2? + - - + 22.

Definition 1.1. o A function w is azially symmetric if w(zy, - ,Tp,2) =
u(r, 2).
o A solution of (1.1) is stable in a domain Q C R™™! if for any p € C§°(Q),

Qalyp) = /Q [Vl + W (u)e?] > 0.

o A solution of (1.1) has finite Morse index in R* ™! if

sup dim {X C C3°(Bp™(0)) : Qla< 0} < +oc.
R>0
It is well known that the finite Morse index condition is equivalent to the condition
of being stable outside a compact set, see [6].

Definition 1.2. An azially symmetric solution of (1.1) has finitely many ends if
for some R > 0,

o u # 0 in BE(0) x {|z| > R};
o outside Cr := B}(0) xR, {u = 0} consists of finitely many graphs I, where

Fa:{Z:fO&(T)}J aZla"'?Qa
and fi <--- < fg.
Our first main result is

Theorem 1.3. If 3 < n < 9, any axially symmetric solution of (1.1), which is
stable outside a cylinder Cr, depends only on z.

In other words, the solution has exactly one end or it is one dimensional, i. e. all
of its level sets are hyperplanes of the form {z = t}. Therefore for 3 < n <9, there
does not exist axially symmetric solutions which is stable outside a cylinder, except
the trivial ones (i.e., constant solutions £1 and g in (1.2)).

The dimension bound in this theorem is sharp. On one hand, if n > 10, there
do exist stable, axially symmetric solutions of (1.1) in R™™ with two ends, see
Agudelo-Del Pino-Wei [1]. (The two-end solutions constructed in this paper for
3 < n <9 are also shown to be unstable by a different argument. Our proof of
Theorem 1.3 will rely on an idea of Dancer and Farina [4].) On the other hand,
nontrivial axially symmetric solutions with finite Morse index in R? also exist. (See
del Pino-Kowalczyk-Wei [5].) However we show that
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Theorem 1.4. If n = 2, an azially symmetric solution of (1.1) with finite Morse
index has finitely many ends. Moreover, there exists a constant C' such that for any
r€R? and R > 0,

(1.3) /B;@) B|Vu|2 + W(u)] < COR%.

Concerning solutions with a low Morse index we first show that

Theorem 1.5. If n = 2, any azially symmetric, stable solution of (1.1) depends
only on z.

Next we prove that

Theorem 1.6. Any azially symmetric solution of (1.1) with Morse index 1 in R3
has exactly two ends.

Two end solutions in R? have been studied in detail in Gui-Liu-Wei [9]. They
showed that for each k € (v/2,+00) there exist two-ended axially symmetric so-
lutions whose zero level sets approximately look like {z = +klogr}. Parallel to
Schoen’s result in minimal surfaces [11], one may ask the following natural question:

Conjecture: All two-ended solutions to Allen-Cahn equation in R? must be axially
symmetric.

We introduce some notations used in the proof of Theorems 1.3-1.6. Taking (r, z)
as coordinates in the plane, after an even extension to {r < 0}, an axially symmetric
function u can be viewed as a smooth function defined on R?. Now (1.1) is written
as

(1.4) Upy + n—ur +u,, = W'(u).
r

We use subscripts to denote differentiation, e.g. u, := %. A nodal domain of u, is
a connected component of {u, # 0}. Sometimes we will identify various objects in
R™™! with the corresponding ones in the (r, z)-plane, if they have axial symmetry.

To prove Theorems 1.3-1.6 we follow from a strategy used by the second and the
third authors [18]. One of the main difficulties is the possibility of an infinite tree
of nodal domains of u,. Here we explore the decaying properties of the curvature to
exclude this scenario.

The remaining part of this paper is organized as follows. In Section 2 we give a
curvature decay estimate on level sets of u. This curvature estimate allows us to
determine the topology and geometry of ends in Section 3. In Section 4 we show
that interaction between different ends is modeled by a Toda system. The case
3 < n < 9is analysed in Section 5, while Section 6 is devoted to the proof of the
n = 2 case. Finally, Theorem 1.5 and Theorem 1.6 are proved in Section 7.
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2. CURVATURE DECAY

In this section u denotes an axially symmetric solution in R™™!, which is stable
outside a cylinder Cz. We will establish a technical result on curvature decay of
level sets of w.

Let us first recall several results on stable solutions of (1.1). By [12], given a
domain  C R™!, the stability of u in € is equivalent to the following Sternberg-
Zumbrun inequality

(2.1) / Vo2 Vaf? > / PIBW)PIVu’, Ve € CR(Q).
Q Q

In the above,

[V2ul? — [V|Vul]”
R
where A is the second fundamental form of the level set of u and V1 is the tangential

derivative along the level set.
The following Stable De Giorgi theorem in dimension 2 is well known, see [8].

(2.2) [B(w)]” : = AP + [V1log [VulP?,

Theorem 2.1. Suppose u is a stable solution of (1.1) in R%. Then u is one dimen-
sional. In particular, |B(u)|* = 0.

Using this theorem we show that away from the z-axis, u looks like an one dimen-
sional solution at O(1) scales.

Proposition 2.2. Suppose u is an axially symmetric solution of (1.4) in R™*1,
which is stable outside a cylinder Cgr. Then for any e > 0, there exists an R(e) > R
such that for any r > R(e) and z € R where u(r,z) = 0, we have

||U - g‘|C’2(B;+1(r,z) <e
Here, by abusing notations, g denotes a one dimensional solution in the (r, z)-plane.

