LINEAR RELATIONS BETWEEN POLYNOMIAL ORBITS
DRAGOS GHIOCA, THOMAS J. TUCKER, AND MICHAEL E. ZIEVE

ABSTRACT. We study the orbits of a polynomial f € C[X], namely the
sets {a, f(a), f(f(a)),...} with a € C. We prove that if two nonlinear
complex polynomials f, g have orbits with infinite intersection, then f
and g have a common iterate. More generally, we describe the intersec-
tion of any line in C% with a d-tuple of orbits of nonlinear polynomials,
and we formulate a question which generalizes both this result and the
Mordell-Lang conjecture.

1. INTRODUCTION

One of the main topics in complex dynamics is the behavior of complex
numbers 2 under repeated application of a polynomial f € C[X]. The basic
object of study is the orbit Of(x) := {z, f(x), f(f(x)),...}. The theme of
many results is that there are hidden interactions between different orbits
of a polynomial f: for instance, the crude geometric shape of all orbits is
determined by the orbits of critical points [9, §9]. However, little is known
about the interaction between orbits of distinct polynomials. In this paper
we determine when two such orbits have infinite intersection.

Theorem 1.1. Pick x,y € C and nonlinear f,g € C[X]. If Of(x) N Oy(y)
is infinite, then f and g have a common iterate.

Here the n™ iterate f( of f is defined as the n'" power of f under the
operation a(X) o b(X) := a(b(X)). We say f and g have a common iterate
if £ = g™ for some n,m > 0. Note that if f,g € C[X] have a common
iterate, and Oy (z) is infinite, then Of(z) N O4(y) is infinite whenever it is
nonempty. In light of Ritt’s classification of polynomials with a common
iterate [30], the conclusion of our result can be refined as follows.

Corollary 1.2. Pick x,y € C and nonlinear f,g € C[X]. If Of(x) N Oy(y)
is infinite, then f = £y 0 K™ and g = £y o '™ for some h € C[X], some
linear ¢1,¢5 € C[X], and some positive integers m and n.

This corollary can be sharpened at the cost of a more complicated for-
mulation; see Proposition 3.10. We remark that the nonlinearity hypothesis
cannot be removed, since for instance Ox41(0) contains O x2(2).
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In our previous paper [18], we proved Theorem 1.1 in the special case
deg(f) = deg(g). In the present paper we prove Theorem 1.1 by combining
the result from [18] with several new ingredients.

We can interpret Theorem 1.1 as describing when the Cartesian product
Of(x) x O4(y) has infinite intersection with the diagonal A := {(z,z2) :
z € C}. The conclusion says that this occurs just when there exist positive
integers n, m such that A is preserved by the map (f™,¢{™): C? — C?
defined by (21, z2) — (f™(21), g™ (22)). Our next result generalizes this to
products of more than two orbits:

Theorem 1.3. Let d be a positive integer, let x1,...,xq € C, let L be a line
in C?, and let fi,..., fq € C[X] satisfy deg(f;) > 1 fori=1,...,d. If the
Cartesian product Oy, (x1) x --- x Of,(xq) has infinite intersection with L,
then there are nonnegative integers my, ..., myq such that ch'l:1 m; > 0 and

(FIm L (L) = L

When Theorem 1.3 applies, we can describe the intersection of L with
the product of orbits. Our description involves the following more general
notion of orbits:

Definition 1.4. If 2 is a set and T is a set of maps 2 — €, then for w €
the orbit of w under T' is Op(w) = {t(w) : t € T'}.

Recall that a semigroup is a set with an associative binary relation; in this
paper, all semigroups are required to contain an identity element. Thus, for
f € C[X] and w € C, the orbit Of(w) equals Og(w) where S is the cyclic
semigroup (f) generated by the map f: C — C; in general, if S = (®), then
we write Og () in place of Og(«). Theorem 1.3 enables us to describe the
intersection of a line and a product of orbits:

Corollary 1.5. Let a € C%, let f1,...,fs € C[X] satisfy deg(f;) > 1 for
i=1,...,d, and let L be a line in C?. Let S be the semigroup generated by
the maps p;: C* — C% with 1 < i < d, where p; acts as the identity on each
coordinate of C? except the i*™, on which it acts as f;. Then the intersection
of Og(a) with L is Op(«), where T is the union of finitely many cosets of
cyclic subsemigroups of S.

It is natural to seek analogues of Corollary 1.5 for other semigroups of
endomorphisms of a variety. We propose the following question, in which
Ny denotes the set of nonnegative integers.

Question 1.6. Let X be a variety defined over C, let V' be a closed subvari-
ety of X, let S be a finitely generated commutative subsemigroup of End X,
and let o € X(C). Do the following hold?

(a) The intersection V N Og(a) can be written as Or(«) where T is the
union of finitely many cosets of subsemigroups of S.

(b) For any choice of generators ®1,...,®, of S, let Z be the set of
tuples (ny,...,ny) € No" for which ®]* --- @' () lies in V; then Z
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is the union of finitely many sets of the form z; + (G; NNy"), where
each G is a subgroup of Z" and each z; is in Nj.

When S is cyclic, both parts of this question specialize to an earlier con-
jecture posed by the first two authors in [17] (which refines an earlier con-
jecture of Denis [13]). This previous conjecture for cyclic semigroups has
been verified in several cases [3, 4, 6, 7, 13, 17, 18, 24, 25, 33]; for instance,
if X = Gy x Gy, and S cyclic, then Question 1.6 is equivalent to the clas-
sical Skolem—Mahler—Lech theorem on zeroes of linear recurrent sequences.
However, it is unknown whether Question 1.6 always has an affirmative an-
swer when S is cyclic. We formulate Question 1.6 in order to have a single
question which simultaneously generalizes three different things: the earlier
“cyclic semigroup” conjecture, Corollary 1.5 of the present paper, and the
Mordell-Lang conjecture on intersections of subgroups and subvarieties of
semiabelian varieties (which was proved by Faltings [15] and Vojta [35]).
The Mordell-Lang conjecture immediately implies the special case of Ques-
tion 1.6 in which X is semiabelian and S consists of translations (and con-
versely, the Mordell-Lang conjecture follows at once from this special case
of Question 1.6). Inspired by this reformulation of the Mordell-Lang con-
jecture, we showed in [19] that Question 1.6 often has an affirmative answer
when X is semiabelian and S consists of algebraic group endomorphisms;
for instance, this is true if each endomorphism in S has diagonalizable Ja-
cobian at the identity of X. Note that Corollary 1.5 is equivalent to part
(a) of Question 1.6 in case V is a line, X = A%, and S is generated by endo-
morphisms py, ..., pq as in Corollary 1.5. In this situation, part (a) implies
part (b); in fact, we know no example where (a) holds but (b) fails (plainly
(b) implies (a)). We do not know any other cases in which Question 1.6
has been resolved. We emphasize that the methods used to resolve Ques-
tion 1.6 in these various settings are completely different from one another.
It would thus be of great interest to prove a common generalization of all
these results, thereby connecting the various results as well as the methods
involved in their proofs. In particular, the fact that Question 1.6 has an
affirmative answer in such disparate settings suggests that it may have an
affirmative answer quite often, and perhaps it has an affirmative answer in
a single setting which includes all the settings described above.

One crucial distinction between the results of the present paper and most
of the results described above is that here we treat ramified endomorphisms.
In fact, besides our previous paper [18], all other papers addressing Ques-
tion 1.6 in the ramified case have used a p-adic analytic approach (and have
treated only cyclic semigroups S). However, the recent paper [7] gives a
comprehensive treatment of this p-adic approach, which implies in partic-
ular that the approach seldom applies to semigroups containing ramified
endomorphisms. By contrast, every nonidentity endomorphism occurring in
Corollary 1.5 is ramified.
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In Section 12 we will present several examples in which part (a) of Ques-
tion 1.6 does not hold; we do not know any general conjecture predicting
when it should hold. We will also explain how Question 1.6 relates to the
existence of positive-dimensional subvarieties of V' that are invariant under
nontrivial subsemigroups of S.

