Motivation for Chain Rule

We wish to motivate the formula

We first assert that
(flex +d)) = cf'(cx + d).

This follows from noting that the curve y = f(cx + d) is the curve of y = f(cz) shifted d units to the left.
Then we note that the curve y = f(cx) runs through the x values at a factor of ¢ faster that does the curve
y = f(z) and hence the slopes are ¢ times as big. You could verify this easily using the limit definition of
derivative.
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Consider a specific point xg. We will verify/justify the chain rule at zo; namely (f(g(z)) at x = x( is

f'(9(x0))g' (o).

Near xo we can approximate g(x) by the linear approximation mx + b where m = ¢’(z¢) and b is chosen so
that mxg + b = g(x¢). Thus g(x) = max + b for x near xg. Now we assert that f(g(z)) ~ f(max + b) (using
the continuity of f, to be precise). We already note that (f(mz + b)) = mf'(mz +b) = ¢'(xo)f' (mz + b)
and so (f(g(x)))" at x = z is approximately ¢'(xo)f’(g9(x0)) (using mzo + b = g(xo)). This is the Chain
Rule!

Motivation for the Product Rule
We wish to motivate the Product Rule

(f(2)g(x)) = ['(2)g(x) + f(x)g (x)

We use the same ideas as above. Consider a specific point xg. We will verify/justify the product rule at z;
namely (f(z)g(x)) at x = z¢ is f'(z0)g(zo) + f(z0)g'(z0)-

Near xo we can approximate f(z) by a linear function, the tangent line at x¢, say myz + by. We have
my = f'(xo) and f(xzg) = myxo + by. Similarly we can approximate g(x) by a linear function, the tangent
line at xg, say myx + by. We have my, = ¢'(x0). and g(xzo) = mgxo + by. Thus, for x near zy we have
f(x) = msx + by and g(x) = mgx + by. Thus, for & near x( we have

f(@)g(x) = (mpx + bp)(mgx + by) = mpmgx® + (mpbg + mgbs)x + bsbgy.

Hence

Q

2mymgro + (mfbg + mgbf)
= my(mgzo + by) +mg(myzo + by)
= J'(z0)g(x0) + g'(x0) f(20)

f(@)g(x))" at = = zo

This is the product rule.

Neither of these motivations is a proof, but can be made into a proof using the formal definition for
limits and derivatives.