Proof. Take an arbitrary sequence R; — +o00 and z; € R with u(R;, z;) = 0. We need
to show that, after passing to a subsequence, u;(r, z) := u(R; + 7, z; + z) converges
to a one dimensional solution of (1.1) in C? (R?).

By standard elliptic estimates we may assume u; converge to u,, in C? (R?).
Passing to the limit in (1.4) we see s, is a solution of (1.1) in R?.

Because u is axially symmetric and stable outside Cg, there exists an axially

symmetric function ¢, which is positive outside Cg, such that

-1
Prr + n—gpr + Q. = W”(u)gp, outside CR'
T

Define .
SOZ',,,’Z = —QORi—i‘T,ZZ'—FZ.
(r,2) ) ( )
For any R > 0, it satisfies
e )+ =W w)yg', in BR(0).

Ri—i—r
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By definition, ¢*(0) = 1 and ¢’ > 0. Then by Harnack inequality and standard
elliptic estimates, after passing to a subsequence we may take a limit ¢* — ¢©*> in
C? (R?). Here ¢ satisfies

loc
P+ 0% = W (ue)p™, 9> >0 in R

Hence u., is a stable solution of (1.1) in R?. By Theorem 2.1, 1, is one dimensional.
U

Corollary 2.3. Suppose u is an azially symmetric solution of (1.4) in R™ ™ which
is stable outside a cylinder Cr. For any b € (0,1), there exists an R(b) > 0 such
that |Vu| # 0 in {|u| <1 —b} \ Crw). Moreover, if (r,z) € {|u| <1—b}\ Cru) and
r — 100,

|B(u)(r, z)| — 0.

The main technical tool we need in this paper is the following decay estimate on

|B(u)]*.

Theorem 2.4. Suppose u is an azially symmetric solution of (1.4) in R™ ™ which
is stable outside a cylinder Cr. For any b € (0,1), there exists a constant C(b) such
that in {|u| <1 — b} \ Crep),

|B(u)(r,2)]* < C(b)r™

and

|H (u)(r, 2)| < C(b)r—2.

In the above H(u)(r, z) denotes the mean curvature of the level set {u = u(r, 2)}
at the point (r, z). The proof of this theorem is similar to the two dimensional case
in [18]. By a blow up method, it is reduced to the second order estimate established
in [17]. Note that here no condition on the dimension n is needed, because as in
the proof of Proposition 2.2, the limiting problem after blow up is essentially a two
dimensional problem and then the estimate in [17] is applicable.

3. GEOMETRY OF ENDS

In this section u denotes an axially symmetric solution of (1.4) in R"™! n > 2,
which is stable outside a cylinder Cg. Here and henceforth, a small constant b € (0, 1)
will be fixed. Notations introduced in the previous section will be kept, too. Take a
constant Ry > R(b) so that it satisfies

(3.1) C(b)R;? < R{*.

By Theorem 2.4, {u = 0} \ Cg, = Useul's for an index set A. For each «, ', is a
connected smooth embedded hypersurface with or without boundary. Furthermore,
I'oNTs=0if o # . Finally, since u is axially symmetric, for each a € A, T'y, is
also axially symmetric. As a consequence, I', is identified with a smooth curve in
the (r, z) plane.

Viewing T, as a smooth curve in the (r, z) plane and r as a function defined on
I'.,, we have

Lemma 3.1. Fvery critical point of r in the interior of Iy, is a strict local minima.
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Proof. Assume by the contrary, there exists a point (7, z,) in the interior of one I'y,
which is a critical point of r but not a strict local minima. By Proposition 2.2 and
Corollary 2.3, in a neighborhood of (r,, z.), I's = {r = fa(2)}. By our assumptions,
fa(ze) =714, fl(2.) =0 and f”(z.) < 0. Hence

1
H *;*>_‘
r. (7 Z)_r*

In view of (3.1), this is a contradiction with Theorem 2.4. d

Since I', is a connected smooth curve with end points (if there are) in dCg,, by
this lemma we see there is no local maxima and at most one local minima of r in
the interior of I',. There are two cases:

Type L. T, is diffeomorphic to [0, +00) and it has exactly one end point on ICg,;
Type II. T',, is diffeomorphic to (—oo, +00) and its boundary is empty.

If T, is of type I, r is a strictly increasing function with respect to a parametriza-
tion of I',. Hence it can be represented by the graph {z = f,(r)}, where f, €
C*[Ry,+00). (Higher order regularity on f, follows by applying the implicit func-
tion theorem to u.)

If Ty, is of type II, there exists a point (R,, 24 ), which is the unique minima of r on
[,. Asin Type I case, Ty \ {(Rq, 24)} = TF UT,, where I'S can be represented by
two graphs {z = fZ(r)}. Here ff > f. on (R,,+o0) and f7(Rs) = f, (Ra) = za-

Proposition 3.2. There exists a constant Ry > Ry such that for any type II end
I'., it holds that R, < Rs.

Proof. Assume by the contrary, there exists a sequence of type II ends I';, such that
Ry, — +o0.