In case S = (®) is cyclic, Question 1.6 fits into Zhang’s far-reaching
system of dynamical conjectures [37]. Zhang’s conjectures include dynamical
analogues of the Manin-Mumford and Bogomolov conjectures for abelian
varieties (now theorems of Raynaud [28, 29], Ullmo [34], and Zhang [36]), as
well as a conjecture on the existence of a Zariski dense orbit for a large class
of endomorphisms ®. Let Y denote the union of the proper subvarieties
of X which are preperiodic under ®. Then [37, Conj. 4.1.6] asserts that
X #Y if X is an irreducible projective variety and ® admits a polarization;
the conclusion of Question 1.6 implies that Og(a) NV is finite whenever
a € X(C)\Y(C) and V is a proper closed subvariety of X. Results in the
direction of Zhang’s conjecture have been proved by Amerik and Campana
[2, Théoreme 4.1]. We remark further that, if Question 1.6 has a positive
answer for an irreducible quasiprojective variety X and a cyclic semigroup
S = (®), then any Zariski dense orbit Og(«) is critically dense, in the sense
that each infinite subset of Og(«) is Zariski dense in X; this concept arose
in [21, Def. 3.6] and [12, §5] (see also [4, Corollary 5.5]).

In our previous paper [18], we proved Theorem 1.1 in case deg(f) =
deg(g). The proof went as follows. First we used a specialization argument
to show it suffices to prove the result when f,g,x,y are all defined over
a number field K. Then in fact they are defined over some ring A of S-
integers of K, where S is a finite set of primes; this implies that Oy (z)
and O,(y) lie in A. Thus, for each n, the equation f™ (X) = ¢! (Y) has
infinitely many solutions in A x A, so by Siegel’s theorem the polynomial
f(X) — ¢ (Y) has an absolutely irreducible factor in K[X,Y] which
has genus zero and has at most two points at infinity. A result of Bilu
and Tichy describes the polynomials F,G € K[X] for which F(X) — G(Y)
has such a factor. This gives constraints on the shape of f™ and ¢{™; by
combining the information obtained from different values of n, and using
elementary results about polynomial decomposition, we deduced that either
f and g have a common iterate, or there is a linear ¢ € K[X] such that
(Lo fo =1 fogo E<_1>) = (aX",pX"). Finally, we proved the result
directly for this last type of polynomials f,g.

We use two approaches to prove versions of Theorem 1.1 in case deg(f) #
deg(g), both of which rely on the fact that the result is known when deg(f) =
deg(g). Our first approach utilizes canonical heights to reduce the problem
to the case deg(f) = deg(g) treated in [18]; this approach does not work
when f, g, x,y are defined over a number field, but works in essentially every
other situation (cf. Theorem 8.1). As remarked by the referee, this reduction
to the case deg(f) = deg(g) can be proved by similar methods for some other
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classes of rational maps, and can likely be proved for some classes of maps
between higher-dimensional varieties.

Our second approach uses delicate results about polynomial decomposi-
tion in order to obtain the full Theorem 1.1. In this proof we do not use
the full strength of the result from [18]; instead we just use the main poly-
nomial decomposition result from that paper. In particular, our proof of
Theorem 1.1 does not depend on the complicated specialization argument
used in [18]. We now describe the second approach in more detail.

Our proof of Theorem 1.1 uses a similar strategy to that in [18], but here
the polynomial decomposition work is much more difficult. The main reason
for this is that, when analyzing functional equations involving f™ and ¢{"
in case deg(f) = deg(g), we could use the fact that if A, B,C,D € C[X]\C
satisfy AoB = C'oD and deg(A) = deg(C), then C = Aofand D = ¢"YoB
for some linear ¢ € C[X]. When f and g have distinct degrees, one must
use a different approach. Our proof relies on the full strength of the new
description given in [27] for the collection of all decompositions of a poly-
nomial; in addition, we use several new types of polynomial decomposition
arguments in the present paper. As above, for every m,n we find that
(X)) — g™ (Y) has a genus-zero factor with at most two points at infin-
ity. We show that this implies that either f and g have a common iterate,
or there is a linear ¢ € C[X] such that (£o f o £{~1 o go (1) is either
(aX",6X?) or (£T,,+T;), where T, is the degree-r Chebyshev polynomial
of the first kind. We then use a consequence of Siegel’s theorem to handle
these last possibilities.

The contents of this paper are as follows. In the next section we state
the results of Siegel and Bilu—Tichy, and deduce some consequences. In
Section 3 we present the results about polynomial decomposition used in
this paper. In the following two sections we prove that if f,g € C[X] with
deg(f),deg(g) > 1 are such that, for every n,m > 0, f{ (X)—g™ (Y) has a
genus-zero factor with at most two points at infinity, then either f and g have
a common iterate or some linear £ € C[X] makes (fo fol{=1 fogof{~1)) have
the form (o X", X?) or (£7},+T;). Then in Section 6 we conclude the proof
of Theorem 1.1, and in Section 7 we prove Theorem 1.3 and Corollary 1.5.
In the next several sections we give an alternate proof of Theorem 1.1 in
case x, 9, f, g cannot be defined over a number field; this proof uses canonical
heights to reduce the problem to the case deg(f) = deg(g) treated in our
previous paper, and does not rely on any difficult polynomial decomposition
arguments. In the final section we discuss related problems.

Notation. Throughout this paper, f () denotes the n' iterate of the poly-
nomial f, with the convention (¥ = X. When f has degree 1, we denote
the functional inverse of f by f(~1; this is again a linear polynomial. By
T, we mean the (normalized) degree-n Chebyshev polynomial of the first
kind, which is defined by the equation T,,(X + X~ !) = X" + X~ the
classical Chebyshev polynomial C,, defined by C)(cosf) = cosnf satisfies
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2C,(X/2) = T,(X). We write N for the set of positive integers and Ny
for the set of nonnegative integers. We write K for an algebraic closure of
the field K. We say that ®(X,Y) € K[X,Y] is absolutely irreducible if it
is irreducible in K[X,Y]. In this case we let C' be the completion of the
normalization of the curve ®(X,Y) = 0, and define the genus of ®(X,Y)
to be the (geometric) genus of C. Likewise we define the points at infinity
on ®(X,Y) to be the points in C'(K) which correspond to places of K(C)
extending the infinite place of K(X). In this paper, all subvarieties are
closed.

Acknowledgments. The authors thank the referees for their valuable com-
ments.

2. INTEGRAL POINTS ON CURVES

The seminal result on curves with infinitely many integral points is the
1929 theorem of Siegel [32]; we use the following generalization due to Lang
[23, Thm. 8.2.4 and 8.5.1]:

Theorem 2.1. Let K be a finitely generated field of characteristic zero, and
let R be a finitely generated subring of K. Let C be a smooth, projective,
geometrically irreducible curve over K, and let ¢ be a non-constant function
in K(C). Suppose there are infinitely many points P € C(K) which are not
poles of ¢ and which satisfy ¢(P) € R. Then C has genus zero and ¢ has
at most two distinct poles.

We will use this result in two ways. One is in the form of the following
consequence due to Lang [22].

Corollary 2.2. Let a,b € C*, and let I be a finitely generated subgroup of
C* x C*. Then the equation ax +by = 1 has at most finitely many solutions
(z,y) €.

This result is proved by applying Theorem 2.1 to the genus-1 curves
aaX? + bBY? = 1, where (a,3) runs through a finite subset of I' which
surjects onto I'/T"3.

To describe the other way we apply Theorem 2.1, we introduce the fol-
lowing terminology:

Definition 2.3. A Siegel polynomial over a field K is an absolutely irre-
ducible polynomial ®(X,Y) € K[X,Y] for which the curve ®(X,Y) = 0
has genus zero and has at most two points at infinity. A Siegel factor of a
polynomial ¥(X,Y) € K[X,Y] is a factor of ¥ which is a Siegel polynomial
over K.

Remark. What we call Siegel polynomials were called exceptional polynomi-
als in [8]; we use new terminology because the term ‘exceptional polynomial’
has been used with a different meaning in several papers (e.g., [20]).
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Remark. Clearly a Siegel polynomial over K maintains the Siegel property
over K. Further, an irreducible ® € K[X,Y] is a Siegel polynomial if and
only if ®(¢, ) = 0 for some Laurent polynomials ¢, 1 € K(Z) which are not
both constant (recall that the Laurent polynomials in K(Z) are the elements
of the form F/Z" with F € K[Z] and n € Ny). We do not know a reference
for this fact, so we sketch the proof. If ® is a Siegel polynomial then the
function field of the curve ®(X,Y) = 0 (over K) has the form K(Z), so
X = ¢(Z) and Y = 9(Z) for some ¢,v € K(Z); then ®(¢p,) = 0 and
¢, are not both constant. Since ®(X,Y) = 0 has at most two points at
infinity, at most two points of K U {oo} are poles of either ¢ or ¢. By
making a suitable linear fractional change to Z, we may assume that ¢
and 1 have no poles except possibly 0 and oo, which implies ¢ and ) are
Laurent polynomials. Conversely, suppose ®(¢,1) = 0 for some Laurent
polynomials ¢, € K(Z) which are not both constant. Then the function
field of ®(X,Y) = 0 is a subfield F of K(Z), and each infinite place of F
lies under either Z = 0 or Z = o0, so indeed F' has genus zero with at most
two points at infinity.

