~ N S S
~ ~ N S N
~ ~ N N
S N N N N N
\\ ~ ~ N \\ N
N ~ N AN S
~ \\ N N N N\
N N
~ N S S S
o~ N N N N N N
N
\\ ~ ~ AN N
~ A S S o S \
~ N
~ D N S S >
~ ~ N S
N
~ ~ N N
~ ~ N
N
~ ~ N N
~ N N N N N
- ~ N N N N N
~ \\ ~ N N N N
S ~ = N N N
~ ~ S N N N N
~
~ ~ N N N N
\\ ~ \\ ~ N N
~ S o ~ N N N
~ ~ ~ S S
~ ~ ~ N
~ &~ S N N
< ~ ~ AN
= ~ S N N
~ ~ S ~ N N
~ ~ S N
~ ~ ~ > > N
~ ~ ~ ~ A N
S o ~ ~ N N ~ N
~ N
\\ ~ \\ N \\ \\ \\
~ AN ~ ~ N N
~ S S ~ = S N
S o ~ ~ ~ ~ S N N
~ ~ ~ ~ ~ N \
~ ~ ~ ~ ~ N
S o > ~ ~ N N
~ ~ ~ ~ N N
~ ~ ~ ~ N
< - ~ N N
~ ~ N N N
~ ~ ~ S S N
~ \\ \\ ~ > S N
~ ~ ~ S S S N
= ~
~ ~ ~ ~ ~ N N N
~ ~ ~ ~ N
~ ~ ~ ~ N
~ ~ ~ ~ N N N
\\ \\ ~ ~ ~ N
~ ~ ~ = S N
~
~ - S o \\ \\ A S ~ N
S o ~ o ~ ~ ~ \\ N N
S < ~ \\ ~ ~ N N N
S o ~ ~ ~ ~ N N
~ ~ o ~ ~ ~ S ~ N
S~ ~ ~ ~ ~ N
~ o S o ~ ~ ~ N S
S o ~ S S \\ N > N
~ S o ~ ~ ~ N N
~ - = ~
~ ~ N N
= CI.P4 ~ ~ ~
~ ~ ~ N
~ o ~ ~
~ ~ ~ N
~ N AN
~ ~ N
- - ~ \\ .
-
\\\N D N
= N
- - < N
~ ~ N
~ ~N N
_ ~ N
- - ~
T~ < S N
= _ ) N
- > ~
S ~ S
N
N
- - _ _ N N N
- - ~ ~
~N
~
~ ~ N
~ N N
EAGER = e = S °
FELDMAN RECHNITZER Y ~ - ~ ~ N ~
eSS S s s s = e T~ ~ ~ S ~ >
- _ ~ - ~ ~ ~ N
- - - _ -~ ~ ~ ~
- - _ ~ ~ ~ ~ N
- ~ ~
=~ o = ~ \\ ~
-~
- - ~ o S o ~ \\ ~
~ < ~ ~ ~
—_—_ - — - ~ < ~ o ~ \\ N
__—. = = = = = —= = =T = - ~ ~
R = = - S~ S o ~ ~ N
— = ‘5_ \\ ~ ~ N
‘\\ ~ o \\ ~ ~
\\\ ~ ~ ~ ~ :
—_— - - - - _ _ ~ < S~ ~ N
- - - - —__555 ~ o ~ ~ N
—_ - - = ~ ~ ~ ~ N
- - - =~ o = = ~ ~
——__ \\\ \\ ~ S
_ ~ ~ ~
- - —_____———______ = S o ~ ~ <
- - —‘~~ S~ \\ =~
- - = < ~ o ~ ~
- =~ ~ ~ ~ ~
_ - = ~ ~
_ - ’____—————————____ ~ o - S o N
- - == = ~ ~ S
’,’ S \\‘ -
~ ~
”’ - - -—-— - - - _ = = o D
- - - - ~
- - - == ~ ~
”/ ”/ ”’— ‘\‘ \\\ ~ ~
- _ - _ - - ——— == - - - _ _ ~ ~ ~
_ > - - ~~_§ \\ \\
- - — = ~ ~
- - - ~ S
_ - _ _ - - - - - — - _ S~ ~
- - - = ~ ~
-~ - P - ~ ~ S S
- - - - = ~
- o - - _—_— = - =
// - - - -= - ~~~‘~ =
- - s - - ~
P - - S <
- < - - -— - - T T T T == _
s e 7 -~ // - - “s\
-
// 7 // 7 -~ ’/’ ______...___5
z 7z ~ 7 - = _ -
- s & - - - - =
7 7z - - = o = =
- s P P
s < ’ < -, - - - - - =
- 7 e - -
7/ 7 s - -
P s /s . -, - - g
’ 7’ 4 7 ’ - _ -
e Ve / ; 4 7 Ve - - _
, ’ ’ p / % 4 .- - e
// Vs / ; / / // p -
’ < <
Z ’ ,/ / ! / ’ ‘ s -
’ p p / / / / ’ ’
7 , 4 / / p / , / V3
7 , / / i "



CLP-4 VECTOR CALCULUS
EXERCISES

Joel FELDMAN Andrew RECHNITZER Elyse YEAGER

THIS DOCUMENT WAS TYPESET ON SATURDAY 13™ MAY, 2023.



» Legal stuff
¢ Copyright © 2017-21 Joel Feldman, Andrew Rechnitzer and Elyse Yeager.

e This work is licensed under the Creative Commons Attribution-NonCommercial-
ShareAlike 4.0 International License. You can view a copy of the license at
http://creativecommons.orqg/licenses/by-nc-sa/4.0/.

[@ose)

¢ Links to the source files can be found at the text webpage



http://creativecommons.org/licenses/by-nc-sa/4.0/
http://www.math.ubc.ca/~CLP/index.html

HOW TO USE THIS BOOK

a Introduction

First of all, welcome back to Calculus!

This book is an early draft of a companion question book for the CLP-4 text. Additional
questions are still under active development.

» How to Work Questions

This book is organized into four sections: Questions, Hints, Answers, and Solutions. As
you are working problems, resist the temptation to prematurely peek at the back! It’s
important to allow yourself to struggle for a time with the material. Even professional
mathematicians don’t always know right away how to solve a problem. The art is in
gathering your thoughts and figuring out a strategy to use what you know to find out
what you don't.

If you find yourself at a real impasse, go ahead and look for a hint in the Hints section.
Think about it for a while, and don’t be afraid to read back in the notes to look for a key
idea that will help you proceed. If you still can’t solve the problem, well, we included the
Solutions section for a reason! As you're reading the solutions, try hard to understand
why we took the steps we did, instead of memorizing step-by-step how to solve that one
particular problem.

If you struggled with a question quite a lot, it’s probably a good idea to return to it in a few
days. That might have been enough time for you to internalize the necessary ideas, and
you might find it easily conquerable. Pat yourself on the back-sometimes math makes you
feel good! If you're still having troubles, read over the solution again, with an emphasis
on understanding why each step makes sense.

One of the reasons so many students are required to study calculus is the hope that it will
improve their problem-solving skills. In this class, you will learn lots of concepts, and
be asked to apply them in a variety of situations. Often, this will involve answering one

i
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HOW TO USE THIS BOOK

really big problem by breaking it up into manageable chunks, solving those chunks, then
putting the pieces back together. When you see a particularly long question, remain calm
and look for a way to break it into pieces you can handle.

» Working with Friends

Study buddies are fantastic! If you don’t already have friends in your class, you can ask
your neighbours in lecture to form a group. Often, a question that you might bang your
head against for an hour can be easily cleared up by a friend who sees what you've missed.
Regular study times make sure you don’t procrastinate too much, and friends help you
maintain a positive attitude when you might otherwise succumb to frustration. Struggle
in mathematics is desirable, but suffering is not.

When working in a group, make sure you try out problems on your own before coming
together to discuss with others. Learning is a process, and getting answers to questions
that you haven’t considered on your own can rob you of the practice you need to master
skills and concepts, and the tenacity you need to develop to become a competent problem-
solver.

» Types of Questions

Q[1](*): In addition to original problems, this book contains problems pulled from quizzes
and exams given at UBC. These problems are marked with a star. The authors would like
to acknowledge the contributions of the many people who collaborated to produce these
exams over the years.

The questions are organized into Stage 1, Stage 2, and Stage 3.

» Stage 1

The first category is meant to test and improve your understanding of basic underlying
concepts. These often do not involve much calculation. They range in difficulty from
very basic reviews of definitions to questions that require you to be thoughtful about the
concepts covered in the section.

» Stage 2

Questions in this category are for practicing skills. It’s not enough to understand the philo-
sophical grounding of an idea: you have to be able to apply it in appropriate situations.
This takes practice!

» Stage 3

The last questions in each section go a little farther than Stage 2. Often they will combine
more than one idea, incorporate review material, or ask you to apply your understanding
of a concept to a new situation.

ii
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In exams, as in life, you will encounter questions of varying difficulty. A good skill to
practice is recognizing the level of difficulty a problem poses. Exams will have some easy
questions, some standard questions, and some harder questions.

iii
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THE QUESTIONS




Chapter 1

CURVES

1.1a Derivatives, Velocity, Etc.

Exercises
Jump to HINTS, ANSWERS, SOLUTIONS or TABLE OF CONTENTS.

» Stage 1

Questions 1 through 5 provide practice with curve parametrization. Being comfortable with the algebra and
interpretation of these descriptions are essential ingredients in working effectively with parametrizations.

Q[1]: Find the specified parametrization of the first quadrant part of the circle
2

X2+ y2 =a“.
(@) In terms of the y coordinate.
(b) In terms of the angle between the tangent line and the positive x-axis.

(c) In terms of the arc length from (0, a).

Q[2]: Consider the following time-parametrized curve:
_ T =2
r(t) = (cos (4t> , (t—5) )

List the three points (—1/+/2,0), (1,25), and (0,25) in chronological order.

Q[3]: At what points in the xy-plane does the curve (sint,t?) cross itself? What is the
difference in ¢ between the first time the curve crosses through a point, and the last?

Ql4]:



CURVES 1.1 DERIVATIVES, VELOCITY, ETC.

y

A circle of radius a rolls along the x-axis in the positive direction, starting with its centre
at (a,a). In that position, we mark the topmost point on the circle P. As the circle moves,
P moves with it. Let 6 be the angle the circle has rolled — see the diagram below.

(a) Give the position of the centre of the circle as a function of 6.
(b) Give the position of P as a function of 6.

—

P

)

Q[5]: The curve C is defined to be the intersection of the hyperboloid
2 1, 2
x*— -y +3z7 =1
4
and the plane
x+y+z=0.

When y is very close to 0, and z is negative, find an expression giving z in terms of .

QI6]: A particle traces out a curve in space, so that its position at time ¢ is

r(t) =e i+ -j+ (t—1)%(t-3)%k

fort > 0.

Let the positive z axis point vertically upwards, as usual. When is the particle moving
upwards, and when is it moving downwards? Is it moving faster at time t = 1 or at time
t =37

QI7]: Below is the graph of the parametrized function r(t). Let s(f) be the arclength along
the curve from r(0) to r(t).




CURVES 1.1 DERIVATIVES, VELOCITY, ETC.

Indicate on the graph s(t + h) — s(t) and r(t + h) — r(¢t). Are the quantities scalars or
vectors?

Q[8]: What is the relationship between velocity and speed in a vector-valued function of
time?

. 2 3
Q[9](x): Let r(t) be a vector valued function. Let ¥, ¥’ , and " denote %, % and %,
respectively. Express

%[(r x1') 1]
intermsof r, ¥ , ¥’ , and r”. Select the correct answer.
(@ (=) -r"

b)) ('xr")-r+(rxr)-r”
() (rxt)-r”

(d) 0

(e) None of the above.

Q[10]: Show that, if the position and velocity vectors of a moving particle are always
perpendicular, then the path of the particle lies on a sphere.

» Stage 2
Q[11](*): Find the speed of a particle with the given position function

A

r(t) =5vV2ti+ej—e ¥k
Select the correct answer:
@ [v(t)] = (et +e)
(b) [v(t)] = V10 + 5ef + Be~*
(© |v(t)| = V10 + el0F 4 ¢~ 10F
@ [v(t)] =5( +e)
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© |v(t)]=5(e +e7)
Q[12]: Find the velocity, speed and acceleration at time ¢ of the particle whose position is
r(t) = acosti+asintj+ctk
Describe the path of the particle.
Q[13](+):
(a) Let
r(t) = (tz, 3, %t?’)

Find the unit tangent vector to this parametrized curve at t = 1, pointing in the
direction of increasing t.

(b) Find the arc length of the curve from (a) between the points (0,3,0) and (1, 3, —%)
Q[14]: Using Lemma 1.1.4 in the CLP-4 text, find the arclength of r(t) = (t, \/g 2, t3> from
t=0tot=1.

Q[15]: Find the length of the parametric curve

X =acostsint y = asin’t z = bt

betweent =0and t =T > 0.

Q[16]: A particle’s position at time ¢ is given by r(t) = (t + sint,cost)!. What is the
magnitude of the acceleration of the particle at time #?

Q[17](*): A curve in R? is given by the vector equation r(t) = <2t cost,2tsint, §>
(a) Find the length of the curve betweent = 0and ¢t = 2.

(b) Find the parametric equations of the tangent line to the curve at t = 7.

Q[18](x): Let r(t) = (3cost,3sint,4t) be the position vector of a particle as a function of
time t > 0.

(a) Find the velocity of the particle as a function of time .

(b) Find the arclength of its path betweent = 1 and t = 2.

Q[19]: The plane z = 2x + 3y intersects the cylinder x% + y?> =9 in an ellipse.
(a) Find a parametrization of the ellipse.

(b) Express the circumference of this ellipse as an integral. You need not evaluate the
integrali .

—_

The particle traces out a cycloid — see Question 4

2 The indefinite integral involved is one of a class of integrals called elliptic integrals because of their
connections to arc lengths of ellipses. In general, elliptic integrals cannot be expressed in terms of
elementary functions. You can easily find discussions of elliptic integrals using your favourite search
engine.
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QJ20](*): Consider the curve
1 5. 1 .3 . .3
r(t):§cos tl—i—gsm tj+sin’ tk

(a) Compute the arc length of the curve fromt =0tot = 7.
(b) Compute the arc length of the curve fromt = 0to t = 7.
Q[21](): Let r(t) = (%t3, %tz, %t), t > 0. Compute s(#), the arclength of the curve at time ¢.

Q[22](+): Find the arc length of the curve r(t) = (", t", t3m/2) for0 <a<t<b and
where m > 0. Express your result in terms of m, a, and b.

Q[23]: Let C be the part of the curve of intersection of the parabolic cylinder x = y? and
the hyperbolic paraboloid 3z = 2xy with y > 0.

(a) Write a vector parametric equation for C using x as the parameter.
(b) Find the length of the part of C between the origin and the point (9,3,18).

(c) A particle moves along C in the direction for which x is increasing. If the particle
moves with constant speed 9, find its velocity vector when it is at the point (1,1, %)

(d) Find the acceleration vector of the particle of part (c) when it is at the point (1,1, %)

Q[24]: If a particle has constant mass m, position r, and is moving with velocity v, then
its angular momentum is L = m(r x v).

For a particle with mass m = 1 and position function r = (sint, cost,t), find “é—]; .

» Stage 3

Q[25](*): A particle moves along the curve C of intersection of the surfaces z2 = 12y and
18x = yz in the upward direction. When the particle is at (1, 3, 6) its velocity v and
acceleration a are given by

v=61+12j+12k a=271+30j+6k
(a) Write a vector parametric equation for C using u = £ as a parameter.
(b) Find the length of C from (0,0,0) to (1,3,6).

(c) If u = u(t) is the parameter value for the particle’s position at time ¢, find % when
the particle is at (1, 3, 6).

(d) Find % when the particle is at (1, 3, 6).

Q[26](*): A particle of mass m = 1 has position 1y = % k and velocity vp = ”72 iat time 0.
It moves under a force

F(t) = —3ti+sintj+2e* k.
(a) Determine the position r(t) of the particle depending on ¢.

(b) At what time after time ¢t = 0 does the particle cross the plane x = 0 for the first time?

6
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(c) What is the velocity of the particle when it crosses the plane x = 0 in part (b)?

Q[27](): Let C be the curve of intersection of the surfaces y = x?> and z = %x3 . A particle
moves along C with constant speed such that % > 0. The particle is at (0,0,0) at time
t = 0and isat (3,9,18) at time t = 3.

(a) Find the length of the part of C between (0,0,0) and (3,9, 18).
(b) Find the constant speed of the particle.
(c) Find the velocity of the particle when itis at (1,1, 3).