By Theorem 2.4, the rescalings ¥, := R, ' [[x — (0, 2;)] have uniformly bounded
curvatures and their mean curvatures converge to 0 uniformly. By standard elliptic
estimates, after passing to a subsequence of k, ¥, converges smoothly to an axially
symmetric, smooth minimal hypersurface ¥,,. Moreover, there exist two functions
fE € C*((1,+00)) such that

S \{(1,0)} = {(r,2) : 2 = f2(r)}
Hence X, is the standard catenoid. By [13], it is unstable. (Indeed, its Morse index
is exactly 1.)
On the other hand, we claim that >, inherits the stability from u, thus arriving
at a contradiction. To this end, let uy(r, z) := u(Rgr, Ri(zr + 2)). It is a solution of
the singularly perturbed Allen-Cahn equation

Since u is stable outside Crg,, uy is stable outside Cg, /r,. Note that ¥ is a connected

component of {u, = 0} and it is totally located outside C;. Next we divide the
discussion into two cases.

e Suppose there exists another connected component of {u; = 0}, denoted

by 3., also converging to Y., in a ball B,.(p) for some r > 0 and p € ¥.
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By Theorem 2.4, Ek enjoys the same regularity as for ;. Hence by the
axial symmetry of 3, and the uniqueness of catenoid, S converges to Y
everywhere. In this case we can construct a positive Jacobl field on X, as
in [3, Theorem 4.1}, which implies the stability of X

e Suppose there is only one such a component in a fixed neighborhood N of
Yoo Since Yo C {r > 1}, we can take N C {r > 1/2}. Hence uy is stable in
N. Then for any ball B,(p) with r > 0 and p € ¥, there exists a constant
C > 0 such that

——|Vui|® + RW (u < C.

Because uy, is stable in /\/ N B,(p), the stability of X, follows by applying
the main result of [14].

The contradiction implies that R, is bounded and the proposition is proven. U

Now {u = 0} \ Cr, = Ual's, where each T, is of Type I. Denote I', N {r = Ry} =
{(R2, zo)}. After perhaps enlarging Ry, by Proposition 2.2, there is a positive lower
bound for |z, —z3|, Va # . Hence we can take the index « to be integers and we will
relabel indices so that z, < z3 for any o < . By continuity and the embeddedness
of I'y, it holds that f, < fz in [Rs, +00) for any a < f.

Define the functions

fo—j_<T> = fa(r) +2fa+1(r)7 for r € [RQJ +OO)7

fo(r) = fa(r) +2fa_1(7’)7 for r € [Ry, +00).
By definition, fi = f,,,. In the above we take the convention that ff(r) = +o0
(or f(r) = —oo) if there does not exist any other end lying above (respectively

below) I',,. Let
My ={(r,2): fi(r)<z< fF(r), r>Ry}.
The following result describes the asymptotic behavior of f, as r — +oc.

Lemma 3.3. There exists a constant C such that for each «, in [Rs,+00) it holds
that

|[fa(r) = fa(R2)| < C'logr,
(3:2) |[fa(r)] < Cr

2]+ 18 ()] < or2

Proof. By Proposition 2.2 and implicit function theorem, for t € (—1 + b,1 — b),
there exists a continuous family of curves {z = f,.(r)} satisfying f,o = f. and
u(r, far(r)) =t on [Ra, +00). These curves will be denoted by I', ;. Next we divide
the proof into four steps.

Step 1. Denote the second fundamental form of I', ; by A, , the mean curvature
by H,.. By the bound on A, ; in Theorem 2.4 and the axial symmetry of I, ;, there
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exists a constant C' (independent of t € [-1 4 b,1 — b]) such that for any r > Ry,
C

(33 < S, 1l <0

Step 2. Forany t € [-1+b,1—b] and A > 0, let X, \ := Al = {2z = fa.(r),r >
ARy}, where fi (1) := Afa (A7'r). By Theorem 2.4, as A — 0, fy; are uniformly
bounded in CZIO’CI(O, +00). Hence after passing to a subsequence of A — 0, fr; — for
in CL,.(0,400). Here fy; satisfies the minimal surface equation in the weak sense on
R™\ {0}. Tt is directly verified that fy; = 0. Since this is independent of the choice
of subsequences of A — 0, we obtain
(3.4) lim f,(r)=0, Vte[-1+b1-10].

r—+4oo

Step 3. By the bound on mean curvature in Theorem 2.4, in (Ry, +00), far

satisfies
M -1 (T
(35) ,,t( ) . 3/2 n - /,t( ) - 1/2 — O (T_Q) .
(L4 [fau(r)P) (1 + [ fau()[?)

Combining this equation with (3.4), an ordinary differential equation analysis (e.g
by rewriting this ODE in the new variable s := logr) leads to the estimates for f,;,
fh. and fl7,, where the constant C'is independent of ¢ € [~1 45,1 — b].

Step 4. Differentiating the relation u(r, fo+(r)) =t in r leads to

(3.6) Uy + . fr,, = 0.

Combining this relation with the estimate on f;, , gives

(3.7) lu.(r,2)] < Cr~', in {Ju] < 1-=b}N{r> Ry}.
Differentiating (1.4) in r we get the elliptic equation satisfied by w,.:
(3.8) Au, = W (u)u, + nr—Q 1ur.

By standard interior gradient estimates we obtain

(3.9) [up.(r,2)| < Cr~t, in {|u| < 1—2b} N {r > Ry}.

Differentiating (3.6) in r again, we obtain
Urr + 2 fio g+ s | fog|” +uafl, = 0.
Substituting (3.9) and the estimates on f/, and f} , into this identity, we obtain
(3.10) U (7, 2)| < Or72 in {|u| <1 =20} N {r > Ry}.
Differentiating (3.8) in  once again, we obtain the equation for w,,:

2n —1 2n — 1
Bty = W7 + WOy + 201y, 4 2021

e
r3

Applying standard interior gradient estimates we obtain

(3.11) [t (75 2) | + a1, 2) | < Cr~2, in {Jlu] <1 =3b}N{r > Ry}.
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Differentiating (3.6) twice in r and evaluating at ¢ = 0, we get

Uppr + 37”6”2-]% + 3uTZZ‘fé¢|2 + 2u7’2fg + uzzz‘fr;|3 + SUZZfézftg + uzfo(?) =0.
Substituting (3.11) and estimates on f/, f” into this equation, by noting that |u,|
has a definitive lower bound on I', N {r > Ry} (by combining Corollary 2.3 with
(3.6)), we get the estimate on fc(f’). O

Two corollaries follow from this lemma. First the bound on f! implies an area
growth bound for I',.