Corollary 2.4. Let R be a finitely generated integral domain of character-
istic zero, let K be the field of fractions of R, and pick ®(X,Y) € K[X,Y].
Suppose there are infinitely many pairs (x,y) € RX R for which ®(x,y) = 0.
Then ®(X,Y) has a Siegel factor over K.

Although this result is well-known to arithmetic geometers, we sketch a
proof for the reader’s convenience.

Proof. The hypotheses imply that (X, Y") has an irreducible factor ¥(X,Y)
in K[X,Y] which has infinitely many roots in R x R. By replacing ¥ by a
scalar multiple, we may assume that some coefficient of ¥ equals 1. Since
any o € Gal(K/K) fixes @, the polynomial ¥° is an absolutely irreducible
factor of ®. Moreover, every root of ¥ in R X R is also a root of W7; since
there are infinitely many such roots, it follows (e.g., by Bezout’s theorem)
that W7 is a scalar multiple of ¥. But since ¥ has a coefficient equal to 1,
the corresponding coefficient of U is also 1, so W7 = W. Thus ¥ is fixed by
Gal(K/K), so ¥ € K[X,Y], whence ¥ is the desired Siegel factor. O

In light of Siegel’s theorem, there has been intensive study of polynomials
®(X,Y) having a Siegel factor. As noted above, a nonzero polynomial
® € K[X,Y] has a Siegel factor if and only if ®(¢,1) = 0 for some Laurent
polynomials ¢,1 € K(X) which are not both constant. Especially strong
results have been obtained in case ®(X,Y) = F(X) — G(Y) with F,G €
K[X]; in this case the problem amounts to solving the functional equation
F o ¢ =G o in polynomials F, G € K[X] and Laurent polynomials ¢, €
K[X]. Using Ritt’s classical results on such functional equations, together
with subsequent results of Fried and Schinzel (as well as several new ideas),
Bilu and Tichy [8, Thm. 9.3] proved the following definitive result in this
case.
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Theorem 2.5. Let K be a field of characteristic zero, and pick F,G € K[X]
for which F(X)—G(Y) has a Siegel factor in K[X,Y]|. Then F = EoFyop
and G = E oG ov, where E,u,v € K[X] with deg(u) = deg(v) =1, and
either (F1,G1) or (Gy, F1) is one of the following pairs (in which m,n € N,
a,b € K*, and p € K[X]\ {0}):

(2.5.1) (Xm aX"p(X)™) with r a nonnegative integer coprime to m;

(2.5.2) (X? aX2—|—b)( )%);

(2.5.3) (D ( , Dp(X,a™) with ged(m,n) = 1;

(2.5.4) (a *m/2D (X a), —=b="2D,(X,b)) with gcd(m,n) = 2;

(2.5.5) ((aX?—1)3, 3X* —4X3);

(2.5.6) (D (X, a”/d) —D,(X cos(m/d),a™?)) where d = ged(m,n) > 3

and cos(2m/d) € K.

Here D, (X,Y) is the unique polynomial in Z[X,Y] such that D, (U +
V,UV) = U™ 4+ V™. Note that, for « € K, the polynomial D, (X,«a) €
K[X] is monic of degree n. The defining functional equation implies that
Dp(X,0) = X™ and o"D,(X,1) = D,(aX,a?) for a € C*. Since T),(u
u™l) =u" +u™", we have

(2.6) D,(aX,a?) = a"T,(X) for any n € N and o € C*.

For our application to orbits of complex polynomials, we will only need
the case K = C of Theorem 2.5. We now state a simpler version of the
result in this case.

Corollary 2.7. For nonconstant F,G € C[X], if F(X)—G(Y) has a Siegel
factor in C[X,Y] then F' = EoFiou and G = EoGiov, where E, u,v € C[X]
with deg(p) = deg(v) = 1, and either (F1,G1) or (G1, F1) is one of the
following pairs (in which m,n € N and p € C[X]\ {0}):

(2.7.1) (X™, X"p(X)™), where r € Ng is coprime to m;
(2.72) (X2, (X? + 1)p(X)?);

(2.7.3) (Tm, T,,) with ged(m,n) = 1;

(2.7.4) (T, — n) with ged(m,n) > 1;

(2.7.5) ((X2—1)3, 3X* —4X3).

Proof. Let E, F1,G1, p, v satisfy the conclusion of Theorem 2.5. In light of
(2.6), if a pair (f,g) has the form of one of (2.5.1)-(2.5.6), then there are
linear ¢; € C[X] for which (¢10 foly, £10g0l3) has the form of one of (2.7.1)—
(2.7.5). This implies that (F, G) has the desired form, since we can replace
E by E o/ and replace (u,v) by either (¢a0pu, l3ov) or ({30 p, byov). O

Remark. The converse of Corollary 2.7 is also true; since it is not needed
for the present paper, we only sketch the proof. It suffices to show that, for
each pair (f,g) satisfying one of (2.7.1)—(2.7.5), we have fo¢ = go for
some Laurent polynomials ¢,1 € C(X) which are not both constant. For
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this, observe that

XM o er(Xm) — er(X)m o Xm;

X?o (X +(4X) ) p(X - (4X)71) = (X7 +1)p(X)? o (X — (4X)71);

TmoT, ="T,0Ty;

Trno(X"+ X)) =-T,0((¢X)"+(¢X)™™) where (" = —1; and

2 —1_ -2
(X2—1)3oX +2X+ X (2X) _
V3
(X +1-02X)"1)3 +4
3 .

Remark. Our statement of Theorem 2.5 differs slightly from [8, Thm. 9.3],
since there is a mistake in the definition of specific pairs in [8] (the terms
a™/? and a™? should be interchanged). The proof of [8, Thm. 9.3] contains
some minor errors related to this point, but they are easy to correct. Also,
although the sentence in [8] following the definition of specific pairs is false

for odd n (because implication (9) is false for odd n), neither this nor (9) is
used in the paper [8].

= (3X* —4Xx3) o0

3. POLYNOMIAL DECOMPOSITION

Our proof relies on several results about decompositions of polynomi-
als. Especially, we make crucial use of the following result proved in [27,
Thm. 1.4]:

Theorem 3.1. Pick f € C[X] with deg(f) = n > 1, and suppose there is
no linear { € C[X] such that £ o f o £~ is either X™ or Ty, or —T,,. Let
r,s € C[X] and d € N satisfy ro s = {4 Then we have

r=f90R
s=S8o fi9)
Ro S = fk

where R, S € C[X] and i, j, k € Ny with k <logy(n + 2).

The proof of this result relies on the full strength of the new description
given in [27] for the collection of all decompositions of a polynomial; this
in turn depends on the classical results of Ritt [31] among other things.
By contrast, all the other polynomial decomposition results we need can be
proved fairly quickly from first principles.

The next result follows from results of Engstrom [14]; for a proof using
methods akin to Ritt’s [31], see [27, Cor. 2.9].

Lemma 3.2. Pick a,b,c,d € C[X]\ C withaob=cod. Ifdeg(c) | deg(a),
then a = cot for some t € C[X]. If deg(d) | deg(b), then b=t od for some
t € C[X].
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We will often use the above two results in conjunction with one another:

Corollary 3.3. Pick f € C[X] with deg(f) = n > 1, and assume there is
no linear £ € C[X] such that £ o f o (=1 is either X™ or T), or —Ty,. Then
there is a finite subset S of C[X]| such that, if r,s € C[X] and d € N satisfy
ros= f9 then
e citherr = fot (witht € C[X]) orrol e S (with { € C[X] linear);
e cither s=to f (witht € C[X]) orLos e S (with { € C[X] linear).

