MATH 223 Change of Basis is invertible. Richard Anstee

Let V' be a vector space of dimension k with two bases B, C":
B ={vy,va,...,Vi},
C ={uy,uy,...,u}.
Since C' is a basis, we can write
V] = ajju; + agxug + - -
Vo = @120y + Q22U + - - -,
etc
Letting M = (a;;) we have obtained the change of basis matrix

a a
u 11 Q12
= | Q21 Q22
C<+ B
Since B is a basis we can similarly write
u; = b11V1 + b21V2 + -
Uy = biavy + byava + -+ -, etc
etc
b1 bio
N = b21 b22
B+ C ]
We check
u; = blz'Vl + bQZ'VQ + = bh-(anul “+ agug + - - ) + bgi(algul + agoug + - - ) + -

Now the coefficient of u; must be one since C' is a basis with unique coordinates and similarly the
coefficient of u; for 7 # j must be 0.

Thus 1 = by;a;1 + bojaio + - -+ = a;1b1; + ajobo; + - - - which is the i@ entry of M N.

Also 0 = by;a;1 + baiajo + - - - = aj1by; + ajobe; + - - - which is the 75 entry of M N for i # j. We have
shown M N = I and so M is invertible.