Corollary 3.4. There exists a constant C' such that for each T, if R is large enough,
Area(I'y N (Cr \ Cry)) < CR™.
Next, by this lemma and Proposition 2.2, we obtain

Corollary 3.5. For each I, , there exists an R, such that u, has a definite sign in
the open set {(r,z) : r > Rq, |z — fa(r)| < 1}.

Proof. By Proposition 2.2, there exists an R, ; such that for any r > R, 1, u is very
close to a one dimensional solution g(e,-(x, z)—\) in Ba((r, fo(r))), where e, is a unit
vector and A, is a constant. In particular, there is only one connected component
of {u = 0} in this ball, which of course is just I',. By Lemma 3.3, there exists
another R, such that if 7 > R, o, then {u = 0} N By((r, fo(r))) is very close to the
line {z = f,(r)}. Combining these two facts, we see if r > R, := max{Rqa.1, Ra2},
then e, is very close to the z direction or the minus z direction. Because ¢’ has
a definite positive lower bound in any compact set of R, u, has a definite sign in
Bi((r, fo(r)). Since {(r,2) : 1 > Ry, |2z — fa(r)| < 1} is a connected open set, the
conclusion follows. U

The following lemma gives a growth bound of the energy localized in the domain
around each end.

Lemma 3.6. For any «, there exists a constant C, such that
1
/ [—|W|2 + W(u)] < C,R", VR > R,.
aﬂ(Bg+1\cR2) 2

Proof. This growth bound follows from the following two estimates.
Claim 1. For any L > 0 and R > 0,
1
/ LWMMWW@}SQ@HK
{Ro<r<R,fo(r)—L<z<fo(r)+L} 2
This follows by combining the trivial bound §|Vu|? + W (u) < C, co-area formula
and the area growth bound in Corollary 3.4.
Claim 2. If L is sufficiently large,

1
/ LWMMJWW]SQﬁ@
{Ro<r<R, fa(r)+L<z<fos1(r)~L} L2

Note that here f,.1 could be 400 everywhere, that is, there is no end lying above
[..
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Assume the constant b > 0 has been chosen so small that W”(u) > ¢ in {|u| >
1—2b} for a positive constant c. A direct calculation leads to the following differential
inequality in {|u| > 1 — 2b},

(3.12) A[%Wmﬁ+wveo]zc[;vmﬁ+vvmﬂ.

Note that if we have chosen L large enough, then {Ry <7 < R, fo(r) + L/2 < z <
fas1(r) = L/2} C {|u| > 1 — b}. Without loss of generality, assume v > 1 — b in
{Ry <r <R, fa(r)+L/2<z< fara(r) — L/2}.

Take a smooth function ¢ € C*°(R) satisfying 0 < ( <1, ( =1 in (1 — b, +00),
¢ =01in (—oo,1 —2b) and [¢']* + |¢"| < 100672

Multiplying (3.12) by ((u) and integrating in the domain D = {f,(r) < z <
fa+1(r)} N BET(0) \ Cr,, we obtain

1
/{RQ<1~<R,fa(r)+L<z<fa+1(r)—L}ﬁBE’,+1 {2

< /D [%|Vu|2 - W(u)} ¢(u) (by our choice of ¢)

|Vul? + W(u)]

IN

cAABWW+W@k@)mem

C/ Bwu\z + W(U)} [¢'(w)Au + ¢"(u)|Vul?]  (integration by parts)
D

boundary integrals on 9Cg, N D
boundary integrals on dBRE™ ND

1 ! "
¢ [ |5+ wel el + i)
boundary integrals on 9Cg, N D

IN -+ +

+ +

boundary integrals on dBRE™ N D.

In the right hand of this inequality, the following estimates hold.

e Because ('(u) and ¢"(u) are nonzeroonly in { Ry < r < R, fo(r) < z < fo(r) + L}
and {Re <7 < R, fo41(r) — L < 2 < far1(r)} (if this set is non-empty), es-
timate on the first integral follows by applying Claim 1.

e The boundary integral on dCg, N D is of the order O(R), because the area
of Cr, N D is of the order O(R) and the integrands are of the order O(1).

e Finally, the boundary integral on dB%™ N D is of the order O(R"), because
the area of B N D is of the order O(R") and the integrands are of the
order O(1).

This completes the proof of Claim 2. U
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4. A TODA SYSTEM

In this section, keeping the notations used in the previous section, u denotes an
axially symmetric solution of (1.1) in R™™! satisfying for some Ry > 0, it is stable
outside the cylinder Cg, and

{u=0}\Cpr, = Unezl'a, Ta:i={2= fa(r),r > Ry},
where f, € C*([Ry, +00)) and they are increasing in a € Z.

4.1. Fermi coordinates. In this subsection we introduce Fermi coordinates with
respect to I',.
Since I, is the graph of f,, we will use ¢ — (¢, f,({)) as a parametrization of T',.
The upward unit normal vector of I'y, at (¢, fo(¢)) is
1
No(0) = ———=(—f(0)0, + 0.) .
= e )

The second fundamental form of T',, at (¢, f,(¢)) with respect to N,(¢) is denoted
by A, (f). The principal curvatures are given by

4.1 hoil) =~ e 1SS
(4.1) () = —— a0

(L £4,(0)[2)3/%

By Lemma 3.3, we have
(4.2) |Aa(0)| + [AL(O)| < CLT32, V> Ry,

Let (£,t) be the Fermi coordinates with respect to I'y, that is, for any point X
lying in a neighborhood of T',, take (¢, fo(£)) € I',, to be the nearest point to X and
t be the signed distance of X to I, (positive above I',). By Theorem 2.4, these are
well defined in the open set {(¢,¢) : |t| < cpl,¢ > Ry} for a constant cg > 0.