As an immediate consequence of the functional equation defining T;,, we
see that T,, is either an even or odd polynomial:

Lemma 3.4. For any n € N, we have T,,(—X) = (—1)"T,,(X).

Note that X% o X¢ = X% and Tyo T, = Tye. By Lemma 3.2, these are
essentially the only decompositions of X" and T},:

Lemma 3.5. If n € N and f,g € C[X] satisfy fog= X", then f = X%o(
and g = 00 o X4 for some linear ¢ € Cl[X] and some positive divisor
dofn. Ifn € N and f,g € C[X] satisfy fog =T,, then f = Tgol and
g =00 0T for some linear £ € C[X] and some positive divisor d of n.

The following simple result describes the linear relations between polyno-
mials of the form X" or T}, [27, Lemmas 3.13 and 3.14]:

Lemma 3.6. Pickn € N and linear a,b € C[X].

(3.6.1) Ifn>1 andao X" ob= X", then b= (X and a = X/F" for some
8 e C*.

(3.6.2) If n>2 thenao X" ob#T,.

(3.6.3) If n >2 and ao T, 0ob=T,, then b = X and a = "X for some
eec{l,—1}.

The previous two results have the following consequence [27, Cor. 3.10]:

Lemma 3.7. Pick r,s € Z and linear ¢,01,05 € C[X]|. Ifr,s > 1 and
X"o0loX®=410X"0ly, then £ = aX for some a € C*. Ifr,s > 2 and
T,oloTs=010T,s0/l, then { = eX for some e € {1,—1}.

We also need to know the possible decompositions of polynomials of the
form X°h(X)" [27, Lemma 3.11]:
Lemma 3.8. Ifaob = X'h(X)" with h € C[X]\ {0} and coprime i,n € N,
then a = XIh(X)" ol and b= 01 o XFh(X)" for some j, k € N and some
h,h,t € C[X] with ¢ linear.

The following result presents situations where the shape of a polynomial
is determined by the shape of one of its iterates.

Lemma 3.9. Pick f,(,{ € C[X] with r := deg(f) > 1 and ¢,? linear, and
pickn € Z~1.
(3.9.1) If f/M =po X™" of, then f =loaX" ol"Y for some a € C*.



LINEAR RELATIONS BETWEEN POLYNOMIAL ORBITS 11

(3.9.2) If f" = €0 Twm ol and {r,n} # {2}, then f = Lo T, o elt=Y for
some € € {1,—1}.

Proof. If f{" = foX™ ol, then f = foX"of for some linear ¢ (by Lemma 3.2).
Likewise f(2 = /o X0 ?, so Lemma 3.7 implies that £ o ¢ = BX for some
B € C*. Hence f=/4o0 X" o pei=b

Henceforth suppose fi =loTmo fand n > 1. As above, f =¢oT, ol
and f(2 =/¢oT200, s0if r > 2 then Lemma 3.7 implies £o ¢ = ¢X for some
e € {1,—1}, whence f = £ o T, o et~1).

Now assume r —2andn>2 Then f=/(oThofl and f®) = /loTgol.
Writing £~ Do f3) = (Tyolol)o(Tyolol)o(Thol) = ThoTho(Tyof), Lemma 3.2
implies there are linears u, A € C[X] such that Ty 0 ¢ = A=V 0 Ty 0 £ and
Tholol = u<*1> oThoXand Tholol =Thopu. Since Ty = (X 2) o X2, by
Lemma 3.6 the equality Thou = =Y oTho\ implies that po A1) = 3X and
p=—2+ (X +2)/3? for some 8 € C*. Likewise, from Ango£o€< =1,
we get A = —2+ (X +2)/a? for some o € C*; but also A = 371y, so since A
and p fix —2, it follows that 3 = 1. Thus u = X, so we have Th ol ol =T,
and thus ¢ o ¢ = eX with € € {1, —1}, and the result follows. O

Remark. The hypothesis {r,n} # {2} is needed in (3.9.2): for any linear ¢
and any a € C*\ {1, —1}, the polynomial f = foTyo(—2+a?(X +2))ol{~1)
satisfies f$2) = Lo Tyo (—2a+ a®(X +2)) o =1 but f # £ 0Ty o ££41),

Although it is not used in this paper, for the reader’s convenience we
recall Ritt’s description of polynomials with a common iterate [30, p. 356]:

Proposition 3.10 (Ritt). Let fi, fo € C[X] with d; := deg(f;) > 1 for
each i € {1,2}. For my,ms € N, we have f1<m1> = fém2> if and only if
fi(X) = =B+ e1g™NX + B) and fo(X) = —3 + €292 (X + ) for some
ny,ne € N with nymy = nama, some g € X"C[X?]| (with r,s € Ny), and

some €1, €2, 3 € C with € =1 and egd" DD g for each i € {1,2}.

4. COMMENSURABLE POLYNOMIALS

In this section we analyze f,g € C[X] which are commensurable, in the
sense that for every m 6 N there exist n € N and hy, hy € C[X] such that
i = ¢gtm o hy and ¢ = f™ o hy. Plainly two polynomials with a
common iterate are commensurable we give an explicit description of all
other pairs of commensurable polynomials. In fact, we need only assume
half of the commensurability hypothesis:

Proposition 4.1. Pick f,g € C[X] for which r := deg(f) and s := deg(g)
satisfy r,s > 1. Suppose that, for every m € N, there exists n € N and
h € C[X] such that g™ = f{™ o h. Then either f and g have a common
iterate, or there is a linear £ € C[X] such that (Lo f o =1 Lo gott=1) is
either (aX", X*%) (with o € C*) or (T, 0 €X,Ts 0 eX) (with é,e € {1,—1}).
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Remark. The converse of Proposition 4.1 holds if and only if every prime
factor of r is also a factor of s.

Our proof of Proposition 4.1 consists of a reduction to the case r = s. The
case r = s of Proposition 4.1 was analyzed in our previous paper [18], as one
of the main ingredients in our proof of Theorem 1.1 in case deg(f) = deg(g).
The following result is [18, Prop. 3.3].

Proposition 4.2. Let F,G € C[X] satisfy deg(F) = deg(G) = r > 1.
Suppose that, for every m € N, there is a linear £, € C[X]| such that
Gm) = F{m) o ¢,.. Then either F and G have a common iterate, or there
is a linear £ € C[X] for which £ o F o =Y = aX" and Lo G o =1 = gX"
with a, g € C*.

By Lemma 3.2, this implies the case r = s of Proposition 4.1. Note
that Chebyshev polynomials are given special mention in the conclusion of
Proposition 4.1, but not in the conclusion of Proposition 4.2; this is because
T,(X) and T,,(—X) have the same second iterate.

Proof of Proposition 4.1. First assume that £ogof{~1 = X for some linear
¢ € C[X]. Then ¢! = £ oh becomes £{~NoX*" of = fPoh, so Lemma 3.5
implies f(2 = ¢(-16 X0l for some linear ¢ € C[X]. Now Lemma 3.9 implies
f =05 0aX" ol for some o € C*, so the result holds in this case.

Next assume that £ o g o £{~1 = T, 0 €X for some linear £ € C[X] and
some € € {1, —1}. Then we can use the fact that Ts(—X) = (—1)*Ts(X) to
rewrite ¢{ = ) o h as £ 0 Tyn 0 €4 = ) o h. As above, Lemma 3.5
implies that ) = ¢-1 0T 5 0/ for some linear ¢ € C[X]. Then Lemma 3.9
implies f = £~V o T} 0 & with € € {1, —1}, so the result holds in this case.

Henceforth assume there is no linear £ € C[X] for which £ogo/(~1 is either
X* or Ty or Ts(—X). Form € N, let n € N be minimal for which g™ = f™o
h with h € C[X], and let h,, € C[X] satisfy g™ = f¢™ o h,,. Minimality of
n implies there is no ¢ € C[X] with h,,, = tog, so by Corollary 3.3 there is a
bound on deg(h,,) depending only on g. In particular, this implies there are
distinct m, M € N for which deg(h,,) = deg(has). Assuming m < M and
equating degrees in the identities g™ = (™ o h,, and ¢™ = fM) o by, it
follows that deg(g)V =" = deg(f)M—™.