(d) Find the acceleration of the particle when it is at (1,1, %)

Q[28]: A camera mounted to a pole can swivel around in a full circle. It is tracking an
object whose position at time ¢ seconds is x(¢) metres east of the pole, and y(t) metres
north of the pole.

In order to always be pointing directly at the object, how fast should the camera be pro-
grammed to rotate at time #? (Give your answer in terms of x(¢) and y(t) and their deriva-
tives, in the units rad /sec.)

QI[29]: A pipe of radius 3 follows the path of the curve r(t) = (%@th , 32, t+2), for
0<t<10.
What is the volume inside the pipe? What is the surface area of the pipe?

Q[30]: A wire of total length 1000cm is formed into a flexible coil that is a circular helix. If
there are 10 turns to each centimetre of height and the radius of the helix is 3 cm, how tall
is the coil?

Q[31]: A projectile falling under the influence of gravity and slowed by air resistance
proportional to its speed has position satisfying

dr oo dr
ar = 8 dt

where a is a positive constant. If r = ry and 9 = vy at time t = 0, find r(t).

1.24 Reparametrization

Exercises
Jump to HINTS, ANSWERS, SOLUTIONS or TABLE OF CONTENTS.

» Stage 1

t
QI1]: A curve r(s) is parametrized in terms of arclength. What is J ¥'(s)| ds when t > 1?
1

QJ2]: The function
1 1 N
r(s) = sin (%) i+ cos (%) j+ ?(s + 1)k
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is parametrized in terms of arclength, starting from the point P. What is P?

QI3]: A curve R = a(t) is reparametrized in terms of arclength as R = b(s) = a((s)). Of
the following options, which best describes the relationship between the vectors a’(ty)
and b’(sp), where t(sg) = t¢?

You may assume a’(t) and b’(s) exist and are nonzero for all £,s > 0.
A. they are parallel and point in the same direction

B. they are parallel and point in opposite directions

C. they are perpendicular

D. they have the same magnitude

E. they are equal

» Stage 2

Q[4](+):

(a) Let
r(t) = (2sin’t,2cos’ t,3sin t cos t)

Find the unit tangent vector to this parametrized curve at t = 71/3, pointing in the
direction of increasing t.

(b) Reparametrize the vector function r(t) from (a) with respect to arc length measured
from the point t = 0 in the direction of increasing t.

Q[5](*): This problem is about the logarithmic spiral in the plane
r(t) = e'(cost,sint), teR
(a) Find the arc length of the piece of this spiral which is contained in the unit circle.

(b) Reparametrize the logarithmic spiral with respect to arc length, measured from
t = —o0.

» Stage 3
QI6]: Define

r(t) = < ! arctan ! arctan t)
VI+2 V142

for 0 < t. Reparametrize the function using z = arctan t, and describe the curve it defines.
What is the geometric interpretation of the new parameter z?

Q[7]: Reparametrize the function r(t) = (32, 1#3) in terms of arclength from ¢ = —1.

1.34 Curvature

Exercises
Jump to HINTS, ANSWERS, SOLUTIONS or TABLE OF CONTENTS.
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» Stage 1

There are a lot of constants in this chapter that might be new to you. They can take a little getting used
to. Questions 1-5 provide practice working with and interpreting these constants and their relations to each
other.

QI1]: Sketch the curve r(t) = (3sint,3cost). At the point (0,3), label T and N. Give the
values of x and p at this point as well.

Q[2]: Consider the circle r(t) = (3sint,3cost). Find T(t) and T(s). Then, use parts (b)
and (c) of Theorem 1.3.3 to find N(¢) and N(s).

QI3]: The functon r(t) = (tcost,tsint), t = 0, defines a spiral centred at the origin. Using
only geometric intuition (no calculation), predict tlim Kk(t).
—00
. — : o d
QI[4]: Let r(t) = (¢!,3t,sint). What is $?
Q[5]: In Question 5 of Section 1.2,we found that the spiral
r(t) = e'(cost,sint)

parametrized in terms of arclength is
R(s) = \% (cos <1n (\%)) , sin <1n (\%))) .

Find %—Z and % for this curve.

Q[6]: In this exercise, we make more precise the sense in which the osculating circle is the
circle which best approximates a plane curve at a point.

¢ By translating and rotating our coordinate system, we can always arrange that the
point is (0,0) and that the curve is y = f(x) with f'(0) = 0 and f”(0) > 0. (We are
assuming that the curvature at the point is nonzero.)

e Lety = g(x) be the bottom half of the circle of radius r which is centred at (0, ).

Show that if f(x) and g(x) have the same second order Taylor approximation at x = 0,
then 7 is the radius of curvature of y = f(x) atx = 0.

» Stage 2

Q[7]: Given a curve r(t) = (e!,#?> + t), compute the following quantities:

(t)
(t)

.V
a

M9 N = >
ol

QI8]: Find the curvature x(t) of r(t) = (cost + sint,sint — cost).
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CURVES 1.4 CURVES IN THREE DIMENSIONS

Q[9]: Find the minimum and maximum values for the curvature of the ellipse x(t) =
acost,y(t) = bsint. Herea > b > 0.

Q[10](+):

(a) Find the curvature of y = ¢* at (0,1).

(b) Find the equation of the circle best fitting y = e* at (0,1).
Q[11](+):

Consider the motion of a thumbtack stuck in the tread of a tire which is on a bicycle
moving at constant speed. This motion is given by the parametrized curve

r(t) = (t —sint, 1 —cost)
with t > 0.
(a) Sketch the curve in the xy-plane for 0 < t < 4.
(b) Find and simplify the formula for the curvature x(t).

(c) Find the radius of curvature of the osculating circle to r(¢) at t = 7.

(d) Find the equation of the osculating circle to r(f) at t = 1.

» Stage 3
Q[12]: Find the curvature « as a function of arclength s (measured from (0, 0)) for the
curve
6 6
x(0) = J cos (Ant?)dt  y(0) = J sin (17t?)dt
0 0

Q[13](+): Let C be the curve in IR? given by the graph of the function y = % Let x(x) be
the curvature of C at the point (x,x3/3). Find all points where x(x) attains its maximal
values, or else explain why such points do not exist. What are the limits of x(x) as x — o
and x — —0?

1.4a Curves in Three Dimensions

Exercises
Jump to HINTS, ANSWERS, SOLUTIONS or TABLE OF CONTENTS.

» Stage 1

Q[1]: In the sketch below of a three-dimensional curve and its osculating circle at a point,
label T and N. Will B be pointing out of the paper towards the reader, or into the paper
away from the reader?

10



CURVES 1.4 CURVES IN THREE DIMENSIONS

QJ[2]: In the formula
d /
B = v(®) = /(1)

does s stand for speed, or for arclength?

Q[3]: Which curve (or curves) below have positive torsion, which have negative torsion,
and which have zero torsion? The arrows indicate the direction of increasing ¢.

~

Z Z Z
— —
}/
— —
X
Yy Y
x < x <

a(t) = (cost,—2sint,t/2)  b(t) = (cost,2sint,—t/2)  ¢(t) = (0,t/2sint,tcost)

Q[4]: Consider a curve that is parametrized by arc length s.

(a) Show that if the curve has curvature x(s) = 0 for all 5, then the curve is a straight line.

(b) Show that if the curve has curvature x(s) > 0 and torsion 7(s) = 0 for all s, then the
curve lies in a plane.

(c) Show that if the curve has curvature x(s) = ko, a strictly positive constant, and
torsion 7(s) = 0 for all s, then the curve is a circle.

Q[5](+): The surface z = x? + y? is sliced by the plane x = y. The resulting curve is
oriented from (0,0,0) to (1,1,2).

(a) Sketch the curve from (0,0,0) to (1,1,2).

11



CURVES 1.4 CURVES IN THREE DIMENSIONS

(b) Sketch T, N and B at (3,

(c) Find the torsion at (3, 1,

» Stage 2
Q[6](*): Let C be the space curve

r(t) = (e —e )i+ (e +e ') j+2tk
(a) Find v/, r’ and the curvature of C.
(b) Find the length of the curve between r(0) and r(1).
QI[7]: Find the torsion of r(t) = (t,t2,t3) at the point (2,4, 8).

Q[8]: Find the unit tangent, unit normal and binormal vectors and the curvature and
torsion of the curve

5

A

r(t) =ti+ 51

oo|”‘

Q[9]: For some constant c, define r(t) = (#3,t,e). For which value(s) of c is T(5) = 0? For
each of those values of ¢, find an equation for the plane containing the osculating circle to
the curve at t = 5.

Q[10]():
(a) Consider the parametrized space curve
1(t) = (£,t,1%)
Find an equation for the plane passing through (1,1, 1) with normal vector tangent to
r at that point.
(b) Find the curvature of the curve from (a) as a function of the parameter ¢.

QI[11](+): Let C be the osculating circle to the helix r(t) = (cost, sint, t) at the point
where t = 7t/6. Find:

(a) the radius of curvature of C

(b) the center of C

(c) the unit normal to the plane of C
Q[12](+):

(a) Consider the parametrized space curve
r(t) = (cos(t),sin(t), t?)

Find a parametric form for the tangent line at the point corresponding to t = 7.

(b) Find the tangential component at(t) of acceleration, as a function of ¢, for the
parametrized space curve r(t).

12



CURVES 1.4 CURVES IN THREE DIMENSIONS

Q[13](+): Suppose, in terms of the time parameter f, a particle moves along the path
r(t) = (sint — tcost)i+ (cost+ tsint)j+ t*k, 1 < t < oo,

(a) Find the speed of the particle at time t.

(b) Find the tangential component of acceleration at time ¢.
(c) Find the normal component of acceleration at time ¢.
(d) Find the curvature of the path at time ¢.

Q[14](+): Assume the paraboloid z = x? 4+ y? and the plane 2x 4 z = 8 intersect in a curve
C. Cis traversed counter-clockwise if viewed from the positive z-axis.

(a) Parametrize the curve C.

(b) Find the unit tangent vector T, the principal normal vector N, the binormal vector B
and the curvature « all at the point (2,0,4).

Q[15](*): Consider the curve C given by

1 1 R
r(t):—t3i+—2t2j—l—tk, —0 <t < .

3 V2
(a) Find the unit tangent T(#) as a function of ¢.
(b) Find the curvature x(t) as a function of t.
(c) Determine the principal normal vector N at the point (§,2+/2,2).

Q[16](+): Suppose the curve C is the intersection of the cylinder x* + y? = 1 with the
planex +y +z = 1.

(a) Find a parameterization of C.
(b) Determine the curvature of C.

(c) Find the points at which the curvature is maximum and determine the value of the
curvature at these points.

Q[17](+): Let

r(t) = i+2tj+Intk

Compute the unit tangent and unit normal vectors T(t) and N(t). Compute the curvature
k(t). Simplify whenever possible!

Q[18](+):

(a) Find the length of the curve r(t) = (1, %, %) for0 <t <1.

(b) Find the principal unit normal vector N to r(t) = cos(t)i +sin(t)j + tk at t = 71/4.
(c) Find the curvature of r(t) = cos(t)i+sin(t)j + tkat t = 71/4.

13



CURVES 1.4 CURVES IN THREE DIMENSIONS

Q[19](#): A particle moves along a curve with position vector given by
r(t) = (t+2,1-t,1/2)

for —o0 < t < o0.

(a) Find the velocity as a function of ¢.

(b) Find the speed as a function of .

(c) Find the acceleration as a function of ¢.
(d) Find the curvature as a function of ¢.

(e) Recall that the decomposition of the acceleration into tangential and normal
components is given by the formula

d?s . ds\2.
" . us
v'(t) = 5T —|—K(t)<dt> N(t)
Use this formula and your answers to the previous parts of this question to find N(t),

the principal unit normal vector, as a function of t.

(f) Find an equation for the osculating plane (the plane which best fits the curve) at the
point corresponding to t = 0.

(g) Find the centre of the osculating circle at the point corresponding to t = 0.
Q[20](*): Consider the curve C given by
£,

r(t):§i+\—@j—|—tf< — 0 <t<o©

(a) Find the unit tangent T(#) as a function of ¢.

(b) Find the curvature «(t) as a function of .

(c) Evaluate x(t) at t = 0.

(d) Determine the principal normal vector N(¢) at t = 0.

(e) Compute the binormal vector B(t) at t = 0.

Q[21](+): A curve in R® is given by r(t) = (+?, t, £3).

(a) Find the parametric equations of the tangent line to the curve at the point (1, -1, —1).
(b) Find an equation for the osculating plane of the curve at the point (1,1, 1).

Q[22](%): A curve in R3 is given by

r(t) = (sint — tcost)i+ (cost + tsint)j+ 2k, 0<t<w

(a) Find the length of the curve r(t) from r(0) = (0,1,0) to r(7) = (7T, -1, 7).

(b) Find the curvature of the curve at time t > 0.
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CURVES 1.4 CURVES IN THREE DIMENSIONS

Q[23](): At time t = 0, NASA launches a rocket which follows a trajectory so that its
position at any time ¢t is

X ,z=12-1)

_ 4\—@#”/2, y = ﬂth
3 3
(a) Assuming that the flight ends when z = 0, find out how far the rocket travels.
(b) Find the unit tangent and unit normal to the trajectory at its highest point.
(c) Also, compute the curvature of the trajectory at its highest point.
Q[24](+): Consider a particle travelling in space along the path parametrized by
x = cos’ t, y = sin® t, z = 2sin? ¢
(a) Calculate the arc length of this path for 0 <t < 77/2.
(b) Find the vectors T, N, B for the particle at t = 7t/6.

Q[25]: Suppose that the curve C is the intersection of the cylinder x% + yz = 1 with the
surface z = x> — y2.

(a) Find a parameterization of C.
(b) Determine the curvature of C at the point (1/v2,1/v2, 0).

(c) Find the osculating plane to C at the point (1 /V2,1/4/2, 0). In general, the
osculating plane to a curve r(f) at the point r(¢y) is the plane which fits the curve best
at r(to). It passes through r(t) and has normal vector B(tp).

(d) Find the radius and the centre of the osculating circle to C at the point

(1/v2,1/v2,0).

» Stage 3

Q[26](*): Under the influence of a force field F, a particle of mass 2 kg is moving with
constant speed 3 m/s along the path given as the intersection of the plane z = x and the
parabolic cylinder z = 2, in the direction of increasing y. Find F at the point (1,1,1).
(Length is measured in m along the three coordinate axes.)

Q[27](+): Consider the curve C in 3 dimensions given by
r(t) = 26 + £2] + /3t%k

fort e R.

(a) Compute the unit tangent vector T(t).

(b) Compute the unit normal vector N(t).

(c) Show that the binormal vector B to this curve does not depend on t and is one of the
following vectors:

1/2 0 0 0
D {ﬁ/zl @ [ﬂ/zl ©) [ﬁ/zl @ [1/2]
0 1/2 1/2 V3/2
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CURVES 1.4 CURVES IN THREE DIMENSIONS

This implies that C is a plane curve.

(d) According to your choice of vector (D), @), @ or @), give the equation of the plane
containing C.

(e) Compute the curvature «(t) of the curve.

(f) Are there point(s) where the curvature is maximal? If yes, give the coordinates of the
point(s). If no, justify your answer.

(g) Are there point(s) where the curvature is minimal? If yes, give the coordinates of the
point(s). If no, justify your answer.

(h) Let
u:=2i, v:=j+v3k w:=-/3j+k

(i) Expressi,j, k in terms of u, v, w.
(ii) Using (i), write r(¢) in the form
a(t)u+b(t)v+c(t)w
where a(t), b(t) and c(t) are functions you have to determine. You should find
that one of these functions is zero.
(iii) Draw the curve given by (a(t), b(t)) in the xy-plane.
(iv) Is the drawing consistent with parts (f) and (g)? Explain.

Q[28](*): Recall that if T is the unit tangent vector to an oriented curve with arclength
parameter s, then the curvature x and the principle normal vector N are defined by the
equation

B-TxN S iR
ds
Show that )
dN oS A
— =—xxT+71B

QI29](+): A skier descends the hill z = /4 — x? — y? along a trail with parameterization

x = sin(26), y =1—cos(20), z =2cos6, 0<0< %

Let P denote the point on the trail where x = 1.
(a) Find the vectors T, N, B and the curvature x of the ski trail at the point P.
(b) The skier’s acceleration at P is a = (—2,3,—2+/2). Find, at P,

(i) the rate of change of the skier’s speed and
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CURVES 1.6 INTEGRATING ALONG A CURVE

(ii) the skier’s velocity (a vector).

Q[30](): A particle moves so that its position vector is given by
r(t) = (cost, sint, csint), where t > 0 and c is a constant.