For each ¢, let T, be the smooth hypersurface where the signed distance to T’y
equals . The mean curvature of I'; has the form

43 =Y s = 0+ 0 (lAlOP)

) = Ha(0)+ O ([t

where in the last step we have used (4.2).
Denote by A, ; the Beltrami-Laplace operator with respect to the induced metric
on I, . In Fermi coordinates the Euclidean Laplace operator has the form

(44) A — Aa,t - Ha(g, t)at + @t.

Concerning the error between A, ; and A, o, we have (see for example [17, Lemma
3.3])

Lemma 4.1. Suppose ¢ is a C? function of £ only, then
(45)  |Bastll) = Bae(D)] < CEI (" O+ 12O), ¥t € (—ept, exd).
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Note that here, in order to get £=3/2 in the right hand side of (4.5), we have used
Lemma 3.3 and the estimate (4.2) again.
We introduce some notations.
e For { > R, let DZ(() be the distance of (¢, f,(£)) to T'n+1, respectively.
e Denote D, (¢) :=min{DZ(¢), D, (¢)}.

(67

o M({) := max, maxy>y e~V2Dals),

By Lemma 3.3, T',, and T',;; are almost parallel. Proceeding as in the proof of [18,
Lemma 8.3] we get

Lemma 4.2. For any { > R,

D;r(f) = foz-i—l(g) - fa(f) + O (£71/6) )

D (0) = fall) = fama () + O (£719).
4.2. Optimal approximation. Fix a function ¢ € C§°(—2,2) with ¢( = 1 in
(—1,1), [{'] + |¢"| < 16. For all ¢ large, let (to ease notation, dependence on ¢
will not be written down)

g(t) = ¢ (8(log )t) g(t) + [1 — ¢ (8(log £)t)] sgn(t), t € (—o0,+00).
In particular, g = 1 in (16log ¢, +00) and g = —1 in (—o0, —161og¥).
g is an approximate solution to the one dimensional Allen-Cahn equation, that is,
(4.6) g'(t) = W' (g(t) + &),
where spt(§) € {8logl < [t| < 161log(}, and |£]| + |€'| + |€"| < ¢=*. Hereafter we use
the notation A < B for A < CB if C' is a universal constant.
In the following we assume u has the same sign as (—1)® between I',, and Ty 1.

Lemma 4.3. For any { > Ry (perhaps after enlarging Ry) and « € Z, there exists
a unique ho(€) such that in the Fermi coordinates with respect to Iy,

[ttt ~ 0.0, 017 @~ (@)t =

o0

where for each o, in M, we define
() = ga+ D 95 = (1] + 3 s+ (1)),
[B<a B>«

and in the Fermi coordinates (¢,t) with respect to I's,

gs(0,t) == g ((=1)° (t — hy(L))) .
Moreover, for any o € Z,

Jim (Jha (O] + 17 (O] + (0] + RS (0)]) = 0.

The proof of this lemma is similar to the one for [17, Proposition 4.1}, although
now there may be infinitely many components. Indeed, we can define a nonlinear

map on P, C(I',) as

F = ([ e - g0, @t ).

[e.e]
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The a component of its derivative depends only on finitely many £, i.e. DF'(h) has
finite width with respect to the index set. Moreover, it is diagonally dominated and
hence invertible. This lemma then follows from the inverse function theorem.

Let g, and g, be as in this lemma. Define ¢ := u — g,. In Fermi coordinates with
respect to I',, the equation for ¢ reads as

Aa,t¢ - Hoa(ga t)8t¢ + 8tt¢

(4.7) = W'g)p+N(9) + I+ (=1)"gyRar — gaRaz
+ D [(-1)°g4Ren — ghRe2] = > &,
B B
where

N(¢) =W'(g. +¢) = W'(g.) = W"(g.)¢ = O (¢°) ,
T=W(g)~ Wign)
while for each 3, in the Fermi coordinates Wfth respect to I's,
Es(L,t) = E((=1)7(t — hs(0)))
Rpa(l,t) := Hg(l,t) + Agihps(l),

Rpa(l,t) = [V ihs(O).

As in [17, Lemma 4.6], because u = 0 on Iy, h, can be controlled by ¢ in the
following way.

Lemma 4.4. For each o and r > R, we have

(4.8) [hallczir2( 400y S ||¢||c2»1/2(cg) + M (¢),

(4.9) 1o llcrizrory S N@ellcrises) + O M(0).