Let S = ¢(M —m) with ¢ € N, and write ¢/ = (5 o hg. Since hg # tog
for every t € C[X], Lemma 3.2 implies deg(g) 1 deg(hs), so we must have
R = ¢(N —n) and deg(hg) = 1. Thus, F := f{M=™ and G = ¢gIN-"
satisfy the hypotheses of Proposition 4.2, so either F' and G have a common
iterate (so f and g do as well), or there is a linear ¢ € C[X] for which
loG ot~ = 3xdee(@ (with § € C*). In the latter case, Lemma 3.9
implies there is a linear £ € C[X] such that £ o g o ¢{~1) = X* contradicting
our assumption on the form of g. O



LINEAR RELATIONS BETWEEN POLYNOMIAL ORBITS 13

5. NON-COMMENSURABLE POLYNOMIALS

In this section we classify the non-commensurable pairs of polynomials
(f,g) for which each polynomial f{™ (X) — ¢ (Y) has a Siegel factor (in
the sense of Definition 2.3).

Proposition 5.1. Pick f,g € C[X] for which r := deg(f) and s := deg(g)
satisfy r,s > 1. Assume there exists m € N with these properties:

(5.1.1) g\ #£ £ o b for every h € C[X] and n € N; and

(5.1.2) there are infinitely many j € N for which f™)(X) — g‘™ (Y has
a Siegel factor in C[X,Y].

Then there is a linear £ € C[X] for which (Lo fol=1 Logot{=1) is either

(X", aX?®) (with a € C*) or (e1Ty, e2Ts) (with €1,e2 € {1,—1}).

Remark. The converse of Proposition 5.1 holds if and only if some prime
factor of r is not a factor of s.

Remark. The pair (€17}, €e2T) in the conclusion of Proposition 5.1 differs
slightly from the pair (7} 0 €X,Ts0eX) in the conclusion of Proposition 4.1.
The latter pairs are special cases of the former pairs, but if  and s are even
then (7)., —Ts) cannot be written in the latter form (even after conjugation
by a linear).

Proof of Proposition 5.1. Let J be the (infinite) set of j € N for which
fmi) (X)) — gt} (Y) has a Siegel factor in C[X,Y]. For j € J, Corollary 2.7
implies there are A;, B;,C; € C[X] and linear pj,v; € C[X] such that
fmi) = A; o Bjop; and g™ = A; o Cj o vj, where either (Bj,C;) or
(Cj, Bj) has the form of one of (2.7.1)-(2.7.5).

We split the proof into two cases, depending on whether the degrees of
the polynomials A; are bounded.

Case 1: {deg(A;):j € J} is infinite

In this case there is an infinite subset Jy of J such that j — deg(Aj) is
a strictly increasing function on [Jy. Replacing J by Jp, it follows that
deg(A;) exceeds any prescribed bound whenever j € J is sufficiently large.
By (5.1.1), for j € J we cannot have A; = f{™ oh with h € C[X]. Applying
Corollary 3.3 to the decomposition (f{™)4) = A; o (B o y;), and recalling
that deg(A;) — oo, it follows that for sufficiently large j we have either

f(mj> — f] o X"'mj o ,€§71> or f<mj> = 16] o Trmj ) €j€<71>,

J
where ¢; € C[X] is linear and ¢; € {1,—1}. Thus, by Lemma 3.9, either
(5.2) fF=0NoX"0l or
(5.3) f=0"YoT oe

for some linear ¢ € C[X] and some € € {1, —1}. It remains to determine the
shape of g. To this end note that, in the cases (5.2) and (5.3), respectively,
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we have
f =D X™ ol and
= =D o T o €,

where in the latter case we have used Lemma 3.4. Since f(™) = Ajo(Bjopu;),

Lemma 3.5 implies that for every j € J there is a linear @j € C[X] such
that

(5.4) Aj =070 o xdee(Ai) o/ if (5.2) holds, and
(5.5) Aj =01 0 Ty, 0y if (5.3) holds.
If A; = g<3> o h for some j € J and h € C[X], then by Lemma 3.5 there
is a linear ¢ € C[X] such that
g® =0V o x o7 if (5.4) holds, and
g =0V 60T 00 if (5.5) holds.
By Lemma 3.9, there are o« € C* and € € {1, —1} such that
g=0"PoaX%ol if (5.2) holds, and
g=0"DoT,0el if (5.3) holds.

This completes the proof in case A; = g<3> o h.

Now suppose that A; # g o h for every j € J and h € C[X]. Since
(g8 mi) = ¢Bmi) = A; 0 (Cj o vj 0 g?™)), and moreover deg(A;) — oo as
j — o0, Corollary 3.3 implies that either

g<3> — o X oD or
g =ToTsoelt™),
where £ € C[X] is linear and € € {1, —1}. By Lemma 3.9, either
(5.6) g=FlopBX*c "1 or
(5.7) g="loT,o0ell™),
where g € C* and € € {1, —1}. Thus, for n € N, we have
g = fopitstts"" xs" o f=1)  if (5.6) holds, and
g™ = 00T oe =1 if (5.7) holds.

Applying Lemma 3.5 to the decomposition ¢{™7) = Aj o (Cjov;), we see
that there is a linear ¢; € C[X] such that

(5.8) Aj = 0o Xdes(4y) if (5.6) holds, and
(5.9) Aj =00 Tyeg(a,) if (5.7) holds.
Choose j € J for which deg(A;) > 2.

OZJ
Og]
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If (5.3) holds then so does (5.5), so Lemma 3.6 implies (5.8) does not hold,
whence (5.9) and (5.7) hold; Lemma 3.6 implies further that £ = £~ 0 §X
for some § € {1, —1}. But then

g =01 08T, 0880
=1 0§55 T, o 0,

which completes the proof in this case.

Finally, if (5.2) holds then so does (5.4), so Lemma 3.6 implies (5.9) does
not hold, whence (5.8) and (5.6) hold; moreover, £ = £~ o X for some
~ € C*. But then

g=10""0qBX 0y
_ g(—l) O,Yl—sBXs oe’

which completes the proof in Case 1.

Case 2: {deg(A;j):j € J} is finite.

Suppose first that e := ged(deg(f), deg(g)) satisfies e > 1. In this case,
ged(deg(f™9)), deg(g\™))) = €™ — oo as j — oo, and since deg(A4;) is
bounded it follows that ged(deg(B;),deg(C;)) — oo. For any nonconstant
F,G € C[X] such that (F,G) has any of the forms (2.7.1)—(2.7.5) other than
(2.7.4), we observe that ged(deg(F'), deg(G)) < 2; thus, for every sufficiently
large j € J, either (Bj,Cj) or (Cj, B;) has the form (2.7.4). For any such
J, after perhaps replacing (A;, B;, C;) by (4;(—X), —B;, —C}), we find that
B] = Tdeg(Bj) and C] = _Tdeg(Cj)' Since f(m]) = A] (¢} Tdeg(Bj) o g and
deg(4;) is bounded, for sufficiently large j € J we must have r® | deg(B;);
applying Lemma 3.2 to the decomposition /=30 fB3) = (A; 0 Tgeg(B;)/r3)°
(Tys o 1) gives f3 = £;0T,50p; with £; € C[X] linear. Lemma 3.9 implies
f=1¥ oT,qod](._1> with e € {1, —1}; then £j0T,s0p; = f13 = ¢;0T,s oe€j<»_1>,
so Lemma 3.6 implies p; = 5e€§_1> for some § € {1,—1} with ¢" = 1. But

then A; o Tyeg(p,) © pj = fima) = u§_1> 0 6€Tmj 0 6™ i; so Lemma 3.5

implies there is a linear £ € C[X] such that A; o f = u<_1>

. ! y o 5€Tdeg(Aj) and
A Tdeg(Bj) o pj = Tdeg(Bj) o 5Em]+1,uj. Then ¢ € {X, —X}, SO pj o Aj =
€T eg(a,) With € € {1, —1}. The same argument shows that vjoA; = éTgeq(a;)
(=1)
J

e € {1,—1}, and similarly g = y]<._l> o eTs o vy with e, € {1,—1}, so

g = ,u§71> o €Ty o puj with e; € {1, -1}, and the result follows.