(a) Find the velocity v(t) and the acceleration a(t) of the particle.

(b) Find the speed v(t) = |v(t)| of the particle.

(c) Find the tangential component of the acceleration of the particle.

(d) Show that the trajectory of this particle lies in a plane.

Q[31](*): A race track between two hills is described by the parametric curve

r(0) = <4c059,25in9, }Lcos(29)>, 0<06<2m

(a) Compute the curvature of the track at the point ( —4,0, ;).

(b) Compute the radius of the circle that best approximates the bend at the point
(—4,0,1) (that is, the radius of the osculating circle at that point).

(c) A car drives down the track so that its position at time ¢ is given by r(¢?). (Note the
relationship between t and 0 is 6 = t?). Compute the following quantities.

(i) The speed at the point ( — 4,0, 1).
(ii) The acceleration at the point ( —4,0, 1).

(iii) The magnitude of the normal component of the acceleration at the point
(—4,0,7).
7 M7 4

1.64 Integrating Along a Curve

Exercises
Jump to HINTS, ANSWERS, SOLUTIONS or TABLE OF CONTENTS.

» Stage 1
Q[1]: Give an equation for the arc length of a curve C as a line integral.
Q[2]:

(a) Show that the integral {, f(x,y) ds along the curve C given in polar coordinates by
r=r(0),0, <0<6,is

Jezf(r(f)) cos 6, r(0) sin 0)\/1*(6)2 - (%(9))2d6

6
(b) Compute the arclength of r =1+ cos6, 0 < 0 < 27. You may use the formula

0
1+ cos® =2C082§

17



CURVES 1.7 SLIDING ON A CURVE

to simplify the computation.

» Stage 2
QI3]: Calculate § (%Z) ds, where C is the curve (%t3 , V/3t2, 3t) fromt =1tot = 2.

Q[4]: A hoop of radius 1 traces out the curve x> + y> = 1, where x and y are measured in
metres. At a point (x,v), its density is x> kg per metre. What is the mass of the hoop?

QI[5]: Compute {-(xy + z)ds where C is the line segment from (1,2,3) to (2,4,5).
Q[6]: Evaluate the path integral §, f(x,y, z) ds for
(@) f(x,y,z) =xcosz, C:r(t)=t+t,0<t<1.

®) f(xy2) =L Cix(t) = (3P5/%),1<t<2.

QI7]: Evaluate { sin x ds, where C is the curve (arcsec(t),Int), 1 <t < v2.

» Stage 3

Q[8](+): Evaluate the line integral {- F - fids where F(x,y) = xy>i+ ye*j, C is the bound-
ary of the rectangle R: 0 < x < 3, -1 < y < 1, and 1 is the unit vector, normal to C,
pointing to the outside of the rectangle.

Q[9](#): Let C be the curve given by
r(t) = tcosti+ tsintj+ 2k, 0<t<m

(a) Find the unit tangent T to C at the point (-, 0, 77%).

Lq/xz—kyzds

(c) Find the equation of a smooth surface in 3-space containing the curve C.
(d) Sketch the curve C.

Q[10]: A wire traces out a path C described by the curve (t + %tz , = %tz , % t3/2),0 < t <
4. Tts density at the point (x,y,z) is p(x,y,z) = (xTer) Find its centre of mass.

(b) Calculate the line integral

1.7 Sliding on a Curve

Exercises

]ump to HINTS, ANSWERS, SOLUTIONS or TABLE OF CONTENTS. You may assume the accelera-
tion due to gravity is g = 9.8 m/s*. You may also assume that the systems described function as they do in
the book: so tracks are frictionless, etc., unless otherwise mentioned.
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CURVES 1.7 SLIDING ON A CURVE

» Stage 1

QI1]: The figure below represents a bead sliding down a wire. Sketch vectors
representing the normal force the wire exerts on the bead, and the force of gravity.

Assume the top of the page is “straight up.”

Q[2]: In the definition E = %m|v|2 + mgy, v is the derivative of position with respect to
what quantity?

Q[3]: A bead slides down a wire with the shape shown below, x < 0.

y

Let WN be the normal force exerted by the wire when the bead is at position x. Note
W=>0.1Is %:] positive or negative?

Q[4]: A skateboarder is rolling on a frictionless, very tall parabolic ramp with cross-section
described by y = x%. Given a boarder of mass m with system energy E, what is the highest
elevation the skater reaches? How does this compare to a circular culvert?

» Stage 2

Q[5]: A skateboarder of mass 100 kg is freely rolling in a frictionless circular culvert of
radius 5 m. If the skateboarder oscillates between vertical heights of 0 and 3 m, what is
the energy E of the system?

Q[6]: A skateboarder is rolling on a frictionless circular culvert of radius 5 m. What
should their speed be when they’re at the bottom of the culvert (y = 0) for them to make
it all the way around?

Q[7]: A ball of mass 1 kg rolls down a track with the shape
r(0) = (3cosh,5sin6,4 +4cosh) for 0 < § < Z. Coordinates are measured in metres,

and the z axis is vertical (so the force due to gravity is —mgk.)
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CURVES 1.7 SLIDING ON A CURVE

When 6 = 71/4, the particle has instantaneous velocity |v(t)| = 5m/s. What is the normal
force exerted by the track at that time? Give your answer as a vector.

QI8]: A bead of mass 91 kg slides down a wire in the shape of the curve
r(0) = (sinf,sinf — 0), 6 > 0, with coordinates measured in metres. The bead will break
off the wire when the wire exerts a force of 100 N on the bead.

-
(

/

/

r(6) = (sinh,sinf — 0)

(

If the bead breaks off the wire at 6 = 13” , how fast is the bead moving at that point?

Q[91: A skier is gliding down a hill. The hill can be described as r(¢) = (Int,1 —1t),
1/e < t < e, with coordinates measured in kilometres. How fast would the skier have to
be movmg in order to catch air?

~

» Stage 3

QI10]: A wire follows the arclength-parametrized path r(s) = (x(s), y(s)). A bead,
equipped with a jet pack, slides down the wire. The jet pack can exert a variable force in
a direction tangent to the wire, UT. Assuming the bead slides with constant speed

gg c ‘3;‘ = ¢, find a simplified equation for U, the signed magnitude of the force
exerted by the jet pack.

Let the acceleration due to gravity be g, and let the mass of the bead with its jet pack be
m. Give U as a function of s.

Remark: most beads this author has seen did not have jet packs. However, in modelling a
frictionful® system, friction acts as a force that is directly opposing the direction of motion
— much like our jet pack.

Q[11]: A snowmachine is cautiously descending a hill in low gear. Its engine provides a
force MT parallel to the direction of motion. The engine provides whatever force is
necessary to keep the snowmachine moving at a constant speed, |v/|. Its treads do not slip.

(a) Give a formula for M in terms of the mass m of the snowmachine, the acceleration
due to gravity g, and the tangent vector T to the hill.

3  Frictionated? Frictiony? Befrictioned?
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CURVES 1.8 POLAR COORDINATES

(b) Let T point in the downhill direction. Do you expect M to be positive or negative as
the snowmachine moves downhill?

31

(c) Find M for the hill of shape y = 1 + cos x (measured in metres) at the point x = =
for a snowmachine of mass 200 kg.

Q[12]: A skateboarder rolls along a culvert with elliptical cross-section described by
r(0) = (4cos6,3(1+sinb)), 0 < 6 < 27, with coordinates measured in metres.

(a) Give the height ys (in terms of m, g, and E) where the skater’s speed is zero.

(b) Write an equation relating E, m, g, and v 4, where v 4 is the y-value where the skater
would become airborne, i.e. where W = 0. (You do not have to solve for 14
explicitly.)

(c) Suppose the skater has speed 11 m/s at the bottom of the culvert. Which of the
following describes their journey: they make it all the way around; they roll back and
forth in the bottom half; or they make it onto the ceiling, then fall off?

QI13]: A frictionless roller-coaster track has the form of one turn of the circular helix with
parametrization (acos6,asin®,bb). A car leaves the point where 6 = 27 with zero
velocity and moves under gravity to the point where 6 = 0. By Newton’s law of motion,
the position r(t) of the car at time ¢ obeys

mr”(t) = N(x(t)) — mgk

Here m is the mass of the car, g is a constant, —mgk is the force due to gravity and
N (x(t)) is the force that the roller-coaster track applies to the car to keep the car on the

track. Since the track is frictionless, N (r(t)) is always perpendicular to v(t) = % (1).

(a) Prove that E(t) = Im|v(t)[> + mgr(t) - k is a constant, independent of ¢. (This is
called “conservation of energy”.)

(b) Prove that the speed |v| at the point 0 obeys |v|? = 2¢b(27t — 6).
(c) Find the time it takes to reach 6 = 0.

1.8a Polar Coordinates

Exercises
Jump to HINTS, ANSWERS, SOLUTIONS or TABLE OF CONTENTS.

» Stage 1
Q[1]: Consider the points
(x1,y1) = (3,0) (x2,92) = (1,1) (x3,y3) = (0,1)
(x4, y4) = (-1,1) (x5,y5) = (~2,0)

Foreach1 <i <5,

e sketch, in the xy-plane, the point (x;, y;) and
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CURVES 1.8 POLAR COORDINATES

e find the polar coordinates r; and 60;, with 0 < 6; < 27, for the point (x;, ;).

Q[2]:
(a) Find all pairs (r,6) such that

(=2,0) = (rcosf, rsin)

(b) Find all pairs (r,0) such that

(1,1) = (rcos®, rsin)

(c) Find all pairs (r,0) such that

(=1,-1) = (rcosf, rsin)

Q[3]: Consider the points

(x1,y1) = (3,0) (x2,42) = (1,1) (x3,y3) = (0,1)
(x4,y4) = (-1,1) (x5,y5) = (—2,0)

Also define, for each angle 0, the vectors
& (0) =cosfi+sinfj  &y(f) = —sinfi+cosbj

(a) Determine, for each angle 6, the lengths of the vectors &,(0) and &y(0) and the angle
between the vectors &,(0) and &(0). Compute &,(60) x &(0) (viewing &(0) and &;()
as vectors in three dimensions with zero k components).

(b) Foreach1 < i <5, sketch, in the xy-plane, the point (x;, y;) and the vectors &,(6;) and
9(0;). In your sketch of the vectors, place the tails of the vectors &,(6;) and &;(6;) at

(xi, Yi)-

Q[4](+): Match the following equations with the corresponding pictures. Cartesian
coordinates are (x,y) and polar coordinates are (r,0).

Y Y

(A) @% — (B) ~
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CURVES 1.8 POLAR COORDINATES

y
. /‘\ (D) %@D\
NIVARR\ /4
Yy Yy
(E) \/> (F) /\
(a) r=2+sin(46) (b) r=1+2sin(49) () r=1
(d) r=2cos(f), - Z<0<7Z (e) r =104 6/10 6 r=

» Stage 2

Q[5]: Recall that a point with polar coordinates r and 6 has x = rcos 8 and y = rsin 6. Let
r = f(0) be the equation of a plane curve in polar coordinates. Find the curvature of this
curve at a general point 0.

QI6]: Find the curvature of the cardioid r = a(1 — cos 0).
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Chapter 2

VECTOR FIELDS

2.14 Definitions and First Examples

Exercises
Jump to HINTS, ANSWERS, SOLUTIONS or TABLE OF CONTENTS.

» Stage 1
QI1]: Below is a sketch of the vector field v(x, ).

Find the regions where the x-coordinates and y-coordinates are positive, negative, and

>0 when| | >0 when| |
zero:v(x,y)-i{ =0 when| | wv(xy)j{=0 when| |
<0 when| | <0 when| |
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VECTOR FIELDS 2.1 DEFINITIONS AND FIRST EXAMPLES

You may assume that v(x,y) behaves as expected at the points you don’t see. That is, the
samples are representative of a smooth, continuous vector-valued function. You may also
assume the tick marks on the axes correspond to unit distances.

QI2]: Below is a sketch of the vector field v(x, ).

Y
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Find the regions where the x-coordinates and y-coordinates are positive, negative, and

zero:
>0 when| | >0 when| |
v(ty)i¢=0 when| | v(xy):j{=0 when| |
<0 when| | <0 when| |

You may assume that the samples shown are representative of the general behaviour of
v(x,y). You may also assume the tick marks on the axes correspond to unit distances.

Q[3]: A platform with many small conveyor belts is aligned on a coordinate plane. Every
conveyor belt moves an object on top of it in the direction of the origin, and a conveyor
belt at position (x, y) causes an object on top of it to move with speed |y|. Assume the
objects do not interfere with one another.

Give a vector-valued formula for the velocity of an object at position (x, ).

Q[4]: Let F = P14 Q] be the two-dimensional vector field sketched below.
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Determine the signs of P, Q, 2 o and at the point A.

QI[5]: Imagine that the vector field v(x, y) = x1+y] is the velocity field of a moving fluid.

(a) Attime 0 you drop a twig into the fluid at the point (1,1). What is the approximate
position of the twig at time t = 0.01?

(b) At time 0 you drop a twig into the fluid at the point (0,0). What is the position of the
twig at time t = 0.01?

(c) At time 0 you drop a twig into the fluid at the point (0,0). What is the position of the
twig at time t = 10?

Q[6]: Imagine that the vector field v(x,y) = 2x1 —j is the velocity field of a moving fluid.
At time 0 you drop a twig into the fluid at the point (0,0). What is the position of the twig
at time t = 10?

» Stage 2

Q[7]: Friendly (?) bees fly towards your face from all directions. The speed of each bee is
inversely proportional to its distance from your face. Find a vector field for the velocity of
the swarm.

QI[8]: Sketch the vector field v(x,y) = (x2,y).
Q[9]: Sketch the direction field of v(x,y) (\/x2 +y2, 4/ (x=1)2+ (y - 1)2).

Q[10]: Sketch the direction field of v(x,y) = (x> + xy, y*> — xy).
1/3

1/3
NEET W(H'Wi‘

Q[12]: Sketch each of the following vector fields, by drawing a figure like Figure 2.1.1 in
the CLP-4 text.

QI11]: Sketch the vector field v(x,y) =

(@) v(x,y) =x1+yj.
(b) v(x,y) =2x1—].
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_ _yixj
(c) v(x,y) = Wecers

Q[13]: A body of mass M exerts a force of magnitude GD—AZ/I on a particle of unit mass
distance D away from itself, where G is a physical constant. The force acts in the
direction from the particle to the body.

()

Suppose a mass of 5 kg sits at position (0,0), a mass of 3 kg sits at position (2,3), and a
mass of 7 kg sits at position (4,0) on a coordinate plane. Give the vector field f(x, y) of the
net gravitational force exerted on a unit mass at position (x,y).

» Stage 3
Q[14]:

a. A pole leans against a vertical wall. The pole has length 2, and it touches the wall at
height H = 1. The pole slides down, still touching the wall, with its height decreasing
at a rate of %I = 0.5.

y

Find a vector function v : [0,2] — RR? for the velocity, when H = 1, of a point on the
pole that is p units from the lower end, using the coordinate system from the sketch
above.

b. The frame of an umbrella is constructed by attaching straight, rigid poles to a
common centre. The poles are all the same length, so they form radii of a circle.

The frame is lifted from the centre of the circle. The edges of the frame drag on the
ground, keeping the frame in the shape of a right circular cone that is becoming taller

and thinner.
@ A

Suppose the length of each pole is 2 metres, and the centre of the frame is being lifted
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at a rate of 50 cm/s. Give a vector field for the velocity V(x,y, z) of a point (x,y,z) on
the frame when its centre is 1 metre above the ground.

Let the ground have height z = 0, and let the centre of the frame sit directly above the
origin.

2.24 Field Lines

Exercises
Jump to HINTS, ANSWERS, SOLUTIONS or TABLE OF CONTENTS.

QI1]: Suppose that the vector field v(x, y) sketched below represents the velocity of
moving water at the point (x, y) in the first quadrant of the xy-plane.

Y
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N & T e e e —
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e e T e e e e

p—>———>—>—>—
1 2 3

Sketch the path followed by a rubber ducky dropped in at the point
@ (0,2)

(b) (1,0)

(© (1,2)

QI2]: Find a vector field v(x, y) for which

x(t) = e fcost

y(t) = e 'sint

is a field line.

» Stage 2

QI3](»): Consider the function f(x,y) = xy.
(a) Explicitly determine the field lines (flow lines) of F(x,y) = V.
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(b) Sketch the field lines of F and the level curves of f in the same diagram.

Q[4](+): Find the field line of the vector field F = 2yi + y%j + eYk that passes through
(1,1,e).

Q[5](#): Find and sketch the field lines of the vector field F = x1 + 3y].