4.3. Toda system. By [17, Section 5|, we get the following Toda system
2A2 -

(4.10) Hy + Agoha = 225 (e—ﬁDa _ VDt ) VB,
0o

where FE, is a higher order error term. More precisely, [17, Lemma 5.1] reads in our
specific setting as

Lemma 4.5. For any { > 2R,
7
3

1B (0)] < €734 ¢72M (¢ —100log ) + M (¢ — 1001og )

2 2
(411) + mg«x HHB + AB,OhB||Cl/2(€_10010g47+00) + ||¢||CQV1/2(£—10010g€,+oo)'

Here it is still useful to note that by (4.2), now we can take the upper bound on
the second fundamental form to be O (¢73/2) when using the derivation in [17].
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4.4. Estimates on ¢. Arguing exactly in the same way as in [17, Section 6], we
have

Lemma 4.6. There exist two constants C' such that for all ¢ large,

mf}X | Ho + Aa,oha|’ol/2(e,+oo) + H¢||c271/2(cg)

2 Z*lOOlogZ)]
+ CM (£ —100log ) + CL~3.

1
S = [mO?JX HHa + Aa,Oha||Cl/2(€_10010ge7+oo) -+ ||¢||CQ’1/2(CC

The constant 1/2 in the right hand side of this inequality allows us to repeat the
iteration argument used in the proof of [9, Lemma 11]. This results in the estimate

‘Ha(£> + Aa’oha(gﬂ + H¢||szl/2(cl?) S C [673 + M (E — 100 10g€):| y W44 Z RQ.
By [17, Proposition 10.1]), M (¢) < ¢72. Hence
(4.12) |Ho(€) + Ag0ha(0)] + [0l c21/2cg) < CLT2

Next by [17, Proposition 7.1], we have an improved estimate on the horizontal
derivative

(4.13) ellrareegy < CO27HT.
In view of Lemma 4.4, (4.13) gives
(4.14) 1Bl cnar2 (e po0y < CE2THT.

Substituting this into (4.10) and applying Lemma 3.3, we obtain
(4.15)
n—1_,

falr) + Jalr)

Finally, the reduced stability condition (see [17, Proposition 8.1]) now reads as

242

00

Proposition 4.7. For any n € C§°(Ra, +0), we have

4 2A2 +00

(4.16) \{7_0 /R e*\/ﬁ(fa(T)*fa—l(r))n(T)ZTn—ldr
2

+oo 400 )

< [1 + CRQ_%] /R [ (r)|>r™ dr + C/R n(r)?r" 2 sdr.

5. THE CASE 3 <n <9: PROOF OF THEOREM 1.3

In this section we keep the same setting as in the previous section, with the
additional assumption that 3 <n < 9. In order to prove Theorem 1.3, we argue by
contradiction and assume there are at least two ends of u. We show this assumption
leads to a contradiction if 3 <n <9,

Take two adjacent ends I',_; and T'y,. Let v, := f, — fo1 and V,, := e~ V2va, By
(4.15) we get a constant u € (0,1/8) such that

" n—1 /

4A*
V() + Va(r) < —
r (s}

(5.1)

e~ V2va() +0 (r_2_“) , in (Ry, +00).
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Consequently,
-1 4+/2A?
52) v/ y< V2 V2
r (o)

For any ¢ > 0 and € C§°(Ry, +00), multiplying (5.2) by V,(r)%? n(r)?r"~! and
integrating by parts leads to

+o0
% / V()2 2| V2 ()P ()2 e
Ro

4+/2A2

0o

400
- O/ Vo) |0/ )[4+ n() ()] + )220 v
Ro

VoYV +0 (72 ") Vi, i (Ra, +00).

400
/ Va(r)2q+1n(,r,)2rn—ldr
Ro

On the other hand, substituting V4 as test function into (4.16) leads to

2 +oo
4\/§A / Va<7,)2q+17](7,)27,n—1dr
Ro

0o

1 +oo
6 < @ LHCRY] [V a ar
Ro
+oc0

+ C Vo (r)* [‘77 | +n(r)|n"( )‘+n(r)2r’2’“] rldr.
Ro

Combining (5.3) and (5.4), if ¢ < 2 and R is sufficiently large, we get a constant
C(q) < +o0o such that

(5.5) / h Vo (r)2 i (r)2r™tdr

Ry
+o00
< O(q)/R Va(r)* [’77 ‘ +n(r |7] |+7] )i u} L

If 0 <n <1, following Farina [?], replacing by n™ for some m > 1 and then
applying Holder inequality to (5.5) we get
(5.6)
Joo 400 9 2q+1
/ Vo (r)2 4t (r) 2™ tdr < C’(q)/ [|n'(r)’ + }77"(1“)} + T_Q_“} r"Ldr.
RQ R2

For any R > 2R,, take 77R E C°(R2,2R) such that 0 < ngp < 1, ng = 1 in
(2Ra, R), N> + 0] < 16R~% in (R,2R). Substituting ng into (5.6), we get

R
(5.7) / Vo (r)? =ty < C + O Rn—22a+1).

2R3

Since n < 9, we can take 2¢g + 1 = n/2. After letting R — 400 in (5.7) we arrive at

+oo
(5.8) / Vo (r)2r"tdr < C.

2Ro
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As in Dancer-Farina [4], this implies that

lim r2eV2ue(r) = 0,
r—+00
which then leads to a contradiction by applying (5.1) exactly in the same way as in
[4] (see also [16] for the corresponding result for Toda system), if n > 3.
In other words, there is only one end of u. The one dimensional symmetry of u
follows, for example by applying the main results of [10] and [15], because now we

have the energy growth bound from Lemma 3.6.

6. THE CASE n = 2: PROOF OF THEOREM 1.4

In this section u denotes an axially symmetric solution of (1.1) in R®, which is
stable outside B, (0) x (—R., R.). Hence there exists a positive function ¢ € C?(RR?)
such that

(6.1) Ap = W (u)g

outside B}, (0) X (=R, R.).
By a direct differentiation we see u, satisfies the linearized equation (6.1). We
will show

Lemma 6.1. Any nodal domain of u, is not disjoint from Bf_(0) x (— Ry, Ry).