Henceforth suppose that ged(deg(f),deg(g)) = 1. In this case, for j € J
we have deg(A;) = 1 and ged(deg(B;), deg(C;)) = 1; by examining (2.7.1)—
(2.7.5), we see that one of (Bj,C;) and (Cj, Bj)) must have the form of
either (2.7.1) or (2.7.3).

for some € € {1, —1}, so év; = éu;. From above, f = pu o €Ty o pj with
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Suppose there is some j € J with j > 2/m such that either (B;,C}) or
(Cj, Bj) has the form (2.7.3). For any such j we have

(B;,Cj) = (Tdeg(Bj)’ Tdeg(cj));

since A; is linear, this implies
Fima) = AjoTmjopu; and
g<m]> = AJ OTsmj ovj.
By Lemma 3.9, we have
f=AjoT.0¢0 A§71> and
g=A;0T, 0¥ oA§_1>
for some €;,€; € {1, —1}, so the result holds.
Now suppose that, for every j € J with j > 2/m, either (B;,C;) or
(Cj, Bj) has the form (2.7.1). For any such j, we have

{B;, Cj} = {X", X'p(X)"}
where p € C[X] and i € Ny satisfy ged(i,n) = 1. Since n is the degree of

either f{m9) or ¢} we have n € {r™ ™}, son > 1 and thus i > 0.
Lemmas 3.5 and 3.8 imply that

(5.10) (5@, g®} ={A4;0 X" o, Ajo X'B(X)" o v}

where 7,7 € N and p,v,p € C[X] with p, v linear. We may assume that j
satisfies
min(r, s)™ > max(r, s)%.

Since n € {r™J, s™I}, it follows that n > max(r, s)?

Applying Lemma 3.9 to (5.10), we conclude that

, so we must have p € C*.
(f,9)=(Aj0aX" o A§-_1>, Ajo BX® o A§_1>)

for some &, € C*. Finally, after replacing A; by A; o vX for suitable

~v € C*, we may assume & = 1, which completes the proof. ([

6. PROOF OF THEOREM 1.1

In this section we conclude the proof of Theorem 1.1. Our strategy is to
combine the results of the previous two sections with Siegel’s theorem, in
order to reduce to the case that the pair (f, g) has one of the two forms

(6.1) (X", 6X?), with § € C* and r,s € Z>1;
(6.2) (e1Ty, €2Ts), with €1,e9 € {1,—1} and r,s € Z~;.

We then use Corollary 2.2 (which is a consequence of Siegel’s theorem) to
handle these two possibilities.
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Proposition 6.3. Pick f,g € C[X] for which r := deg(f) and s := deg(g)
satisfy r,s > 1. Assume that, for every n € N, the polynomial f{™(X) —
g™ (Y) has a Siegel factor in C[X,Y)]. Then either f and g have a common
iterate or there is a linear £ € C[X] such that ((o fo =1 £ogot=1) has
one of the forms (6.1) or (6.2).

Proof. This follows from Propositions 4.1 and 5.1. O

Corollary 6.4. Pick z,y € C and nonlinear f,g € C[X]. If Of(x) N Oy(y)
is infinite, then either f and g have a common iterate or there is a a linear
0 € C[X] such that (Lo f o8~ Lo gotl=1) has one of the forms (6.1) or
(6.2).

Proof. Let R be the ring generated by x,y and the coefficients of f and
g, and let K be the field of fractions of R. Note that both R and K are
finitely generated. Since Oy(x) N Oy4(y) is infinite, for each n € N the
equation f{™(X) = g™ (Y') has infinitely many solutions in Of(z) x Oy(y) C
R x R. By Siegel’s theorem (Corollary 2.4), for each n € N the polynomial
™ (X) —g{™(Y) has a Siegel factor in K[X,Y]. Now the conclusion follows
from the previous result (note that f and g are nonconstant since O¢(x) and
Oy4(y) are infinite). O

Proof of Theorem 1.1. By Corollary 6.4, it suffices to prove Theorem 1.1 in
case there is a linear £ € C[X] for which (f,§) := (£o fo (=1 fogo 1)
has one of the forms (6.1) or (6.2). But then

O(€(x)) N Oz(L(y)) = £(O(x)) N L(Og(y)) = £(Of(x) N Oy(y))

is infinite, so Proposition 6.5 implies that f@ = ¢\ for some 4,5 € N,
whence f{# = ¢l O

Proposition 6.5. Pick f,g € C[X] such that (f,g) has one of the forms
(6.1) or (6.2). If there are x,y € C for which O¢(x)NOy(y) is infinite, then

f and g have a common iterate.

Proof. Assuming Of(x)NOy4(y) is infinite, let M be the set of pairs (m,n) €
N x N for which f{™(z) = ¢{(y). Note that any two elements of M
have distinct first coordinates, since if M contains (m,n;) and (m,ng) with
ny1 # ny then ¢t (y) = g2 (y) so Oy4(y) would be finite. Likewise, any
two elements of M have distinct second coordinates, so there are elements
(m,n) € M in which min(m,n) is arbitrarily large.

Suppose (f,g) has the form (6.1). Since f(z) = 2"
infinite, x is neither zero nor a root of unity. We compute

1

and Of(x) is

s —

1
g (y) =BTy

putting y1 := S1y where 8; € C* satisfies Bf_l = (3, it follows that ¢ (y) =
y;" /B, so infinitude of O,(y) implies that y; is neither zero nor a root of
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unity. A pair (m,n) € N x N lies in M if and only if

(6.6) "= gy
or equivalently
(6.7) B =y

Since (6.7) holds for two pairs (m,n) € M which differ in both coordinates,
we have 2% = y? for some nonzero integers a, b. By choosing a to have mini-
mal absolute value, it follows that the set S := {(u,v) € Z* : B12* = y¥} has
the form {(c+ak,d+bk) : k € Z} for some ¢, d € Z. For (m,n) € M we have
(rm,s") € S, s0 (r'" —c)/a = (s" — d)/b. Since M is infinite, Corollary 2.2
implies that ¢/a = d/b. In particular, every (m,n) € M satisfies br'™ = as".
Pick two pairs (m,n) and (m + mog,n + ng) in M with mg,ng € N. Then
r™0 = " and S contains both (r",s") and (r™*t"0 gntN0) g0

i = g =y e,
and thus

(v )" = (@)

Since "0 = g™ it follows that ﬂfno_l =1, so fimo) = g{no),

Now suppose (f,g) has the form (6.2). Then (by Lemma 3.4) for any
m,n € N there exist €3, eq € {1, —1} such that (£, g™) = (e3Tpm, €4Tsn).
Since Of(x)NOy(y) is infinite, we can choose § € {1, —1} such that T,m (x) =
dTsn(y) for infinitely many (m,n) € N x N. Pick zp,y0 € C* such that
xo + Ty V= 2 and yo + Yo 1 — 4. Then there are infinitely many pairs
(m,n) € N x N for which

" =0y,
so we can choose € € {1, —1} such that
(6.8) wy " = oy

for infinitely many (m,n) € N x N. Moreover, since Of(x) and Oy(y) are
infinite, neither oy nor yg is a root of unity, so distinct pairs (m,n) € Nx N
which satisfy (6.8) must differ in both coordinates. Now (6.8) is a reformu-
lation of (6.7), so we conclude as above that ™0 = "0 for some mg,ng € N
such that 6*"°~1 = 1. If s is odd, it follows that f(270) = ¢{2n0) If 5 is even
then we cannot have § = —1; since f™ = ¢;Tpm and ¢\ = eyTyn, it follows
that €; = eg, so f{m0) = g{no), O

Remark. If (f,g) has the form (6.1) or (6.2), then f"(X) — ¢™(Y) has a
Siegel factor in C[X,Y] for every n,m € N (in fact, f™(X) — ¢™(Y) is the
product of irreducible Siegel polynomials). So the results of the previous
two sections give no information. To illustrate Theorem 1.1 for such (f,g),
consider (f,g) = (X2,X3). In this case, for any n,m € N, the equation
fM(X) = ¢™(Y) has infinitely many solutions in Z x Z. However, for any
x0,yo € C, each such equation has only finitely many solutions in Of(xg) x
Oy4(yo). In particular, each such equation has only finitely many solutions
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in 0f(2) x O,4(2) = {(2%, 23") : a,b € Ny}, but has infinitely many solutions
in 2% x 2No_ The underlying principle is that orbits are rather thin subsets
of C.

7. A MULTIVARIATE GENERALIZATION

In this section we show that Theorem 1.1 implies Theorem 1.3 and Corol-
lary 1.5.

Proof of Theorem 1.3. We use induction on d. If d = 1 then L(C) = C, so
f(L) = L. Now assume the result holds for lines in C?~1.