2.34 Conservative Vector Fields

Exercises
Jump to HINTS, ANSWERS, SOLUTIONS or TABLE OF CONTENTS.

» Stage 1

Q[1]: We’ve seen two calculations of the energy E of a system. Equation 1.7.1 told us
E = Im|v|?> + mgy, while Example 2.3.3 says ym|v(t)|> — ¢ (x(t),y(t),z(t)) = E.

Consider a force given by F = V ¢ for some differentiable function ¢ : R®> — R. A
particle of mass m is being acted on by F and no other forces, and its position at time ¢ is

given by (x(t),y(t),0).

True or false: mgy(t) = —@(x(t),y(t),0).

QI[2]: For each of the following fields, decide which of the following holds:
A. The screening test for conservative vector fields tells us F is conservative.

B. The screening test for conservative vector fields tells us F is not conservative.

C. The screening test for conservative vector fields does not tell us whether F is
conservative or not.

(The screening test is Theorem 2.3.9 in the text.)
a. F=xi+zj+yk
b. F = y?zi + x2zj + x’yk

@)

. F=(ye¥ +1)i+ (xe*¥ +2)j + (% +y> k
d. F = ycos(xy)i + xsin(xy)j

QI[3]: Suppose F is conservative and let g, b, and c be constants. Find a potential for
F+ (a,b,c), OR give a conservative field F and constants 4, b, and ¢ for which F + (4, b, c)
is not conservative.

Q[4]: Prove, or find a counterexample to, each of the following statements.

a. If F is a conservative field and G is a non-conservative field, then F + G is
non-conservative.

b. If F and G are both non-conservative fields, then F + G is non-conservative.

c. If F and G are both conservative fields, then F + G is conservative.
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» Stage 2

QI5](%): Let D be the domain consisting of all (x,y) such that x > 1, and let F be the
vector field

— y 1+ *
x24+y2  x2+y

2]

Is F conservative on D? Give reasons for your answer.
QI6]: Find a potential ¢ for F(x,y) = (x +y)i + (x — y)j, or prove none exists.

QI7]: Find a potential ¢ for F(x,y) = <% — %) i+ (yx—z> j, or prove none exists.

QI8]: Find a potential ¢ for F(x,y,z) = (x?yz + xz) i+ (%x3z - y) j+ (%x3y +ix2 4 y) k,
or prove none exists.

QI[9]: Find a potential ¢(x,y,z) for

X . y X z )
B(xy.2) = <m>z+ <x2+y2+zz>]+ <x2+y2+zz> <

Or prove none exists.

Q[10]: Determine whether or not each of the following vector fields are conservative.
Find the potential if it is.

(a) F(x,y,z) = xi — 2yj + 3zk

(b) F(x,y) = 7

Q[11]: Let F = e(#) i + 2Byz3j + (Axze(®) 4 3By?2?) k.
(a) For what values of the constants A and B is the vector field F conservative on R3?

(b) If A and B have values found in (a), find a potential function for F.

» Stage 3

Q[12]: Find the velocity field for a two dimensional incompressible fluid when there is a
point source of strength m at the origin. That is, fluid is emitted from the origin at area
rate 27tm cm?/sec. Show that this velocity field is conservative and find its potential.

Q[13]: A particle of mass 10 kg moves in the force field F = V ¢, where
@(x,y,z) = —(x% + y? + z2). When its potential energy is 0, the particle is at the origin,
and it moves with a velocity 2 m/s.

Following Example 2.3.3, give a region the particle can never escape.

Q[14]: A particle with constant mass m = 1/2 moves under a force field F = j + 3J/z k.
At position (0,0,0), its speed is 1. What is its speed at (1,1,1)?

(You may assume without proof that the particle does indeed reach the point (1,1,1).)
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Q[15]: For some differentiable, real-valued functions f, g, : R — R, we define

F=2f(x)f (x)i + &' (y)h(2)j + g(y)l' (2)k.

Verify that F is conservative.

Q[16]: Describe the region in R3 where the field

F = <xy, xz,y2 + z>

has curl 0.

2.44 Line Integrals

Exercises
Jump to HINTS, ANSWERS, SOLUTIONS or TABLE OF CONTENTS.

» Stage 1

Q[1]: Evaluate §, x?y* dx + x%y dy counterclockwise around the square with vertices (0,0),
(1,0), (1,1) and (0, 1).

QI[2]: For each of the following fields, decide which of the following holds:

A. The characterization of conservative vector fields, Theorem 2.4.8 (with
Theorem 2.3.9), tells us F is conservative.

B. The characterization of conservative vector fields, Theorem 2.4.8 (with
Theorem 2.3.9), tells us F is not conservative.

C. The characterization of conservative vector fields, Theorem 2.4.8 (with
Theorem 2.3.9), does not tell us whether F is conservative or not.

a. F=xi+zj+yk

b. F = y%zi + xzj + x’yk

c. F= (ye® +1)i+ (xe® +2)j+ (z+y) k
d. F =ycos(xy)i + xsin(xy)j

QI3: Let ¢(x,y,2z) = e¥ ¥ + cos(z?), and define F = V¢. Evaluate {c F - dr over the
closed curve C that is an ellipse traversed clockwise, centred at (1,2,3), passing through

the points (v5—1,-2,v/5-3), ((v/5-2)/2,-1/2,(v/5-6)/2),and (-2,4/3 —2,4/3 - 3).

Q[4]: Let P; and P, be points in R2. Let A and B be paths from P; to P,, as shown below.
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P

Suppose F is a conservative vector field in R* with { , F-dr = 5. What is { F - dr?

QI5](x): Let F(x,y,z) = e*sinyi+ [ae* cosy + bz] j + cx k. For which values of the con-
stants a, b, ¢ is SC F - dr = 0O for all closed paths C?

Q[6]: Consider the four vector fields sketched below. Exactly one of those vector fields is
conservative. Determine which three vector fields are not conservative and explain why.

(a) y ®),
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QI7](x): Consider the vector field

x—2y ., 2x+1vy N
F(x,y,z):x2+}/yzz+x2+}/y2]+zk

(a) Determine the domain of F.
(b) Compute V x F. Simplify the result.

(c) Evaluate the line integral

JF-dr
C

where C is the circle of radius 2 in the plane z = 3, centered at (0,0,3) and traversed
counter-clockwise if viewed from the positive z-axis, i.e. viewed “from above”.

(d) Is F conservative?

Q[8]: Find the work, §, F - dr, done by the force field F = (x +y)i+ (x —z)j + (z —y)k
in moving an object from (1,0, —1) to (0, —2,3). Does the work done depend on the path
used to get from (1,0, 1) to (0, -2,3)?

» Stage 2
QI9]: Consider the vector field

V(x,y) = (¥ cosy + x?, x*y + 3)

Evaluate the line integral {~ V - dr along the oriented curve C obtained by moving from
(0,0) to (1,0) to (1, 7r) and finally to (0, 7r) along straight line segments.

Q[10]: Evaluate §, F - dr for

(a) F(x,y) = xyi—x*jalong y = x? from (0,0) to (1,1).

(b) F(x,y,z) = (x —z)i+ (y —2)j — (x + y) k along the polygonal path from (0,0, 0) to
(1,0,0) to (1,1,0) to (1,1,1).

Q[11](#): Let C be the part of the curve of intersection of xyz = 8 and x = 2y which lies
between the points (2,1,4) and (4,2,1). Calculate

fF-dr
C

F=x%i+4 (x—2y)j+x*yk

where

Q[12]: Let F = 6x2yz%1 + (2x322 + 2y — x2) j + 4x®yzk and let G = yzi + xy k.

(a) For what value of the constant A is the vector field H = F + AG conservative on
3-space?

(b) Find a scalar potential ¢(x,y, z) for the conservative field H referred to in part (a).
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(c) Find § F-drif C is the curve of intersection of the two surfaces z = x and y = e**
from the point (0,1,0) to the point (1,e,1).

Q[13](+): Find the work done by the force field F(x,y,z) = (x —y?,y—2z?,z—x*) on a
particle that moves along the line segment from (0,0,1) to (2,1,0).

Q[14](+): Let F = xziyz i+ xz_yFyZ j + x® k. Let P be the path which starts at (1,0,0), ends

at (\/LE’ %2, % In2) and follows

Py =1 xe* =1
Find the work done in moving a particle along P in the field F.
QI[15](+): Let F = (yzcosx, zsinx +2yz, ysinx +y* —sinz) and let C be the line segment

r(t) = (t,t,t), for0 <t < 7/2. EvaluateJ F - dr.
C

Q[16](+): Let C be the upper half of the unit circle centred on (1,0) (i.e. that part of the
circle which lies above the x-axis), oriented clockwise. Compute the line integral {- xy dy.

Q[17](*): Show that the following line integral is independent of path and evaluate the
integral.

J (ye* + siny) dx + (e* +siny + xcosy) dy
o

where C is any path from (1,0) to (0, 7r/2).
Q[18](+): Evaluate the integral

f xydx +yzdy + zxdz
C

around the triangle with vertices (1,0,0), (0,1,0), and (0,0, 1), oriented clockwise as seen
from the point (1,1,1).

Q[19](#): Evaluate the line integral SC F - dr, where F is the conservative vector field
F(x,y,z) = (y +ze*,x +e¥sinz,z+ e* + ¢ cos z)
and C is the curve given by the parametrization

r(t) = (t, €', sint), t from 0 to 7.

Q[20](+):

(a) For which values of the constants «,  and 1 is the vector field
F(x,y,z) = ae’i+ (xe¥ 4+ Bcosz)j— yysinzk
conservative?

(b) For those values of «, f and 7 found in part (a), calculate SC F - dr, where C is the
curve parametrized by x = t2, y = ¢/, z = 7,0 < t < 1.
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QI[21](*): Consider the vector field F(x,y,z) = (cos x,2 + siny, %).
(a) Compute the curl of F.
(b) Is there a function f such that F = V f? Justify your answer.

(c) Compute the integral §- F - dr along the curve C parametrized by
r(t) = (t,cost,sint) with 0 < t < 37t.

Q[22](+):

(a) Consider the vector field
F(x,y,2z) = (z+ ¢, xe¥ —e*siny, 1+ x + e* cosy)

Find the curl of F. Is F conservative?

(b) Find the integral §- F - dr of the field F from (a) where C is the curve with
parametrization
r(t) = (#*,sint, cos? t)

where t ranges from 0 to 7.

Q[23](*): A physicist studies a vector field F. From experiments, it is known that F is of
the form

F=(x—a)ye*i+ (xe* +2°)]+byz* k

where a and b are some real numbers. From theoretical considerations, it is known that F
is conservative.

(a) Determine a and b.
(b) Find a potential f(x,y,z) such that Vf = F.
(c) Evaluate the line intgeral SC F - dr where C is the curve defined by

r(t) = (t, cos2t, cost), o<t<m
(d) Evaluate the line integral
I = L(x + 1)ye* dx + (xe* +2°) dy + 4yz* dz,
where C is the same curve as in part (c). [Note: the “4” in the last term is not a

misprint!].

Questions 24 and 25 ask you to evaluate line integrals of vector fields that are not conservative, but that can
be expressed as a sum of a conservative vector field and another vector field that can be written concisely.

Q[24](+): Let
F = (2% + Axy®) i + (2xye® + 3x%y%) j + Bxy?e¥ k

(a) Find all values of A and B for which the vector field F is conservative.

(b) If A and B have values found in (a), find a potential function for F.
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(c) Let C be the curve with parametrization r(t) = e?1 +e~!j +In(1 + t) k from (1,1,0)
to (€2, %, In2). Evaluate

J (y2e* + xy°) dx + (2xye™ + 3x%y?) dy + 3xy?e> dz.
C

Q[25](+):
(a) For which value(s) of the constants a, b is the vector field
F = (2xsin(my) — ¢*)i + (ax* cos(mty) — 3¢%)j — (x + by)e*k
conservative?

(b) Let F be a conservative field from part (a). Find all functions ¢ for which F = V ¢.

(c) Let F be a conservative field from part (a). Evaluate SC F - dr where C is the
intersection of y = x and z = In(1 + x) from (0,0,0) to (1,1,In2).

(d) Evaluate {~ G - dr where
G = (2xsin(mty) —€*) i + (nxz cos(mty) — 362) j—xe*k
and C is the intersection of y = x and z = In(1 + x) from (0,0,0) to (1,1,In2).
QI26](*): Consider the vector field
F(x,y,z) = —2ycosxsinxi+ (cos® x + (1 +yz)e’*)j + y*e¥* k

(a) Find a real valued function f(x,y,z) such that F = Vf.

JF-dr
C

where C is the arc of the curve r(t) = (t,¢!,t* — %) , 0 < t < 7, traversed from
(0,1, —7?) to (7, €%, 0).

Q[27](+): Consider the vector field F(x,v,z) = 2x1 +2yj + 2z k.

(b) Evaluate the line integral

(@) Compute V x F.

(b) If C is any path from (0,0,0) to (a1,a2,a3) and a = a;1 + a2 j + a3 k, show that
f{cF-dr=a-a

Q[28](*): Let C be the parameterized curve given by

r(t) = (cost,sint,t), 0<t<

NI

and let
F = (e, xze¥* +ze¥ , xye?* + ¢¥)

(a) Compute and simplify V x F.
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(b) Compute the work integral {-F - dr.
Q[29](+):
(a) Show that the planar vector field
F(x,y) = (2xycos(x?), sin(x?) —sin(y))
is conservative.
(b) Find a potential function for F.

(c) For the vector field F from above compute SC F - dr, where C is the part of the graph
x =sin(y) fromy = 7/2toy = m.

Q[30](*): Consider the following force field, in which m, n, p, g are constants:
F = (mxyz + 22 — ny?) i + (x®z — 4xy) j + (x2y + pxz +g2°) k

(a) Find all values of m, n, p, g such that §, F - dr = 0 for all piecewise smooth closed
curves C in R>.

(b) For every possible choice of m, n, p,q in (a), find the work done by F in moving a
particle from the bottom to the top of the sphere x? + y? + z% = 2z. (The direction of
k defines “up”.)

Q[31](+): A particle of mass m = 1 has position r(0) = j and velocity vy = i + k at time
t = 0. The particle moves under a force

F(t) =j—sintk
where t denotes time.
(a) Find the position r(t) of the particle as a function of ¢.

(b) Find the position r(t1) of the particle when it crosses the plane x = 71/2 for the first
time at t;.

(c) Determine the work done by F in moving the particle from r(0) to r(¢7).

» Stage 3

QI32]: Let C be the curve from (0,0,0) to (1,1,1) along the intersection of the surfaces

y=x%and z = x°.

(a) Find {-pds if s is arc length along C and p = 8x 4 36z.
(b) Find (- F-drif F=sinyi+ (xcosy+z)j+ (y +2z) k.

QI[33](x): The curve C is the helix that winds around the cylinder x> + > = 1
(counterclockwise, as viewed from the positive z-axis, looking down on the xy-plane). It
starts at the point (1,0,0), winds around the cylinder once, and ends at the point (1,0, 1).
Compute the line integral of the vector field

F(x,y,2) = (-y,x,2°)
along C.
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Q[34](+): Evaluate the line integrals below. (Use any method you like.)

(a) §(x* +y)dx + x dy, where C is the arc of the parabola y = 9 — x? from (-3,0) to
(3,0).

(b) {-F-nds, where F(x,y) = 2x%1 + ye*j, C is the boundary of the square 0 < x < 1,
0 < y < 1. Here i is the unit normal vector pointing outward from the square, and s
is arc length.

Q[35](*): A particle of mass m = 1 has position ry = j and velocity vo =1 + k at time
t = 0. The particle moves under a force F(t) = j — sin t k, where t denotes time.

(a) Find the position r(t) of the particle as a function of .

(b) Find the position ry of the particle when it crosses the plane x = 71/2 for the first time
after time t = 0.

(c) Determine the work done by F in moving the particle from rj to ry.

Questions 36 and 37 ask you to find a path that leads to a particular value of a line integral. Many such
paths are possible — you only need to find one.

Q[361(+):
(a) Consider the vector field F(x,y) = (3y,x — 1) in R?> . Compute the line integral

fF-dr
L

where L is the line segment from (2,2) to (1,1).
(b) Find an oriented path C from (2,2) to (1,1) such that

JF-dr:4
C

where F is the vector field from (a).

Q[37](+): Let F = (2y + 2) i be a vector field on IR?. Find an oriented curve C from (0,0) to
(2,0) such that {-F - dr = 8.