Before proving this lemma, let us first present some technical results.
Keeping notations as in Section 3 and Section 4, we define for each «,

N, = {X : —%D; (I (X)) < da(X) < ZD; (Ha(X))} ,

where I1,(X) is the nearest point to X on I', and d, is the signed distance to T',,.
By Theorem 2.4 and Lemma 3.3, II, is well defined and smooth in the open set
{(r,2) : |da(r, 2)| < cpr,r > R.} after perhaps enlarging R..

Lemma 6.2. For each «, there exists an R}, > R, so that the following holds.

(i) There is a connected component Q, of {u, # 0} N{r > R}, which contains
Lo N {r > R:} and is contained in N,.
(ii) There exists a constant C, such that

(6.2) / u? < C,R* VR >R
QaNCr

Proof. (i) This follows by looking at the distance type function. Indeed, for any

(74, 2¢) € T, where 7, is large, let & :== max{DJ (r,)"!,r/'} and

u(r,z) ==u(re +e'rz +e'z).
By Proposition 2.2,
(6.3) lim DI(r) = +oo.

r—+00

Hence e < 1 if r, > 1.
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As in [7], consider the signed distance type function V., which is defined by the

relation
(%)
u.=g—».
€

By the vanishing viscosity method (see for example [15, Appendix A]) and the
convergence of {u. = 0} (by Lemma 3.3), as ¢ — 0, in any compact set of {—1 <
r<1,—1<z <1}, ¥, converges uniformly to

1—z, 1/2 <2 <1,

Uoo(r, 2) =1 z, —-1/2<2<1/2

—1—2 -1<z<-1/2.
Moreover, because W, is C' in {—1 < r < 1,-1/2 < z < 1/2}, V. converges in
C'({-1<r<1,-1/2 < 2 < 1/2}). In particular, for all € small,

ou, 1,/ oV, )
! =g <—> <0, in {|r]<1/2,-1/4<z<1/4}.

0z € 0z
Similarly, %= > 0 in {|r| <1/2,-4/5 <z < =3/4} U {|r| <1/2,3/4 < z < 4/5}.

Rescaling back we get the conclusion.
(ii) This follows by adding the estimates of Lemma 3.6 in o, + 1 and o — 1. [

Lemma 6.3. Suppose Q is a nodal domain of u,, which is disjoint from B%_(0) X
(—R., R.). Then

lim sup — u, = +00.
r=+oo 77 JonB,(0)

Proof. Assume by the contrary, there exists a constant C' such that for all r large,

/ u? < Cr?.
QNB-(0)

Then the standard Liouville type theorem applies to the degenerate equation (see

8, 2])
div (&v%) — 0,

which implies that u, = 0 in . This is a contradiction. U

Proof of Lemma 6.1. Assume by the contrary, there is a nodal domain of u, disjoint
from B% (0) x (—R., R,). Denote it by 2 and assume without loss of generality
u, > 0 in . Since for any R,r > 0,

ICr N B,(0)] < CR?r,

Lemma 6.3 implies that €2 cannot be totally contained in Cg. In other words, € is
unbounded in the r direction.
Let €, be defined as in Lemma 6.2. Then we claim that
Claim. There exists at most one « such that 2, C €.
To prove this claim, we assume by the contrary that there are a # [ such that
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Q, UQg C Q. Since u, > 0in Q, UQg, |a — ] > 2. In particular, there exists a
lying between a and 3, and u, < 0 in €2,.

Let 2 be the nodal domain of u, containing €),. Viewing all of these domains as
open sets in the (7, z) plane, €, and {23 can be connected by a continuous curve
totally contained in (2, which together with I', and I's forms a simple unbounded

Jordan curve. This curve divides the plane into at least two domains, Q lying on
one side and BE (0) x (—R,, R.) on the other side.

Then there are only finite many of ends of u in Q, and we can add the estimates
in Lemma 3.6 to arrive at

/ |Vul> < CusR?, VR large.
QNBR(0)

This is a contradiction with Lemma 6.3, which finishes the proof of the Claim.
By this Claim, there exists an R3 > 0 such that QN {r > R3} C {fa—1(r) <z <
far1(r)}. Using Lemma 3.6 again, we get a constant C' such that

/ |Vu|* < CR?, VR large.
QNBR(0)

Since 2 is assumed to be disjoint from B% (0) x (—R., R.), applying Lemma 6.3
again we get a contradiction. This completes the proof. O

Since w is smooth, the number of connected components of {u, # 0} N Bag, (0) is
finite. Then by the above lemma we obtain

Corollary 6.4. There are only finitely many nodal domains of u.,.

Now we come to the proof of Theorem 1.4.

Proof of Theorem 1.4. By the previous corollary, nodal domains of u, are denoted
by Q" m=1,---, N for some N € N.

Assume there are infinitely many ends, I',. These ends are divided into N classes,
Z, (1 <m < N), that is, ', € Z,, if Q, C Q™.

There is a class, say Z;, containing infinitely many ends. Take two indicies «, 5 €
7, which are adjacent in Z;. T, and T's are connected by a curve in Q!, together
with I'y and I'g which gives a simple unbounded Jordan curve 7,4 in the plane. This
curve divides the (7, z) plane into at least two open domains. Since u, has the same
sign in €2, and (g, there exists a I'; lying between I', and I'3. Assume 2, C QM)
This defines a map from Z; to {1,--- , N}. Moreover, if a, 8 € Z; and o # 3, then
M (a) # M(f), in other words, Q™(®) and Q™) lie on two sides of a simple Jordan
curve totally contained in Q. This leads to a contradiction because Z; is an infinite
set.