If all points of L take the same value z4 on the last coordinate, then L =
Lo x {24} for some line Ly C C?~1. By the inductive hypothesis, there exist

nonnegative integers myq, ..., mg—1 (not all zero) such that Lg is invariant un-
der (f1<m1>, e, CETf*ﬁ). Then L is invariant under (f1<m1>, cee, éinf*ﬁ, f;m),
as desired.

Henceforth assume that L projects surjectively onto each coordinate.
Then any point of L is uniquely determined by its value at any prescribed co-
ordinate. Since L contains infinitely many points on Oy, (z1) x - - - x Oy, (z4),
it follows that Oy, (x;) is infinite for each i. For each i = 2,...,d, let
7i: C* — C? be the projection onto the first and i*® coordinates of C¢. Then
L; := m;(L) is a line in C? having infinite intersection with Oy, (z1) x Oy, ().
Since L projects surjectively onto each coordinate, L; is given by the equa-
tion X; = 0;(X1) for some degree-one o; € C[X]. For any k,¢ € N such
that

(A" 1), £ ) € Li,

we have (0;0 f1 0 o<_1>)<k>(ai(a:1)) = f@ (7). Thus, by Theorem 1.1 there

7 7
exist m;,n; € N such that

(*U)(mi) _ f<ni>.

(6i o fi o0 :
Let M, be the least common multiple of all the m;, and for each i > 2 define
Mi = (nle)/mZ Then
<—1))(M1> _ f<Mi>

(0i0 fi1oo0

7 Y

so for any y; € C we have

FM i) = 05 0 S ().

Since L is defined by the (d — 1) equations X; = 0;(X1), it follows that L is
o) i, !

invariant under (f;

Proof of Corollary 1.5. Arguing inductively as in the above proof, we may
assume that the projection of L onto each coordinate of C? is surjective.
Thus each point of L is uniquely determined by its value on any prescribed
coordinate. By Theorem 1.3, L is preserved by pi™ ... p," for some nonneg-
ative integers mz, ..., mg which are not all zero. Without loss of generality,
assume m1 > 0. For each k with 1 < k < mg, let U, be the set of tuples
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(n1,...,nq) € (No)¢such that ny = k (mod my) and p* ... p%(c) lies on L.

If Uy, is nonempty, pick (ni,...,nq) € Uy for which ny is minimal; then Uy
contains Vi := {(n1+jm1,...,ng+jmyg) : 7 € No}, and the set Zj, of values
pit .. pyt(a) for (ui,...,uq) € Uy is the same as the corresponding set for

(u1,...,uq) € V. Thus Zj is the orbit of a under (pi"* ...pJ"")pi" ... pl?,
which is a coset of a cyclic subsemigroup.

8. FUNCTION FIELD CASE, SECOND PROOF

We now turn our attention to the following result.

Theorem 8.1. Let K be a field of characteristic 0, let f,g € K[X] be
polynomials of degree greater than one, and let xg,yg € K. Assume there is
no linear i € K[X] for which p=Y (z0), u= (y0) € Q and both pt~V o fop
and (S~ o g o are in Q[X]. If Of(x0) N Oy(yo) is infinite, then f and g
have a common iterate.

Theorem 8.1 may be viewed as the ‘function field’ part of our Theorem 1.1.
We will give an alternate proof of Theorem 8.1 using the theory of heights.
In the next two sections we review canonical heights associated to nonlinear
polynomials. Then in Section 11 we will prove Theorem 8.1 by reducing it to
the case deg(f) = deg(g) handled in our previous paper [18, Thm. 1.1]. Here
we avoid the intricate arguments about polynomial decomposition used in
the first part of the present paper; instead our proof relies on a result of Lang,
already used in the proof of Proposition 6.5, which is itself a consequence of
Siegel’s theorem.

9. CANONICAL HEIGHTS ASSOCIATED TO POLYNOMIALS

In this section we recall some standard terminology about heights. First,
a global field is either a number field or a function field of transcendence
degree 1 over another field. Any global field E comes equipped with a
standard set Mg of absolute values | - |, which satisfy a product formula

H ||, = for every x € E*,
vEME
where N: Mg — N and N, := N(v) (cf. [23] for details).
If E is a global field, the logarithmic Weil height of x € E (with respect
to E) is defined as (see [23, p. 52])

1
hE(x):m- > Y logmax{|z|ir,1}.

vEME  wv
wEME(I>

Definition 9.1. Let E be a global field, let ¢ € F[X] with deg(¢) > 1, and
let z € E. The canonical height hy g(z) of z with respect to ¢ (and E) is
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Call and Silverman [11, Thm. 1.1] proved the existence of the above limit,
using boundedness of |hg(¢(x)) — (deg ¢)hp(x)| and a telescoping sum argu-
ment due to Tate. We will usually write h(x) and hg(x) rather than hg(z)

and ﬁ¢7 pg(z); this should not cause confusion. We will use the following
properties of the canonical height.

Proposition 9.2. Let E be a global field, let ¢ € E[X] be a polynomial of
degree greater than 1, and let z € E. Then

(a) for each k € N, we have ﬁ¢(¢<k>(z)) = deg(¢)* -ﬁ¢(z),'
(b) |h(2) — hg(2)| is bounded by a function which does not depend on z;
c) if E is a number field then z is preperiodic if and only if hy(z) = 0.
¢

Proof. Part (a) is clear; for (b) see [11, Thm. 1.1]; and for (¢) see [11, Cor.
1.1.1). O

Part (c) of Proposition 9.2 is not true if E is a function field with con-
stant field Ey, since qu(z) = 0 whenever z € Ey and ¢ € Ey[X]. But
these are essentially the only counterexamples in the function field case (cf.
Lemma 10.7).

10. CANONICAL HEIGHTS IN FUNCTION FIELDS

The setup for this section is as follows: F is a field, and K is a function
field of transcendence degree 1 over F.

First we note that for each place v € My of the function field K, we
may assume that every z € K satisfies log |z|, € Q (we use ¢ := e~! in the
definition of absolute values on function fields from [23, p. 62]).

Let ¢ € K[X] be a polynomial of degree greater than 1. For each v € My,
we let

~ . logmax{|¢™ (2)|Nv, 1}
10.1 heo(2) = lim v
(10.1) ool2) = Jim ERELE
be the canonical local height of z € K at v. Clearly, for all but finitely many

v € Mg, both z and all coefficients of ¢ are v-adic integers. Hence, for such
v € Mg, we have hg,(2) = 0. It turns out that

(10.2) ho(z) = D heu(2).
vEME

For a proof of the existence of the limit in (10.1), and of the equality in
(10.2), see [10].
The following result is crucial for Section 11.

Lemma 10.3. For each z € K, and for each ¢ € K[X] with deg(¢) > 1,
we have hy(z) € Q.
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Proof. Since (10.2) is a finite sum, it suffices to prove that /iid,’v(z) € Q for
each v € M. For some fixed v € My, write ¢(z) = Z?:o St with §; € K
and 6g # 0, and let

T

) .

The following claim follows from [16, Lemma 4.4]; we include a short proof
for the sake of completeness.

0

g

1
M, := max< |0gl, © ", max
0<i<d

Claim 10.4. If |z|, > M,, then ﬁ¢,,v(:c) = log |z|y, + loil%fl“.

Proof of Claim 10.4. From the definition of M,, and the fact that |z|, > M,,
we obtain that
642, > max |6;z¢,.
0<i<d
Thus |¢(x)], = |642%,; but since |z|, > M, > |5d|;1/(d_1)
|¢p(x)]y > |z|y. An easy induction now shows that

, it follows that

d"—1

6™ ()], = [64]s™" - |z|2" for all n € N.

Hence

)
)
o
S

3
&

log |04y
d—1"
as desired. O

Y = log ||y +

Finally, if E¢7U(z) > 0 then there exists n € N such that |¢{™ (2)|, > M,.
Thus,

(6 (2)) _ log |t (2)], + 1510

10.5 R
is a rational number (by our convention on |-|,), which concludes the proof
of Lemma 10.3. g

The following result about canonical heights of non-preperiodic points for
non-isotrivial polynomials will be used later.

Definition 10.6. We say a polynomial ¢ € K[X] is isotrivial over E if there
exists a linear £ € K[X] such that £o ¢ o £{~1) € E[X].