QI38](#): Let
F(x,y) = (Lys(y))

and suppose that g(y) is a function defined everywhere with everywhere continuous
partials. Show that for any curve C whose endpoints P and Q lie on the x-axis,

f F-dr

C

QI[39](#): Let S be the surface z = 2 + x? — 3y? and let

F(x,y,z) = (xz + axy?)i + yzj + z*k. Consider the points P; = (1,1,0) and P, = (0,0,2)
on the surface S.

distance between P and Q =

Find a value of the constant a so that Scl F-dr = Scz F - dr for any two curves C; and C; on
the surface S from P to Ps.
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QJ40](*): Consider the vector field F defined as
F(x,y,z) = ((1 + czxz)yeS"2 — bxz cos(x%z), xe3 , x? cos(x22)>

where a and b are real valued constants.
(@) Compute V x F.
(b) Determine for which values a and b the vector field F is conservative.

(c) For the values of a and b obtained in part (b), find a potential function f such that
Vf=F

(d) Evaluate the line integral
f (ye3x2 +2xz cos(xzz)> dx + xe3x2dy + x% cos(x%z)dz
C

where C is the arc of the curve (¢, ¢, t3) starting at the point (0,0,0) and ending at the
point (1,1,1).

QI41](+): Let C be the curve from (0,0,0) to (1,1,1) along the intersection of the surfaces
y=x?>and z = x°.

(a) Find (- F-drif F= (xz—-y)i+ (z+x)j+yk

(b) Find . pds if s is arc length along C and p(x,y,z) = 8x 4 36z.

(c) Find §-F-drif F =sinyi+ (xcosy +z)j+ (y +z) k.

QI[42](+): The vector field F(x,y,z) = Ax®y?zi + (2% 4+ Bxtyz) j + (3yz> — x*y?) k is
conservative on R3.

(a) Find the values of the constants A and B.

(b) Find a potential ¢ such that F = V¢ on R>.

(c) If Cis the curve y = —x, z = x? from (0,0,0) to (1,-1,1), evaluate I = §, F - dr.

(d) Evaluate | = {,(z — 4x3y?z)dx + (2% — x*yz)dy + (3yz> — x*y?)dz, where C is the
curve of part (c).

(e) Let T be the closed triangular path with vertices (1,0,0), (0,1,0) and (0,0,1),
oriented counterclockwise as seen from the point (1,1,1). Evaluate {-(zi + F) - dr.

Q[43](*): A particle of mass
m=2

is acted on by a force
F = (4t, 61, —4t)

Att = 0, the particle has velocity zero and is located at the point (1,2, 3).
(a) Find the velocity vector v(t) for t > 0.
(b) Find the position vector r(t) for t > 0.
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()
(d)

Find «(t) the curvature of the path traversed by the particle for ¢ > 0.
Find the work done by the force on the particle fromt =0tot = T.

Q[44](+): The position of an airplane at time f is givenby x =y = 4\T@t3/2, z=1t(2—1t)
from take-off at t = 0 to landing at t = 2.

(a)
(b)
(©)

(d)

What is the total distance the plane travels on this flight?
Find the radius of curvature « at the apex of the flight, which occurs at t = 1.

Two external forces are applied to the plane during the flight: the force of gravity

G = —Mgk, where M is the mass of the plane and g is a constant; and a friction force
F = —|v|?v, where v is the velocity of the plane. Find the work done by each of these
forces during the flight.

One half-hour later, a bird follows the exact same flight — path as the plane,
travelling at a constant speed v = 3. One can show that at the apex of the path, i.e.

when the bird is at (4‘3—5, %E, 1), the principal unit normal N to the path points in the
—k direction. Find the bird’s (vector) acceleration at that moment.
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Chapter 3

SURFACE INTEGRALS

3.1 Parametrized Surfaces

Exercises
Jump to HINTS, ANSWERS, SOLUTIONS or TABLE OF CONTENTS.

» Stage 1

Q[1]: Parametrize the surface given by z = ¢! + xy in terms of x and y.

Q[2](#): Let S be the surface given by
r(u,v):(u+v,u2+v2,u—v), 2<u<2 -2<v<?2

This is a surface you are familiar with. What surface is it (it may be just a portion of one
of the following)?

sphere helicoid ellipsoid saddle parabolicbowl cylinder cone plane

» Stage 2

QI[3](+): Suppose S is the part of the hyperboloid x? + y? — 2z2 = 1 that lies inside the
cylinder x> + y?> = 9 and above the plane z = 1 (i.e. for which z > 1).

Which of the following are parameterizations of S?

(a) The vector function

\/ 142 2_1 .
r(u,v) :ui+vj+%k

with domain D = { (1,0) |2 <u?+ 0?2 <9 }.
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(b) The vector function

2
r(u,v) = usinvi—ucosvj+A|l = —

NS

1.
7 2K
with domain D = { (u,v) [vV3<u <3, 0<v<2m}.
(c) The vector function
r(u,v) = \/@cosui—l— 1 —i—ZUZSinuj—l—vR
with domain D = { (u,0) |0<u <2m, 1<v<2}.

(d) The vector function

r(u,v) = \/1+usinvi+\/1+ucosvj+\/gﬁ

with domain D = { (u,0) |2<u <8, 0<0v<2m}.
(e) The vector function

u+1 .
k
V2

r(u,v) = Vucosvi—+/usinvj+
with domain D = { (u,0) [3<u <9, 0<0v<2m}.

Q[4](*): Suppose the surface S is the part of the sphere x> + y? + z> = 2 that lies inside
the cylinder x?> + y? = 1 and for which z > 0. Which of the following are
parameterizations of S?

(a) 1(¢,0) = 2sin¢cosfi+2cos¢j+2sin¢sinfk
0<¢p<7,0<0<2m

(b) r(x,y) =xi—yj++/2-22—y2k
24y <1

(c) r(u,0) = usinfi+ucosfj+v2 —u2k
O0<u<20<6<2rm

(d) r(¢,0) = v2sin¢cos i+ 2sin¢sinfj+ /2 cosp k
0<¢<7,0<0<2m

(e) 1(¢,z) = V2 —22singi+ 2 —22cos¢pj+zk
0<p<2m,1<z<2

5](+): Let S be the part of the paraboloid z + x* + y? = 4 lying between the planes
z = 0 and z = 1. For each of the following, indicate whether or not it correctly
parameterizes the surface S.

(@) r(u,0)=ui+ovj+(4—-u>-v?)k, 0<u2+02<1

(b) r(u,v)=(v4—ucosv)i+ (vV4—usinv)j+uk 0<u<10<0v<2n
(@ r(u,v) = (ucosv)i+ (usinv)j+ (4 —u?)k, ﬂ<u<2,0<v<271
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3.1 PARAMETRIZED SURFACES

» Stage 3

Q[6](+): Consider the following surfaces

* S is the hemisphere given by the equation x? + y? + z2> = 4 withz > 0

e S, is the cylinder given by the equation x? + > = 1.

e 53 is the cone given by the equation z?

Consider the following parameterizations:

= x% + y*> withz > 0.

A. 1(6,¢) = (VAcosOsing, V4sinfsing, vVicosp), 0<6<2m, 0<¢<mn/6
B. r(0,¢) = (VdcosOsing, Vdsinfsing, Vdcosp), 0<0<2m, 0<¢<m/4
C. 1(6,¢) = (VAcosOsing, V4sinfsing, Vdcosp), 0<6<2m, 0<¢p<mn/3
D. 1(6,z) = (V4—2z2cosf, V4—22sinf,z) 0<6<2m, 1<z<2

E. 1(0,z) = (V4 —z2cos0, V4 —22sinf,z) 0<6<2m, V2<z<2

F. r(0,z) = (VA—z2cosf, V4 —z2sinf,z) 0<6<2m, V3<z<2

G. r(6,z) = (zcosf, zsinf,z) 0<6<2m, 0<z<l

H. r(0,z) = (zcosf, zsinf,z) 0<6<2m, 0<z<+2

L r(0,z) = (zcosf,zsinf,z) 0<60<2m, 0<z<+3

Jor(oy) = (v, y, V2 +12) P HyP<]

K. r(x,y) = (x,y, /22412 224y><42

L or(xy) = (x,y, /X2 +12)  22+y?<2

For each of the following, choose from above all of the valid parameterization of each of
the given surfaces. Note that there may be one or more valid parameterization for each
surface, and not necessarily all of the above parameterizations will be used.

(a) The part of S contained inside S;:
(b) The part of S; contained inside S3:
(c) The part of S3 contained inside S:

(d) The part of S3 contained inside Sq:

Q[7]: Parametrize a solid of rotation about a line not parallel to an axis. Maybe first show

that the plane you're rotating is normal to that axis.

(a) Give a parametric equation for the circle of radius 1, centred at (2,2,4), lying in the

plane x = v.

(b) Give a parametrized equation for the surface formed by rotating the circle from part

(a) about the line r(t) = 4i + 4j + tk.
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224 | v

3.2a Tangent Planes

Exercises
Jump to HINTS, ANSWERS, SOLUTIONS or TABLE OF CONTENTS.

» Stage 1

QI1]: Is it reasonable to say that the surfaces x>+ y> + (z—1)> = land x> + y* + (z +1)? =
1 are tangent to each other at (0,0,0)?

QI2]: Let the point ry = (xg, yo, z0) lie on the surface G(x,y,z) = 0. Assume that

V G(x0,10,20) # 0. Suppose that the parametrized curve r(t) = (x(t),y(t),z(t)) is
contained in the surface and that r(ty) = rp. Show that the tangent line to the curve at rg
lies in the tangent plane to G = 0 at 1.

QI3]: Find the parametric equations of the normal line to the surface z = f(x,y) at the
point (xo, Yo, zo= f (X0, Y0)). By definition, the normal line in question is the line through
(X0, Y0, 20) whose direction vector is perpendicular to the surface at (x, Yo, zo)-

QI[4]: Let F(X(), Yo, Zo) = G(XO, Yo, Z()) = 0 and let the vectors VF(X(), Yo, Z()) and VG(X(), Yo, Z())
be nonzero and not be parallel to each other. Find the equation of the normal plane to the
curve of intersection of the surfaces F(x,y,z) = 0 and G(x,y,z) = 0 at (xo,Y0,20)- By
definition, that normal plane is the plane through (xo, o, zg) whose normal vector is the
tangent vector to the curve of intersection at (xo, Yo, zo).

QI5]: Let f(xo,y0) = g(xo,¥0) and let (fx(xo,¥0), fy(x0,y0)) # (8x(x0,¥0),8y(%0,%0))-
XYy

Find the equation of the tangent line to the curve of intersection of the surfaces z = f(x,
and z = g(x,y) at (xo, yo, 20 = f(x0,¥0))-

» Stage 2

2
Q[6](%): Let f(x,y) = YV Find the tangent plane to the surface z = f(x,y) at the

point (—1, 1, %)
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Q[7](+): Find the tangent plane to

27 _
VA2 +y?+22+3

at the point (2,1,1).

QI[8](+): Consider the surface z = f(x,y) defined implicitly by the equation xyz* + y?z> =
3 + x2. Use a 3—dimensional gradient vector to find the equation of the tangent plane to
this surface at the point (—1,1,2). Write your answer in the form z = ax + by + ¢, where
a, b and c are constants.

Q[9](#): A surface is given by
z = x* - 2xy + %

(a) Find the equation of the tangent plane to the surface at x = 4, y = 2a.
(b) For what value of a is the tangent plane parallel to the plane x —y +z = 1?
Q[10](*): A surface S is given by the parametric equations

x = 2u?
y=70’
z:u2+v3

Find an equation for the tangent plane to S at the point (8,1, 5).
Q[11](+): Let S be the surface given by

r(u,v):(u—i—v,uz—l—vz,u—v), 2<u<?2 -2<v<?2

Find the tangent plane to the surface at the point (2,2,0).

Q[12](+): Find the tangent plane and normal line to the surface z = f(x,y) = 2, at

x24y
(x,y) = (-1,2).

Q[13](*): Find all the points on the surface x> + 9y? + 4z> = 17 where the tangent plane is
parallel to the plane x — 8z = 0.

Q[14](): Let S be the surface z = x> + Zyz + 2y — 1. Find all points P(x, yo, z0) on S with
xg # 0 such that the normal line at P contains the origin (0,0, 0).

Q[15](+): Find all points on the hyperboloid z? = 4x? + y? — 1 where the tangent plane is
parallel to the plane 2x —y +z = 0.

» Stage 3
Q[16](+):

(a) Find a vector perpendicular at the point (1,1, 3) to the surface with equation
x? 4z = 10.

(b) Find a vector tangent at the same point to the curve of intersection of the surface in
part (a) with surface y? + z2 = 10.
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(c) Find parametric equations for the line tangent to that curve at that point.

Q[17](+): Let P be the point where the curve
r(t) =Pi+tj+ 2k, (0<t< o)

intersects the surface
2P 4axyz—2=0

Find the (acute) angle between the curve and the surface at P.

Q[18]: Find all horizontal planes that are tangent to the surface with equation

zZ = xye_(xZerz)/z

What are the largest and smallest values of z on this surface?

3.34 Surface Integrals

Exercises
Jump to HINTS, ANSWERS, SOLUTIONS or TABLE OF CONTENTS.

» Stage 1

Q[1]: Let 0 < 8 < 7, and a,b > 0. Denote by S the part of the surface z = y tan 6 with
0<x<a40<y<b

(a) Find the surface area of S without using any calculus.

(b) Find the surface area of S by using (3.3.2) in the CLP-4 text.

QI2]: Leta, b, c > 0. Denote by S the triangle with vertices (a,0,0), (0,b,0) and (0,0, ¢).
(a) Find the surface area of S in three different ways, each using (3.3.2) in the CLP-4 text.

(b) Denote by Ty, the projection of § onto the xy-plane. (It is the triangle with vertices
(0,0,0) (,0,0) and (0, b,0).) Similarly use Ty, to denote the projection of S onto the
xz-plane and T, to denote the projection of S onto the yz-plane. Show that

Area(S) = \/Area(Txy)2 + Area(Ty;)? + Area(Ty;)?

QI[3]: Let a,h > 0. Denote by S the part of the cylinder x> + z2 = a> withx > 0,0 <y < h
and z > 0.
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(a) Find the surface area of S without using any calculus.

(b) Parametrize S by
r(0,y) =acosfi+yj+asinfk 0<6< g, O<y<h

Find the surface area of S by using (3.3.1) in the CLP-4 text.

» Stage 2

Q[4]: Let S be the part of the surface z = xy lying inside the cylinder x* + y? = 3. Find
the moment of inertia of S about the z-axis, that is,

I = Jf(xz + %) dS
S

Q[5](+): Find the surface area of the part of the paraboloid z = a? — x? — y> which lies
above the xy—plane.

Q[6](+): Find the area of the portion of the cone z> = x? + y? lying between the planes
z=2and z = 3.

Q[7](¥): Determine the surface area of the surface given by z = %(x3/ 2 4 y3/ 2), over the
square0 <x<1,0<y <1

QI8](»):

(a) To find the surface area of the surface z = f(x,y) above the region D, we integrate
S5 F(x,y) dA. Whatis F(x,y)?

(b) Consider a “Death Star”, a ball of radius 2 centred at the origin with another ball of
radius 2 centred at (0,0,2+/3) cut out of it. The diagram below shows the slice where
y=0.

(i) The Rebels want to paint part of the surface of Death Star hot pink; specifically,
the concave part (indicated with a thick line in the diagram). To help them
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determine how much paint is needed, carefully fill in the missing parts of this
integral:

surface area = f o J drdo

(ii)) What is the total surface area of the Death Star?

Q[9]: Find the area of the portion of the cone y?> = x? 4 z? lying in the first octant between
the planesy = 0and y = 2.

Q[10](+): Find the surface area of that part of the hemisphere z = 4/a? — x2 — y? which lies
within the cylinder (x — %)2 +y? = (%)2

Q[11]: The cylinder x? + y? = 2x cuts out a portion S of the upper half of the cone
x? + y* = z2. Compute

ff(x4 —yt 722 — 2% +1)dS
S

Q[12]: Find the surface area of the torus obtained by rotating the circle (x — R)? + z2 = r?

(the circle is contained in the xz-plane) about the z-axis.

Q[13]: A spherical shell of radius a is centred at the origin. Find the centroid (i.e. the
centre of mass with constant density) of the part of the sphere that lies in the first octant.

Q[14]: Find the area of that part of the cylinder x? + y?> = 2ay lying outside z2 = x? + 2.

Q[15](*): Let a and b be positive constants, and let S be the part of the conical surface
61222 — b2(x2 + y2)

where 0 < z < b. Consider the surface integral

1:H(x2+y2)ds.
S

(a) Express I as a double integral over a disk in the xy-plane.

(b) Use the parametrization x = tcos, y = tsin 0, etc., to express I as a double integral
over a suitable region in the tf-plane.

(c) Evaluate I using the method of your choice.