Once we know that there are only finitely many ends, by Lemma 3.6 we obtain a
constant C' such that

1
/ [—|W|2 + W(u)] < CR?, VR > R,.
Br(0)\Cr, L2
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On the other hand,

1
/ [—yw? + W(u)] < C|Br(0) N Cr| < CR2R, VR > R..

Combining these two estimates we get (1.3).

Finally, since there are only finitely many ends, by Lemma 3.3, there exist two
constants Cy, Ry > 0 such that {u = 0} \ Cg, C {|2| < Cyr}. From this we see the
existence of R > 0 such that u does not change sign in Cg N {|2| > R}. O

7. BOUND ON NUMBER OF ENDS: PROOF OF THEOREMS 1.5 AND 1.6

In this section, by using the nodal domain information of direction derivatives
(translation Jacobi field), we deduce a relation between Morse index and the number
of ends. We mainly rely on information about wu, (just as in the previous section),
which is almost along the normal direction of each end (by Lemma 3.3). For the
proof of Theorem 1.6, another condition on the sign of w, is needed. This sign
condition will follow by combining the nodal information of w, or u, and the fact
that u, = “*x, a direct consequence of our axially symmetric assumption.

Since the quadratic energy growth bound has been established in Theorem 1.4,
the method in dimension 2 (see [18]) can be extended to our setting, which gives

Lemma 7.1. Suppose u is an azxially symmetric solution of (1.1) with Morse index
N inR3. Then for any e € R®, there are at most 2N nodal domains of u. := e- Vu.

We first use this lemma to prove Theorem 1.5.

Proof of Theorem 1.5. If u is stable, by Lemma 7.1, u, does not change sign. Then
we can apply the main result in [2] to deduce the one dimensional symmetry of w.
Furthermore, by the axial symmetry, u(r, z) = g(z — t) for some t € R. O

Concerning solutions with Morse index 1, we first show

Lemma 7.2. An azially symmetric solution of (1.1) with Morse index 1 has at most
three ends.

Proof. If the Morse index of u is 1, by Lemma 7.1 and Theorem 1.5, there are exactly
two nodal domains of u,.

Assume there are at least 4 ends. Take 4 adjacent ones, I',, « = 1,--- ,4. Recall
the notation €2, defined in Lemma 6.2. Assume u, > 0 in 2; and €3, u, < 0 in £y
and €. Since {u, > 0} is a connected set, there is a continuous curve connecting
I'y and T’y in {u, > 0}, which gives a simple unbounded Jordan curve contained
in {u, > 0}. Clearly Qy and €4 lies on different sides of this curve, therefore
{u, < 0} cannot be a connected set. This gives at least three nodal domains of .,
a contradiction. g

Lemma 7.3. Suppose u is an axially symmetric solution of (1.1) with Morse index
1. Then u, >0 or u, <0 strictly in {r # 0}.
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Proof. First note that {u, = 0} C {u,, = 0}. Hence it cannot have interior points.
Assume by the contrary that there exist zero points of w, in {r # 0}. Then {u,, =
0} N {r # 0} # 0. Because most part of {u,, = 0} are smooth surfaces, {u,, >
0} N {r #0} #0 and {u,, <0} N{r+#0} #0. From this and the axial symmetry
we deduce the existence of two open domains QF in the (r,2) plane, where u, > 0
in Q" and u, < 0in Q™. Viewing them as open domains in R3, then Q* N {z; > 0}
and Q™ N{z; < 0} are two connected components of {u,, > 0}, while Q*N{z; < 0}
and Q2 N {z; > 0} are two connected components of {u,, < 0}. Hence there are at
least four nodal domains of u,,, a contradiction with Lemma 7.1. 4

Proof of Theorem 1.6. In view of Lemma 7.2, we only need to exclude the possibility
of three ends.

By Lemma 7.3, we can assume u, > 0 in {r # 0}. Hence each connected compo-
nent I, of {u =0} is a graph in the r-direction. There are two cases:

Type I. T', is not disjoint from the z axis, hence it has the form {r = f,(z)} where
fo is a function defined on an interval [z, z1) of the z axis and f,(z;) = 0;

Type II. T, is disjoint from the z axis, hence it has the form {r = f,(z)} where f, is

a function defined on an open interval (z, z) of the z axis.

For type I, we have lim,_,_+ f;(z) = 400, thus I, contributes one end. For Type
I, we must have lim,_,_+ fi(2) = +oo, thus I';, contributes two ends. Since u has
three ends, there are either three Type I components or one Type I plus one Type
IT components. Therefore u can change sign one time or three times on the z-axis.

Case 1. u changes sign three times on the z-axis.

In this case, there is an interval (a™,a™’) such that u(0,z) < 0 in (a”,a™) and
u(a™) = u(at) = 0. Let {z = f*(r)} be the connected components of {u = 0}
emanating from (0, a*) respectively. Because u, > 0, fT(r) is decreasing in r and
f~ is increasing. Hence

lim (f*(r)—f(r) <a*—a".

r—-+o0o

This is a contradiction with Proposition 2.2.

Case 2. u changes sign one time on the z-axis.

Without loss of generality, assume u(0,0) = 0, u(0, z) > 0 for z > 0 and u(0, z) <
0 for z < 0. There exists a connected component of {u = 0} emanating from (0, 0),
in the form {z = f(r)}. As in Case 1, f is decreasing in r. In particular, u > 0
in {z > 0}. The other component of {u = 0} is Type II, which is represented by
the graphs {z = f*(r)} for two functions f* > f~ defined on [R,, +oc) for some
R, > 0. Here f* is still increasing in r. As in Case 1 we get

T (F(r) = £1() < oo,

a contradiction with Proposition 2.2 again. O
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