Benedetto proved that a non-isotrivial polynomial has nonzero canonical
height at its nonpreperiodic points [5, Thm. BJ:

Lemma 10.7. Let ¢ € K[X] with deg(¢) > 2, and let z € K. If ¢ is
non-isotrivial over E, then hg(z) = 0 if and only if z is preperiodic for ¢.
We state one more preliminary result, which is proved in [18, Lemma 6.8].

Lemma 10.8. Let ¢ € K[X] be isotrivial over E, and let ¢ be as in Defini-
tion 10.6. If z € K satisfies hy(z) = 0, then {(z) € E.
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Definition 10.9. With the notation as in Lemma 10.8, we call the pair
(¢, z) isotrivial. Furthermore, if F' C K is any subfield, and there exists a
linear polynomial ¢/ € K|[X] such that £ o ¢ o £~ € F[X] and £(z) € F,
then we call the pair (¢, z) isotrivial over F.

11. PROOF OF THEOREM 8.1

In this section we assume the hypotheses of Theorem 8.1. We first prove
two easy claims.

Claim 11.1. Let E be any subfield of K, and assume that (f,zo) and (g, yo)
are isotrivial over E. If Of(x0)NOy(yo) is infinite, then there exists a linear

p € K[X] such that po fopul™ pogou= € E[X] and pu(xo), u(yo) € E.

Proof of Claim 11.1. We know that there exist linear u1,u2 € K[X] such
that f1 := ppo f o,u,YD € E[X] and g1 := pus ogou<71> € E[X], and
z1 = pi(z0) € E and y1 := pa(yo) € E. Thus Of (z1) = u1(Of(x0))
and Oy, (y1) = p2(Og(yo)). Since Of(xg) N Oy(yo) is infinite, there are
infinitely many pairs (21, 22) € E x E such that ,ufn(zl) = ,u§71>(22). Thus
L= 12 O ,u<71> € E[X]. Hence

pogopt = pu "D (uzogous e BX],
and

p1(yo) = (1o ps ) (y1) = V() € E,
as desired. O

Claim 11.2. If Of(xo) N Oy(yo) is infinite, then there exist subfields E C
F C K such that F is a function field of transcendence degree 1 over E, and
there exists a linear polynomial p € K[X] such that po fopul=1, pogopul=1) e
F[X], and pu(x0), u(yo) € F, and either (f,x0) or (g,v0) is not isotrivial over
E.

Proof of Claim 11.2. Let Ky be a finitely generated subfield of K such that
frg € Ko[X] and zo,y0 € Kp. Then there exists a finite tower of field
subextensions:
KiCKs 1 C---CKi CKy

such that K is a number field, and for each ¢ = 0,...,s — 1, the ex-
tension K;/K;;1 is finitely generated of transcendence degree 1. Using
Claim 11.1 and the hypotheses of Theorem 8.1, we conclude that there
exists i = 0,...,8 — 1, and there exists a linear u € Ky[X] such that
po fo M<_1), pogo u<_1> S E[X], and p(xo), u(yo) € E, and either (f,xo)
or (g,%0) is not isotrivial over K;1. O

Proof of Theorem 8.1. Let E, F and u be as in the conclusion of Claim 11.2.
At the expense of replacing f and g with their respective conjugates by u,
and at the expense of replacing F' by a finite extension, we may assume that
fyg € F[X], and xo,yo € F, and (f,xo) is not isotrivial over E.
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Let dy := deg(f) and ds := deg(g). We construct the canonical heights
h s and /i{g associated to the polynomials f and g, with respect to the set of
absolute values associated to the function field F'/E. Because (f, zo) is non-
isotrivial, and because xg is not preperiodic for f (note that O(z9)NOg4(yo)
is infinite), Lemma 10.7 yields that H; := ﬁf(:co) > 0. Moreover, if Hy :=
lALg(yo), then using Lemma 10.3, we have that Hi, Hy € Q. Because there
exist infinitely many pairs (m,n) € N x N such that ™ (zq) = ¢™ (o),
Proposition 9.2 (a) — (b) yields that

(11.3) |d* - Hy — dj - Ha| is bounded

for infinitely many pairs (m,n) € N x N. Because Hy, Hy € Q, we conclude
that there exist finitely many rational numbers 1, ..., vs such that

Yi =di" - Hy —dy - H

for each pair (m,n) as in (11.3). (We are using the fact that there are
finitely many rational numbers of bounded denominator, and bounded ab-
solute value.) Therefore, there exists a rational number 7 := ~; (for some
i=1,...,s) such that

(114) d;nHl - dgHg =7.

for infinitely many pairs (m,n) € N x N. Hence, the line L C A? given
by the equation H; - X — Hy - Y = ~ has infinitely many points in com-
mon with the rank-2 subgroup T' := {(d',d5?) : ki, ks € Z} of G2,. Us-
ing Corollary 2.2, we obtain that v = 0. Because there are infinitely
many pairs (m,n) satisfying (11.4), and because H; # 0, we conclude
that there exist positive integers mgy and ngy such that di"° = d3°; thus
deg(f{mo)) = deg(gm)). Because Of(zq) N O,(yo) is infinite, we can find
ko, €o € N such that O pim) (fo) (z:0)) N O o) (9% ()) is infinite. Because

deg(f{m0)) = deg(g{™)), we can apply [18, Thm. 1.1] and conclude the proof
of Theorem 8.1. U

Remark. Theorem 8.1 holds essentially by the same argument as above, if
xo is not in the v-adic filled Julia set of f, where v is any place of a function
field K over a field E.

Remark. One can show that if f is a linear polynomial, and ¢ is any non-
isotrivial polynomial of degree larger than one, then O(x9)NOy(yo) is finite.
This assertion fails if ¢ is isotrivial, as shown by the infinite intersection

Ox41(0) N Ox2(2).

12. THE DYNAMICAL MORDELL-LANG PROBLEM

In this section we discuss topics related to Question 1.6. We begin with
examples in which this question has a negative answer. We then show how
this question can be reformulated in terms of the existence of invariant
subvarieties.
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12.1. Examples. There are several situations where Question 1.6 has a neg-
ative answer. For instance, let S be the subsemigroup of End A? generated
by the endomorphisms ®(x,y) = (2z,y) and ¥(x,y) = (z,y?). If A is the di-
agonal subvariety of A%, then A(C)NOs((1,2)) = {®2"¥"((1,2)) : n € Ng},
which yields a negative answer to Question 1.6. A similar example oc-
curs for X = E x E with E any commutative algebraic group, where
O(P,Q) = (P+ Py,Q) and ¥(P,Q) = (P,2Q) with Py € E(C) a nontorsion
point: letting A be the diagonal in £ x E, and S the semigroup gener-
ated by ® and ¥, we have A(C) N Og((0, Py)) = {®2"T"((0, Py)) : n € No}
(where 0 is the identity element of the group E(C)). One can produce sim-
ilar examples in which S contains infinite-order elements which restrict to
automorphisms on some positive-dimensional subvariety of X. However, as
noted in Section 1, there is an important situation where S consists of au-
tomorphisms but Question 1.6 has an affirmative answer, namely when S
consists of translations on a semiabelian variety X.

12.2. Invariant subvarieties. The following result connects Question 1.6
with the topic of invariant subvarieties.

Lemma 12.1. If Question 1.6 has an affirmative answer for some X, V,
S, and «, then the Zariski closure of V(C)NOg(«) consists of finitely many
points and finitely many positive-dimensional subvarieties Vo C V, where
for each Vi there is an infinite subsemigroup Sy of S such that So(Vy) C Vp.

Proof. The intersection V(C) N Og(«) is the union of finitely many sets of
the form Tp := Og,.0 (), with ® € S and Sy a subsemigroup of S. For any
such Ty, let V be the Zariski closure of Ty, so Vo € V and Syp(Vp) C Vo
(since Sp(Tp) C Tp). The result follows. O

Note that, if ® is a closed morphism of X (as occurs, for instance, when
® is polarizable), and ®(Vy) C Vp for some subvariety Vj of X, then Vj D
®(V) D ®%(Vp) D ... is a descending chain of closed subvarieties of X,
so ®N*L(1) = ®N(1p) for some N € Ny. Thus, in particular, Vg is ®-
preperiodic.

Conversely, for any X, V, S, and a which satisfy the conclusion of
Lemma 12.1, if each Sy has finite index in S (as happens, for instance,
when S is cyclic), then Question 1.6(a) has an affirmative answer for these
choices of X, V, S, and a. We do not know whether this implication holds
when Sy has infinite index in S.
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