Q[16]: Evaluate, for each of the following, the flux SSS F- A dS where i1 is the outward
normal to the surface S.

(@) F= (x> +1y2+22)"(xi+yj+zk) and the surface S is the sphere x> + y2 + 22 = a2.

(b) F=xi+yj+zk and S is the surface of the rectangular box 0 < x < a,0 <y < b,
0<z<ec

(c) F=yi+zk and S is the surface of the solid cone 0 < z < 1 — /xZ + 2.
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Q[17](+): Let S be the part of the surface x> + y* + 2z = 2 that lies above the square
-1<x<1,-1<y<Ll

. x? + y
a) Find Jf
@ V14 x24y?
(b) Find the flux of F = xi + yj + zk upward through S.

Q[18](x): Let S be the part of the surface z = xy that lies above the square 0 < x <1,
0 <y < 1in the xy-plane.

“)E“d[[vﬁ+x2+y

(b) Find the flux of F = xi + yj + k upward through S.
QI[19](+): Find the area of the part of the surface z = y*/2 that lies above 0 < x,y < 1.

Q[20](*): Let S be spherical cap which consists of the part of the sphere
x% 4+ y? + (z — 2)? = 4 which lies under the plane z = 1. Let f(x,v,z) = (2 —z)(x? + ).

Calculate
J f(x,y,2z)dS
S

QI21](+):

(a) Find a parametrization of the surface S of the cone whose vertex is at the point
(0,0,3), and whose base is the circle x> + y? = 4 in the xy-plane. Only the cone
surface belongs to S, not the base. Be careful to include the domain for the
parameters.

(b) Find the z-coordinate of the centre of mass of the surface S from (a).

Q[22](*): Let S be the surface of a cone of height a2 and base radius a. The surface S does
not include the base of the cone or the interior of the cone. Find the centre of mass of S.

Locate the cone in a coordinate system so that its base is in the xy-plane, and its vertex on
the z-axis. So the vertex will be the point (0,0, a). The base is a circle of radius a in the
xy-plane with centre at the origin. The cone surface is characterized by the fact that for
every point of S, the distance from the z-axis and the distance from the xy-plane add up
to a.

QI23](+): Let S be the portion of the elliptical cylinder x2 + 1y? = 1 lying between the
planes z = 0 and z = 1 and let A denote the outward normal to S. Let F = xi+ xyzj +
zy* k. Calculate the flux integral {{s F - fidS directly, using an appropriate parameteriza-
tion of S.

Q[24](+):

Evaluate the flux integral

|| Fsas

S
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where F(x,y,z) = (x +1)i+ (y+1)j +2zk, and S is the part of the paraboloid z =
4 — x> — y? that lies above the triangle 0 < x < 1,0 < y < 1 — x. S is oriented so that its
unit normal has a negative z-component.

Q[25](+): Evaluate the surface integral

JJ xy* dS
S

where S is the part of the sphere x? + y2 + z? = 2 for which x > /y2 + z2.
Q[26](+): Let S be the surface given by the equation

2= sinzy

lying between the planes y = 0 and y = 7. Evaluate the integral

Jf«/lqtcoszde
S

Q[27](+): Let S be the part of the paraboloid z = 1 — x? — y? lying above the xy-plane. At
(x,y,z) S has density

Find the centre of mass of S.

Q[28](+): Let S be the part of the plane
X+y+z=2
that lies in the first octant oriented so that fi has a positive k component. Let

F=xi+yj+zk

|| F-nas
S

Q[29](+): Find the net flux {§,F - A dS of the vector field F(x,y,z) = (x,y,z) upwards
(with respect to the z-axis) through the surface S parametrized by r = (u0?, u?v, uv) for
O0<u<1,0<0v<3.

Evaluate the flux integral

Q[30](+): Let S be the surface obtained by revolving the curve z = ¢/ ,0 < y < 1, around
the y-axis, with the orientation of S having f pointing toward the y-axis.

(a) Draw a picture of S and find a parameterization of S.

(b) Compute the integral {{¢ e¥ dS.
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(c) Compute the flux integral {{; F - fidS where F = (x,0, z).
Q[31](*): Compute the net outward flux of the vector field

N xi+yj+zk

| \/x2+yr 422

across the boundary of the region between the spheres of radius 1 and radius 2 centred at
the origin.

QI[32](+): Evaluate the surface integral ({5 z> dS where S is the part of the cone x? + y* =
4z> where0 < x <yand 0 <z < 1.

QI[33](x): Compute the flux integral {{; F - i dS, where
_ 153 2 15 »
and S is the part of the paraboloid z = 5 — x> — y? lying inside the cylinder x* + y* < 4,

with orientation pointing downwards.

Q[34](#): Let the thin shell S consist of the part of the surface 72 = 2xywithx > 1,y >1
and z < 2. Find the mass of S if it has surface density given by p(x,y,z) = 3z kg per unit
area.

QI[35](+): Let S be the portion of the paraboloid x = y? + z? that satisfies X < 2y. Its unit
normal vector fi is so chosen that fi -7 > 0. Find the flux of F = 27+ zj + yk out of S.

Q[36](*): Let S denote the portion of the paraboloid z = 1 — }Ixz — yz for which z > 0.
Orient S so that its unit normal has a positive k component. Let

F(x,y,2) = By +2)i+ (x —x*)j+k
Evaluate the surface integral {{; V x F-fidS.

Q[37]: Let S be the boundary of the apple core bounded by the sphere x? + y? +z2 = 16
and the hyperboloid x? + y* — z2 = 8. Find the flux integral ([ F-fAdS where F =
x14 yj + zk and #i is the outward normal to the surface S.

» Stage 3
Q[38](+):

(a) Consider the surface S given by the equation
x? + 2% = cos® y

Find an equation for the tangent plane to S at the point (%, T %)

JJ siny dS
S

where S is the part of the surface from (a) lying between the planesy = 0 and y = 3 7.

(b) Compute the integral
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Q[39](+): Let f be a function on IR? such that all its first order partial derivatives are
continuous. Let S be the surface { (x,y,z) | f(x,y,z) = ¢ } for some ¢ € R. Assume that
Vf #0o0nS. Let F be the gradient field F = V f.

(a) Let C be a piecewise smooth curve contained in S (not necessarily closed). Must it be
true that {- F - dr = 0? Explain why.

(b) Prove that for any vector field G,

JJ(FXG)-ﬁdS:O.

Q[40](+):

(a) Give parametric descriptions of the form r(u,v) = (x(u,v), y(u,v), z(u,v)) for the
following surfaces. Be sure to state the domains of your parametrizations.

(i) The part of the plane 2x + 4y + 3z = 16 in the first octant

Xy,z) | x=20,y=>0,z=0
y y

(ii) The cap of the sphere x> + y? + z% = 16 for 4/+/2 < z < 4.
(iii) The hyperboloid z2 =1+ x2 +y? for 1 < z < 10.

(b) Use your parametrization from part (a) to compute the surface area of the cap of the
sphere x> +y? +z? = 16 for 4/v/2 < z < 4.

Q[41](+): Let S be the part of the sphere x* + y? + z?> = 2 where y > 1, oriented away
from the origin.
J y>dS

S

(a) Compute

(b) Compute
Jf (xyi+xzj+zyk) -AdS
S

Q[42](x): Let S be the part of the surface (x +y + 1)? + z2 = 4 which lies in the first
octant. Find the flux of F downwards through S where

F=xyi+ (z—2xy)j
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Chapter 4

INTEGRAL THEOREMS

4.1 Gradient, Divergence and Curl

Exercises
Jump to HINTS, ANSWERS, SOLUTIONS or TABLE OF CONTENTS.

» Stage 1
Q[1](+): Let F = Pi+ Q] be the two dimensional vector field shown below.

(a) Assuming that the vector field in the picture is a force field, the work done by the
vector field on a particle moving from point A to B along the given path is:

(A) Positive
(B) Negative
(C) Zero
(D) Not enough information to determine.
(b) Which statement is the most true about the line integral SCZ F-dr:
(A) SCZF-dr>O
(B) SCZF-dr:0
© SCZF-dr<O

(D) Not enough information to determine.
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(c) V -F at the point N (in the picture) is:

(A) Positive

(B) Negative

(C) Zero

(D) Not enough information to determine.
(d) Qx — Py at the point Q is:

(A) Positive

(B) Negative

(C) Zero

(D) Not enough information to determine.

(e) Assuming that F = Pi+ Qj, which of the following statements is correct about 2 at
& J g ox
the point D?

(A) £ =0atD.
(B) &£ >0atD.
(C) & <0atD.

(D) The sign of g—l; at D can not be determined by the given information.
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Q[2]: Does V x F have to be perpendicular to F?
QI[3]: Verify the vector identities

(@ V- (fF)=fV-F+F -Vf

(b) V- (FxG)=G-(VxF)-F-(VxG)

(0) V2(fg) = fV°g+2Vf -Vg+gVf

» Stage 2
Q[4]: Evaluate V - F and V x F for each of the following vector fields.
(@) F=xi+yj+zk
(b) F = xy?i — yz%j + zx’k

(c) F= X y] (the polar basis vector t in 2d)

NE
(d) F= \/M (the polar basis vector 0 in 2d)
[51(+):

(a) Compute and simplify V - (¥) forr = (x,y,z) and r = |(x,y, z)|. Express your answer
in terms of r.

(b) Compute V x (yzi+2xzj+ e k).

Q[6](+): In the following, we use the notationr = x4+ yj +z k,r= ||, and k is some
number k =0,1,-1,2,-2,....

(a) Find the value k for which

V() = -3
(b) Find the value k for which

V- (t*r) = 5¢?
(¢) Find the value k for which

VA = 5

QI[7](+): Let r be the vector field r = x1 + yj + zk and let r be the function = |r|. Let a
be the constant vector a = a1 + a,j + a3 k. Compute and simplify the following
quantities. Answers must be expressed in terms of a, r, and r. There should be no x’s, y’s,
or z’s in your answers.

(@ V-r
(b) V(r?)
©) V x (rxa)
(d) V- (V(r))
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QI[8](x): Let
r=xi+yj+zKk, r=|r|

(a) Compute a where V(1) = —r
(b) Compute a where V - (rr) = ar.
(c) Compute a where V - (V (%)) = ar.

Q[9]: Find, if possible, a vector field A that has k component Az = 0 and that is a vector
potential for

(@) F = (1+yz)i+ (2y + zx)j + (322 + xy)k
(b) G = yzi + zxj + xyk

» Stage 3

Q[10](*): Let
-z X 4
Ty VT

(a) Determine the domain of F.
(b) Determine the curl of F. Simplify if possible.

(c) Determine the divergence of F. Simplify if possible.
(d) Is F conservative? Give a reason for your answer.

Q[11](*): A physicist studies a vector field F in her lab. She knows from theoretical
considerations that F must be of the form F = V x G, for some smooth vector field G.
Experiments also show that F must be of the form

F(x,y,z) = (xz +xy)i + a(yz — xy)j + B(yz + xz)k

where « and B are constant.
(a) Determine « and B.

(b) Further experiments show that G = xyzi — xyzj + ¢(x, v, z)k. Find the unknown
function g(x,y, z).

Q[12]: A rigid body rotates at an angular velocity of () rad/sec about an axis that passes
through the origin and has direction . When you are standing at the head of a looking
towards the origin, the rotation is counterclockwise. Set (2 = Qa.

(a) Show that the velocity of the point r = (x,y, z) on the body is 2 x r.
(b) Evaluate V x (2 x r) and V - (Q2 x r), treating 2 as a constant.

(c) Find the speed of the students in a classroom located at latitude 49° N due to the
rotation of the Earth. Ignore the motion of the Earth about the Sun, the Sun in the
Galaxy and so on. The radius of the Earth is 6378 km.
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Q[13]: Suppose that the vector field F obeys V - F = 0 in all of R>. Let
r(t) =txi+tyj+tzk, 0<t<l1
be a parametrization of the line segment from the origin to (x, v, z). Define

1 dr

G(x,y,2) :f tF(x(t)) x E(t) dt

0
Show that V x G = F throughout R3.

4.2a The Divergence Theorem

Exercises
Jump to HINTS, ANSWERS, SOLUTIONS or TABLE OF CONTENTS.

» Stage 1
QI1]: Let V be the cube

V={(xyz)|0<x<1,0<y<1,0<z<1}
and R be the square
R={(xy)|0<x<1,0<y<1}
and let f(x,y, z) have continuous first partial derivatives.

(a) Use the fundamental theorem of calculus to show that
Jff Z—]Zc(x,y,z) dxdydz = fff(x,y, 1) dxdy — JJf(x,y,O) dx dy
14 R R
(b) Use the divergence theorem to show that

ﬂf%(wz) drxdydz = Uf(x,y,l) dxdy — Uf(x,y,o) dx dy
4 ? )s

Q2]:

(a) By applying the divergence theorem to F = ¢ a, where a is an arbitrary constant

vector, show that
H Vodv — Hcpﬁds
v oV

(b) Show that the centroid (X, 7, Z) of a solid V with volume |V| is given by

. 1 .
(%,7,2) = o7 Jf(xz +y*+2%)ads
ov
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» Stage 2

Q[3]: Let S be the unit sphere centered at the origin and oriented by the outward
pointing normal. If

F(x,y,z) = (x,y,2%)
evaluate the flux of F through S

(a) directly and
(b) by applying the divergence theorem.

Q[4]: Evaluate, by two methods, the integral SSS F-AdS, where F = z K, S is the surface
x? + y* + z% = a® and 1 is the outward pointing unit normal to S.

(a) First, by direct computation of the surface integral.
(b) Second, by using the divergence theorem.
QI5]: Let

e F=zy*i+yxj+ (2z+v?)k and
¢ V be the solid in 3-space defined by

22
0 <z< 9x—y
9+ x2 + 1?2
and -
e D be the bottom surface of V. Because o—5—2, is positive for x2 + 1% < 9 and

9-+x2+y2
negative for x> + y? > 9, the bottom surface is z = 0, x> + y? < 9.

* Let S be the curved portion of the boundary of V. Itis z = %, 2 +y? <.

Here is a sketch of the first octant part of S and D.
z

Denote by |V| the volume of V and compute, in terms of |V|,

(a) J J F-ndS with fi pointing downward
D

(b) MV-FdV

1%

(c) Jj F-AadS with fi pointing outward
S
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Use the divergence theorem to answer at least one of parts (a), (b) and (c).

Q[6]: Evaluate the integral {{; F- A dS, where F = (x,y,1), S is the surface z = 1 — x% —y?
for x? + y? < 1, and 1 is the upward pointing normal, by two methods.

(a) First, by direct computation of the surface integral.

(b) Second, by using the divergence theorem.

Q[71(»):

(a) Find the divergence of the vector field F = (z + siny, zy, sin x cos y).

(b) Find the flux of the vector field F of (a) outward through the sphere of radius 3
centred at the origin in R® .

QI[8]: The sides of a grain silo are described by the portion of the cylinder x> + y* = 1
with 0 < z < 1. The top of the silo is given by the portion of the sphere x? + y? + z2 = 2
lying within the cylinder and above the xy-plane. Find the flux of the vector field

V(x,y,z) = (xzyz, yz+e'z, x2 + )

out of the silo.

QI9]: Let B be the ball of volume V centered at the point (x, yo, o), ancAl let S be the sphere
that is the boundary of B. Find the flux of F = x% + xyj + (3z — yz)k outward (from B)
through S.

QI[10](#): Let
F(x,ylz) — (1 +Zl+zl+z ) 1 +Zl+zl+z ) 1)

Let S be the portion of the surface
Ry =1z

which is above the xy-plane. What is the flux of F downward through S?
QI[11](+): Use the divergence theorem to find the flux of xi + yj + 2zk through the part of
the ellipsoid
Xy 4222 =2
with z > 0. [Note: the ellipsoid ﬁ—; + ‘Z—z + i—; = 1 has volume %mzbc.]
QI[12](+): Let F(x,y,z) = r/r> wherer = xi+yj +zkand r = |r].
(a) Find V - F.
(b) Find the flux of F outwards through the spherical surface x> + y? + z? = a?.
(c) Do the results of (a) and (b) contradict the divergence theorem? Explain your answer.

(d) Let E be the solid region bounded by the surfaces z> — x> —y>+1 =0,z = 1 and
z = —1. Let 0 be the bounding surface of E. Determine the flux of F outwards
through .
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(e) Let R be the solid region bounded by the surfaces z2 — x> —y> + 4y —3 =0,z = 1 and
z = —1. Let X be the bounding surface of R. Determine the flux of F outwards
through 2.

Q[13](*): Consider the ellipsoid S given by

2 2

2 Y Z
——:1

x—i—4+4

with the unit normal pointing outward.
(a) Parameterize S.

(b) Compute the flux {{¢ F-fidS of the vector field
F(x,y,2) = (x,y,2)

(c) Verify your answer in (b) using the divergence theorem.

Q[14](+): Evaluate the flux integral {{s F - i dS, where
F(x,y,z) = (x3 + COS(y2) , y3 + ze*, 22+ arctan(xy))

and S is the surface of the solid region bounded by the cylinder x? + y? = 2 and the planes
z = 0 and z = 2x + 3. The surface is positively oriented (its unit normal points outward).

Q[15](+): Find the flux of the vector field (x +y, x + z, y + z) through the cylindrical surface
whose equation is x> + z = 4, and which extends from y = 0 to y = 3. (Only the curved
part of the cylinder is included, not the two disks bounding it on the left and right.) The
orientation of the surface is outward, i.e., pointing away from the y-axis.

Q[16](+): The surface S is the part above the xy-plane of the surface obtained by
revolving the graph of z = 1 — x* around the z-axis. The surface S is oriented such that
the normal vector has positive z-component. The circle with radius 1 and centre at the
origin in the xy-plane is the boundary of S.

Find the flux of the divergenceless vector field F(x,vy,z) = (yz, x + z, x> + y?) through S.
QI17](+):

Let S be the part of the paraboloid z = 2 — x> — y? contained in the cone z = 1/x2 + 12
and oriented in the upward direction. Let

F = (tan+/z + sin(y°)) i + e*xzj + zk
Evaluate the flux integral {{, F - i dS.
Q[18](*): Evaluate the surface integral

|| F-as
S

where F(x,y,z) = (cosz + xy?, xe™*, siny + x?z) and S is the boundary of the solid
region enclosed by the paraboloid z = x? + y? and the plane z = 4, with outward pointing
normal.
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Q[19](): Let S be the part of the sphere x> + y? + z> = 4 between the planes z = 1 and
z = 0 oriented away from the origin. Let

F = (¢V +xz)i+ (zy +sin(x))j+ (z2 - 1)k

|| F-as.
S

Q[20](+): Let B be the solid region lying between the planesx = -1, x =1,y =0,y =2
and bounded below by the plane z = 0 and above by the plane z +y = 3. Let S be the
surface of B. Find the flux of the vector field

Compute the flux integral

F(x,y,z) = (x*z+ cosmy) i+ (yz +sinnz) j+ (x —y*) k

Q[21](*): Let S be the hemisphere x% + y2 +2%2 =1,z > 0, oriented with A pointing away
from the origin. Evaluate the flux integral

|| F-as
S

F= (x+cos(z?))i+ (y+In(x*+2°))j+4/x2+ 2k

Q[22](+): Let E be the solid region between the plane z = 4 and the paraboloid
z=x2+y% Let

where

F = (— %x3+ezz>i+ <— %y3—l—xtanz>j+4zf<

(a) Compute the flux of F outward through the boundary of E.

(b) Let S be the part of the paraboloid z = x? + y? lying below the z = 4 plane oriented
so that fi has a positive k component. Compute the flux of F through S.

QI[23](x): Consider the vector field
xi4yj+zk
22 4 y2 4 227

F(x,y,z) =

(a) Compute V - F.
(b) Let Sq be the sphere given by

P+ (y—22+22=9

oriented outwards. Compute Jf F-adS.
51
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(c) Let Sy be the sphere given by

P Hy—-2)2+22=1

oriented outwards. Compute Jf F-adS.
S»

(d) Are your answers to (b) and (c) the same or different? Give a mathematical
explanation of your answer.

QI24](+): Let F be the vector field defined by
F(x,y,z) = (y3z +2x)i+ (3y — eSi“Z) i+ (€x2+y2 +2) k
Calculate the flux integral {{¢ F - i dS where S is the boundary surface of the solid region
E:0<x<2 0<y<2 0<z<2+4y

with outer normal.

QI25](*): Consider the vector field
F(x,y,z) = (z arctan(yz) 75 ln(x2 +1), 3z)

Let the surface S be the part of the sphere x? + y? + z? = 4 that lies above the plane z = 1
and be oriented downwards.

(a) Find the divergence of F.
(b) Compute the flux integral {{; F - fidS.
Q[26](+): Let S be the sphere x? + y? + z> = 3 oriented inward. Compute the flux integral

|| Fas
S

F = (xy* +y*2°, yz22 + x*z, zx* + xy*)

where

A

QI[27](+): Consider the vector field F(x,y,z) = —2xyi+ (y* +sin(xz)) j + (x* + y*) k.
(a) Calculate V - F.
(b) Find the flux of F through the surface S defined by

PP+ (z-12)2=13% 220

using the outward normal to S.

Q[28](*): Let S be the portion of the hyperboloid x* + y? — z2 = 1 between z = —1 and
z = 1. Find the flux of F = (x + ¢¥?) i + (2yz + sin(xz)) j + (xy — z — z2) k out of S (away
from the origin).
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Q[29](+): Let F be the vector field F(x,y,z) = (x> —y — 1)1+ (e°Y +2%)j + (2xz + 2°) k.
Evaluate {{; V x F- A dS where S is the part of the ellipsoid x> 4+ y* + 2z = 1 with z > 0.

QI[30](+): Let S be the portion of the sphere x? + y? + (z — 1)? = 4 that lies above the
xy-plane. Find the flux of F = (x? + eyz) i+ (e’“2 + %) j + (4 4 5x) k outward across S.

QI[31](+): Find the flux of F = xy%i + x2yj + k outward through the hemispherical surface

P42 =4, 220

Q[32](*): Let D be the cylinder x2 4 yz < 1,0 < z < 5. Calculate the flux of the vector field
F = (x+ xye*) i+ sy°ze*j + (3z — yze*) k
outward through the curved part of the surface of D.

QI33]: Find the flux of F = (y + x2)i + (y + yz)j — (2x + z%)k upward through the first
octant part of the sphere x? + y? + 2% = a°.

Q[34]: Let F = (x — yz)i + (y + x2)j + (z + 2xy)k and let

* S; be the portion of the cylinder x? +y? = 2 that lies inside the sphere
x> +y?+z2 =4

* S, be the portion of the sphere x? + y? + z2 = 4 that lies outside the cylinder
x24+y? =2

¢ V be the solid bounded by S; and S,

Compute

(a) Sgsl F-fAdS with A pointing inward
(b) §§§, V- FdV

(c) SSSZ F-AdS with fi pointing outward

Use the divergence theorem to answer at least one of parts (a), (b) and (c).

» Stage 3

QI35]: Let E(r) be the electric field due to a charge configuration that has density p(r).
Gauss’ law states that, if V' is any solid in R3 with surface 0V, then the electric flux

!JE -adS =4n1Q where Q= flfp dv

is the total charge in V. Here, as usual, fi is the outward pointing unit normal to JV.
Show that
V - E(r) = 4mp(r)

for all r in R3. This is one of Maxwell’s equations. Assume that V - E(r) and p(r) are
well-defined and continuous everywhere.
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QI36]: Let V be a solid in R3 with surface V. Show that

Jfr-ﬁds = 3 Volume(V)
ov

where r = xi+ yj + zk and, as usual, 1 is the outer normal to dV. See if you can explain
this result geometrically.

Q[37](+): Let S be the sphere of radius 3, centered at the origin and with outward
orientation. Given the vector field F(x,y,z) = (0,0, x + z):

(a) Calculate (using the definition) the flux of F through S

|[ s
S

That is, compute the flux by evaluating the surface integral directly.
(b) Calculate the same flux using the divergence theorem.

Q[38](*): Consider the cube of side length 1 that lies entirely in the first octant (x > 0,

y =0, z = 0) with one corner at the origin and another corner at point (1,1,1). As such,
one face lies in the plane x = 0, one lies in the plane y = 0, and another lies in the plane
z = 0. The other three faces lie in the planes x =1,y = 1, and z = 1. Denote S as the
open surface that consists of the union of the 5 faces of the cube that do not lie in the
plane z = 0. The surface S is oriented in such a way that the unit normal vectors point
outwards (that is, the orientation of S is such that the unit normal vectors on the top face
point towards positive z-directions). Determine the value of

1 [|F-aas
S

where F is the vector field given by

Z

F = (ycos(y2)+z—1, o —|—1,xyezz)

Q[39](+):

(a) Find an upward pointing unit normal vector to the surface z = xy at the point
(1,1,1).

(b) Now consider the part of the surface z = xy, which lies within the cylinder
x? +y? = 9 and call it S. Compute the upward flux of F = (y, x, 3) through S.

(c) Find the flux of F = (y, x, 3) through the cylindrical surface x*> + y?> = 9 in between
z = xy and z = 10. The orientation is outward, away from the z-axis.

Q[40](+):
(a) Find the divergence of the vector field F = (x + siny, z + vy, z2).
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(b) Find the flux of F through the upper hemisphere x? + y? + z2 = 25, z > 0, oriented in
the positive z-direction.

(c) Specify an oriented closed surface S, such that the flux {§, F - i dS is equal to —9.
Q[41](*): Evaluate the surface integrals. (Use any method you like.)
(a) §§52z>dS, if S is the part of the cone x> + y*> = 4z where0 < x < yand 0 < z < 1.

(b) {{cF-ndS,if F = zk and S is the rectangle with vertices (0,2,0), (0,0,4), (5,2,0),
(5,0,4), oriented so that the normal vector points upward.

(c) §§sF-fadS, where F = (y —z2)i + (z — x2)j + z?k and S is the boundary surface of the
box 0 <x <1,0 <y <20 <z <3, with the normal vector pointing outward.

Q[42](+): Let o1 be the open surface given by z = 1 — x? — y?, z > 0. Let 0 be the open
surface given by z = x% + y?> — 1, z < 0. Let 03 be the planar surface given by z = 0,

2 +y? < 1. LetF = [a(y? + 22) 4 bxz]i + [c(x® + 2%) + dyz]j + x*> k where a, b, ¢, and d
are constants.

(a) Find the flux of F upwards across 7.

(b) Find all values of the constants a, b, ¢, and d so that the flux of F outwards across the
closed surface oy U 03 is zero.

(c) Find all values of the constants a, b, ¢, and d so that the flux of F outwards across the
closed surface 07 U 0> is zero.

Q[43](*): Let S be the ellipsoid xZ 4 2y2 + 322 = 16 and # its outward unit normal.
(x,y,z) —(2,1,1)
[(x=22+(y—1)*+ (z—1)?]
(x,y,z) —(3,2,2)
[(x=3)2+ (y—2)* + (z - 2)?]

Q[44](+): Let Q c R3be a smoothly bounded domain, with boundary dC) and outer unit
normal fi. Prove that for any vector field F which is continuously differentiable in

QuoQ,
ff V x FdV = ffoﬁdS
Q 0Q)

QI45](*): Recall that if S is a smooth closed surface with outer normal field fi, then for
any smooth function p(x,v,z) on R, we have

Hpﬁds:g Vpdv

S

(a) Find {{cF-ndSif F(x,y,z) = 373"

(b) Find {{, G -ndSif G(x,y,z) = 573"

where E is the solid bounded by S. Show that as a consequence, the total force exerted on
the surface of a solid body contained in a gas of constant pressure is zero. (Recall that the
pressure acts in the direction normal to the surface.)

65



INTEGRAL THEOREMS 4.3 GREEN’S THEOREM

QI46](*): Let F be a smooth 3-dimensional vector field such that the flux of F out of the
sphere x? + y? + z? = a? is equal to 7t(a® + 2a*) for every a > 0. Calculate V - F(0,0,0).

Q[47](+): Let F = (x2+ 12 +22) i+ (¢~ + 92 j + (3+x +z) k and let S be the part of the
surface x2+ y* + z? = 2az + 34* having z > 0, oriented with normal pointing away from
the origin. Here a > 0 is a constant. Compute the flux of F through S.

QI48](+): Let u = u(x,y, z) be a solution of Laplace’s Equation,

Pu Pu Pu
ox2 = oyr 022

in R3. Let R be a smooth solid in R3.
(a) Prove that the total flux of F = Vu out through the boundary of R is zero.
(b) Prove that the total flux of G = uVu out through the boundary of R equals

VIR G (2o

Q[49](+): Let R be the part of the solid cylinder x> + (v - 1)% < 1 satisfying 0 < z < y?; let
S be the boundary of R. Given F = x21 +2yj — 2zk,

(a) Find the total flux of F outward through S.
(b) Find the total flux of F outward through the (vertical) cylindrical sides of S.
T

_1 (™
Hint: J sin” 0 do = " " f sin"20d6 forn =2,3,4,....
0 0

Q[50](): A smooth surface S lies above the plane z = 0 and has as its boundary the circle
x? 4+ y? = 4y in the plane z = 0. This circle also bounds a disk D in that plane. The
volume of the 3-dimensional region R bounded by S and D is 10 cubic units. Find the
flux of

F(x,y,2) = (x + °y)i + (y — xy?)j + (2 + 2x + 3y )k

through & in the direction outward from R.

4.3a2 Green’s Theorem

Exercises
Jump to HINTS, ANSWERS, SOLUTIONS or TABLE OF CONTENTS.

» Stage 1
Q[1]: Let R be the square

R={(xy)|0<x<1,0<y<1}

and let f(x, y) have continuous first partial derivatives.
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(a) Use the fundamental theorem of calculus to show that

Jf%(x,y) dxdy = Llf(x,l) dx — folf(x,O) dx
R

(b) Use Green’s theorem to show that

[ Ly arar =[xy ax— [ s ax
R

Q[2]: Let R be a finite region in the xy-plane, whose boundary, C, consists of a single,
piecewise smooth, simple closed curve that is oriented counterclockwise. “Simple”
means that the curve does not intersect itself. Use Green’s theorem to show that

ffV-Fdxdy:ng-ﬁds
R C

where F = F; 1 + F, j, fi is the outward unit normal to C and s is the arclength along C.

Y

=>

C

T

xdy —ydx

5 5 counterclockwise around
xXc+vy

1
Q[3]: Integrate o §
C

(a) the circle x? + y? = a®

(b) the boundary of the square with vertices (-1, -1), (—1,1), (1,1) and (1, -1)
(c) the boundary of the region 1 < x> +y?> <2, y = 0
QI4]: Show that

0 0/ -
wei) = a ey

for all (x,y) # (0,0). Discuss the connection between this result and the results of Q[3].

» Stage 2

Q[5]: Evaluate {-F - dr where F = x?y?1 + 2xyj and C is the boundary of the square in
the xy-plane having one vertex at the origin and diagonally opposite vertex at the point
(3,3), oriented counterclockwise.
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Q[6]: Evaluate ¢ (xsiny? — y?) dx + (x%y cos y> + 3x) dy where C is the counterclockwise
y -y ycosy Y

C
boundary of the trapezoid with vertices (0, —2), (1,—1), (1,1) and (0, 2).

Q[7](+): Evaluate I = fﬁ (%xzf - x4y) dx + (xy4 + x3y2) dy counterclockwise around the

c
boundary of the half-disk 0 < y < v4 — x2.

QI8](): Let C be the counterclockwise boundary of the rectangle with vertices (1,0),
(3,0), (3,1) and (1,1). Evaluate

ff (3y* + 2xey2) dx + (Zyxzeyz) dy
C

Q[9](+): Consider the closed region enclosed by the curves y = x* + 4x + 4 and
y = 4 — x2. Let C be its boundary and suppose that C is oriented counter-clockwise.

(a) Draw the oriented curve C carefully in the xy-plane.

(b) Determine the value of

%xy dx + (e¥ + x*)dy
C

Q[10](+): Let
F(x,y) = (y* - eV +sinx, 2xye ¥ + x)

Let C be the boundary of the triangle with vertices (0,0), (1,0) and (1,2), oriented
counter-clockwise. Compute
f F-dr
C

Q[11](x): Suppose the curve C is the boundary of the region enclosed between the curves
y = x?> —4x + 3 and y = 3 — x? + 2x. Determine the value of the line integral

J (2xe¥ + \/2—{——x2) dx +x?(2+ ) dy
C
where C is traversed counter-clockwise.
Q[12](*): Let
F(x,y) = 3y +e ¥ +sinx) i+ (3x +x—xe¥)j

Find SC F - dr, where C is the boundary of the triangle (0,0), (1, -2), (1,2), oriented
anticlockwise.

QI13](+):
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(@) Use Green’s theorem to evaluate the line integral

d d
Lx2+y2 x+x2+y2 Y
where C is the arc of the parabola y = ;x> + 1 from (-2,2) to (2,2).

(b) Use Green’s theorem to evaluate the line integral

L 2 +y2dx T2 +yzdy
where C is the arc of the parabola y = x> — 2 from (—2,2) to (2,2).
(c) Is the vector field

F=— 7 i+
conservative? Provide a reason for your answer based on your answers to the
previous parts of this question.

2]

Q[14](*): Suppose the curve C is the boundary of the region enclosed between the curves
y = x> —4x +3and y = 3 — x? + 2x. Determine the value of the line integral

J (2xe’ + V2 + x%)dx + 2% (2 + ¢¥)dy
C

where C is traversed counter-clockwise.

QI[15](): Let F(x,y) = Pi+ Q] be a smooth plane vector field defined for (x,y) # (0,0),
and suppose Qy = P, for (x,y) # (0,0). In the following I; = Scj F - dr for integer j, and

all C; are positively oriented circles. Suppose I; = 7t where C; is the circle 2 +yr =1
(a) Find I for C; : (x — 2)% + y? = 1. Explain briefly.

(b) Find I for C3 : (x —2)? + y*> = 9. Explain briefly.

(c) Find Iy for Cy : (x —2)%2 + (y — 2)? = 9. Explain briefly.

Q[16](*): Consider the vector field F = Pi+ Qj, where

P X+y

_ Yy
T Q

RN
(a) Compute and simplify Qy — Py.
(b) Compute the integral SCR F - dr directly using a parameterization, where Cg is the

circle of radius R, centered at the origin, and oriented in the counterclockwise
direction.

(c) Is F conservative? Carefully explain how your answer fits with the results you got in
the first two parts.

(d) Use Green’s theorem to compute \ - F - dr where C is the triangle with vertices (1,1),
p C &
(1,0), (0,1) oriented in the counterclockwise direction.
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(e) Use Green's theorem to compute §- F - dr where C is the triangle with vertices
(—=1,-1), (1,0), (0,1) oriented in the counterclockwise direction.

Q[17](+):

(a) Evaluate

fc V14 x3dx+ (2xy? +y?) dy

where C is the unit circle x? + y?> = 1, oriented counterclockwise.
(b) Evaluate

L V14 x3dx + (2xy? + y?) dy

where C is now the part of the unit circle x> + y?> = 1, with x > 0, still oriented
counterclockwise.

» Stage 3
Q[18](*): Evaluate the line integral

J (x® + ye*) dx + (xcosy + €*) dy
C
where C is the arc of the curve x = cosy for —71/2 < y < /2, traversed in the direction

of increasing v.

Q[19](#): Use Green’s theorem to establish that if C is a simple closed curve in the plane,
then the area A enclosed by C is given by

A:%jgxdy—ydx

C

Use this to calculate the area inside the curve x?/3 + y?/3 = 1.

Q[20](+): Let F(x,y) = (x+3y)i+ (x +y)jand G(x,y) = (x +y)i+ (2x —3y)j be
vector fields. Find a number A such that for each circle C in the plane

ng-dr:AiG-dr
C C

3

X 2 ~
QRUI(-): Let F(x,y) = 5 = ], (x,y) # (0,0).

(a) Compute §- F - dr where C is the unit circle in the xy-plane, positively oriented.

(b) Use (a) and Green’s theorem to find §C0 F - dr where C is the ellipse % + % =1,
positively oriented.

QI22](+): Let C; be the circle (x —2)? 4+ y> = 1 and let C; be the circle (x —2)% +y?> = 9.
y y

LetF = — Jyryz i+ j. Find the integrals §C1 F - drand §C2 F - dr.

X
x24y?
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Q[23](*): Let R be the region in the first quadrant of the xy-plane bounded by the
coordinate axes and the curve y = 1 — x2. Let C be the boundary of R, oriented
counterclockwise.

(a) Evaluate §, x ds.
(b) Evaluate {, F-dr, where F(x,y) = (sin(x?) — xy) i+ (x> + cos(y?)) j.

Q[24](+): Let C be the curve defined by the intersection of the surfaces z = x 4y and
z=x>+ yz.

(a) Show that C is a simple closed curve.
(b) Evaluate §-F - dr where

(i) F = x?1+y%j + 3¢ k.

(i) F=y?i+x2j + 3 k.

Q[25]: Find a smooth, simple, closed, counterclockwise oriented curve, C, in the xy-plane
for the which the value of the line integral §- (y® —y) dx — 2x3 dy is a maximum among all
smooth, simple, closed, counterclockwise oriented curves.

4.4a Stokes’ Theorem

Exercises
Jump to HINTS, ANSWERS, SOLUTIONS or TABLE OF CONTENTS.

» Stage 1

Q[1]: Each of the figures below contains a sketch of a surface S and its boundary 0S.
Stokes’ theorem says that §,c F - dr = {{, V x F- A dS if fi is a correctly oriented unit
normal vector to S. Add to each sketch a typical such normal vector.

(a) (b) ()
S Cos

:

oS S

QJ2]: Let

* R be a finite region in the xy-plane,
¢ the boundary, C, of R consist of a single piecewise smooth, simple closed curve
— that is oriented (i.e. an arrow is put on C) consistently with R in the sense that
if you walk along C in the direction of the arrow, then R is on your left
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O

C

T
e Fi(x,y) and F(x,y) have continuous first partial derivatives at every point of R.

Use Stokes’ theorem to show that

_([/0FR2 OF
%H(w) dx + B (x,y) dy] = H ( P —@) dxdy
C R

i.e. to show Green’s theorem.

QI3]: Verify the identity §- ¢V -dr = —§.¢V¢ -dr for any continuously differentiable
scalar fields ¢ and ¢ and curve C that is the boundary of a piecewise smooth surface.

» Stage 2

Q[4]: Let C be the curve of intersection of the cylinder x? + yz = 1 and the surface z = y2

oriented in the counterclockwise direction as seen from (0,0,100). Let
F= (x>—y, y*+x,1). Calculate § - F - dr

(a) by direct evaluation
(b) by using Stokes” Theorem.
QI[5]: Evaluate §- F - dr where F = ye*i+ (x +¢*)j + z2k and C is the curve

r(t) = (1+cost)i+ (1+sint)j+ (1 —sint—cost)k  0<t<2m

QI[6](+): Find the value of {§; V x F- idS where F = (z—y, x, —x) and S is the
hemisphere
{(xy2) e R |+ +2°=4,220}

oriented so the surface normals point away from the centre of the hemisphere.

Q[7](+): Let S be the part of the surface z = 16 — (x2 + yz)z which lies above the xy-plane.
Let F be the vector field

F=xIn(1+z)i+x(3+y)j+ycoszk

JJV x F-ndS
S

where 1i is the upward normal on S.

Calculate

Q[8](+): Let C be the intersection of the paraboloid z = 4 — x? — y? with the cylinder
x>+ y—-1)72 =1, oriented counterclockwise when viewed from high on the z-axis. Let
F=xzi+xj+yzk Find §,F - dr.
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Q[9]: Let F = —ye?i+ x3coszj + zsin(xy) k, and let S be the part of the surface z =
(1 —x2)(1 — y?) that lies above the square —1 < x < 1, —1 < y < 1 in the xy-plane. Find
the flux of V x F upward through S.

Q[10]: Evaluate the integral §- F - dr, in which F = (e"2 —yz,siny —yz, xz+2y) and Cis
the triangular path from (1,0,0) to (0,1,0) to (0,0,1) to (1,0,0).

Q[11](+): Let F(x,y,z) = —zi + xj + y k be a vector field. Use Stokes’ theorem to evaluate
the line integral §- F - dr where C is the intersection of the plane z = y and the ellipsoid

’2—2 + &+ % = 1, oriented counter-clockwise when viewed from high on the z-axis.
QI12](+): Consider the vector field F(x,y,z) = 221 + x?j + y? k in R®.

(a) Compute the line integral I} = Scl F - dr where C; is the curve consisting of three line
segments, L from (2,0,0) to (0,2,0), then L, from (0,2,0) to (0,0,2), finally L3 from
(0,0,2) to (2,0,0).

b) A simple closed curve C; lies on the plane E : x + v + z = 2, enclosing a region R on
p P Y g g
the plane of area 3, and oriented in a counterclockwise direction as observed from the
positive x-axis. Compute the line integral I, = SCZ F-dr.

Q[13](#): Let C = C; + C; 4 C3 be the curve given by the union of the three
parameterized curves

r1(t) = (2cost,2sint,0), 0<t<m/2
1(t) = (0,2cost,2sint), 0<t<m/2
r3(t) = (2sint,0,2cost), 0<t<m/2

(a) Draw a picture of C. Clearly mark each of the curves C;, C3, and C3 and indicate the
orientations given by the parameterizations.

(b) Find and parameterize an oriented surface S whose boundary is C (with the given
orientations).

(c) Compute the line integral SC F - dr where

F = <y-|—sin(x2), z—3x+In(1+1?), y+ez2)

Q[14](+): We consider the cone with equation z = 1/x% + y2. Note that its tip, or vertex, is
located at the origin (0,0,0). The cone is oriented in such a way that the normal vectors
point downwards (and away from the z axis). In the parts below, both S; and S; are
oriented this way.

Let F = (—zy, zx, xy cos(yz)).

(a) Let Sq be the part of the cone that lies between the planes z = 0 and z = 4. Note that
S1 does not include any part of the plane z = 4. Use Stokes’ theorem to determine the
value of

J V xF-adS
51
Make a sketch indicating the orientations of S; and of the contour(s) of integration.
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(b) Let Sy be the part of the cone that lies below the plane z = 4 and above z = 1. Note
that S, does not include any part of the planes z = 1 and z = 4. Determine the flux of
V x F across S,. Justify your answer, including a sketch indicating the orientations of
S, and of the contour(s) of integration.

Q[15](*): Consider the curve C that is the intersection of the plane z = x 44 and the
cylinder x2 + y?> = 4, and suppose C is oriented so that it is traversed clockwise as seen
from above.

Let F(x,y,z) = (x®+ 2y, sin(y) + z, x +sin(z?)).

Use Stokes’ Theorem to evaluate the line integral §- F - dr.

Q[16](+):

(a) Consider the vector field F(x,y,z) = (2%, x?,y?) in R3. Compute the line integral
§c F - dr, where C is the curve consisting of the three line segments, L; from (2,0,0) to
(0,2,0), then L, from (0,2,0) to (0,0,2), and finally L3 from (0,0,2) to (2,0,0).

(b) A simple closed curve C lies in the plane x + y + z = 2. The surface this curve C
surrounds inside the plane x + y + z = 2 has area 3. The curve C is oriented in a
counterclockwise direction as observed from the positive x-axis. Compute the line
integral §C F-dr, where F is as in (a).

Q[17](*): Evaluate the line integral

1 X
L <z+m) dx + xzdy + <3xy—m) dz

where C is the curve parameterized by

1(t) = (cost, sint, 1 —cos’tsint) 0<t<2m

Q[18](*): A simple closed curve C lies in the plane x + v + z = 1. The surface this curve C
surrounds inside the plane x + y + z = 1 has area 5. The curve C is oriented in a
clockwise direction as observed from the positive z-axis looking down at the plane
x+y+z=1

Compute the line integral of F(x,y,z) = (z?,x2,y?) around C.

Q[19](*): Let C be the oriented curve consisting of the 5 line segments which form the
paths from (0,0,0) to (0,1,1), from (0,1,1) to (0,1,2), from (0,1,2) to (0,2,0), from
(0,2,0) to (2,2,0), and from (2,2,0) to (0,0,0). Let

F=(—y+esinx)i+y*j++/ztanzk
Evaluate the integral {- F - dr.

Q[20](+): Suppose the curve C is the intersection of the cylinder x* + y? = 1 with the
surface z = xy?, traversed clockwise if viewed from the positive z-axis, i.e. viewed “from
above”. Evaluate the line integral

J (z+sinz)dx + (x° — x*y) dy + (xcosz — y) dz
C
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Q[21](+): Evaluate {4V x F-fdS where S is that part of the sphere x> 4 y* + z2 = 2
above the plane z = 1, fi is the upward unit normal, and

F(x,y,z) = -y i+xj+ (e +eV +2) k

Q[22](+): Let

A

F = xsinyi—ysinxj+ (x —y)z2 k

JF-dr
C

along the path consisting of the straight line segments successively joining the points Py =
(0,0,0) to P, = (m/2,0,0) to P, = (7r/2,0,1) to P; = (0,0,1) to P, = (0,77/2,1) to
Ps = (0,71/2,0), and back to (0,0,0).

Q[23](+): Let

Use Stokes’ theorem to evaluate

[ 2z . 2 3z . 2
F= (—1+y—|—sm(x ), —1+x—|—s1n(y ),5(x+1)(y—|—2))

Let C be the oriented curve consisting of four line segments from (0,0,0) to (2,0,0), from
(2,0,0) to (0,0,2), from (0,0,2) to (0,3,0), and from (0, 3,0) to (0,0,0).

(a) Draw a picture of C. Clearly indicate the orientation on each line segment.

(b) Compute the work integral |- F - dr.

Q[24](+): Evaluate Hv x F-fidS where F = yi+42zj + 3xk and S is the surface z =
S

\/1—x%2 42,z > 0and 1 is a unit normal to S obeying i - k > 0.

Q[25](*): Let S be the curved surface below, oriented by the outward normal:
2+ +2(z-1)2=6, z=0.

(E.g., at the high point of the surface, the unit normal is k.) Define

G=VxF,  where F= (xz—y’cosz)i+ %]+ xyze" VL

Find {{¢ G - AdsS.

Q[26](*): Let C be a circle of radius R lying in the plane x + y + z = 3. Use Stokes’
Theorem to calculate the value of

§ F-dr

C

where F = 2% + x?j + y%k. (You may use either orientation of the circle.)

QI[27]: Let S be the oriented surface consisting of the top and four sides of the cube whose
vertices are (+1,+1, +1), oriented outward. If F(x,vy,z) = (xyz, xy?, x*yz), find the flux of
V x F through S.
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Q[28]: Let S denote the part of the spiral ramp (that is helicoidal surface) parametrized by
X =UCOST, Yy =uUsinv, z =10 O<u<l1 0<v<2m

Let C denote the boundary of S with orientation specified by the upward pointing
normal on S. Find

J ydx —xdy +xydz
C

» Stage 3

Q[29]: Let C be the intersection of x + 2y —z = 7 and x2 —2x + 4y2 = 15. The curve C is
oriented counterclockwise when viewed from high on the z-axis. Let

F = (ex2 +yz) i+ (cos(y?) — x?)j+ (sin(z?) + xy) k
Evaluate §-F - dr.
QI30](»):
(a) Find the curl of the vector field F = (2+x?+z, 0, 3 + x%z).

(b) Let C be the curve in R3 from the point (0,0,0) to the point (2,0,0), consisting of
three consecutive line segments connecting the points (0,0,0) to (0,0,3), (0,0,3) to
(0,1,0),and (0,1,0) to (2,0,0). Evaluate the line integral

JF-dr
C

where F is the vector field from (a).
QI31](+):

(a) Let S be the bucket shaped surface consisting of the cylindrical surface y* + z2 =9
between x = 0 and x = 5, and the disc inside the yz-plane of radius 3 centered at the
origin. (The bucket S has a bottom, but no lid.) Orient S in such a way that the unit
normal points outward. Compute the flux of the vector field V x G through S, where
G=(x,—zy).

(b) Compute the flux of the vector field F = (2 + z, xz?, x cos y) through S, where S is as
in (a).

Q[32](#): Let
F(x,y,z) = <% T T T cos5(lnz)>
(a) Write down the domain D of F.
(b) Circle the correct statement(s):
(a) D is connected.

(b) D is simply connected.

(c) D is disconnected.
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(c) Compute V x F.

(d) Let C be the square with corners (3 + 1,3 + 1) in the plane z = 2, oriented clockwise
(viewed from above, i.e. down z-axis). Compute

JF-dr
C

QI33](*): A physicist studies a vector field F(x,y, z). From experiments, it is known that F
is of the form

(e) Is F conservative?

F(x,y,z) = xzi + (axe’z 4+ byz) j + (v* — xe¥z*) k

for some real numbers a and b. It is further known that F = V x G for some
differentiable vector field G.

(a) Determine a and b.

(b) Evaluate the surface integral
f f F-AdS
S

where S is the part of the ellipsoid x* + y? + }IZZ = 1 for which z > 0, oriented so that
its normal vector has a positive z-component.

QI34](): Let C be the curve in the xy-plane from the point (0,0) to the point (5,5)
consisting of the ten line segments consecutively connecting the points (0,0), (0,1),
(1,1),(1,2),(2,2),(2,3),(3,3), (3,4), (4,4), (4,5), (5,5). Evaluate the line integral

JF-dr
C

F=yi+ (2x—-10)j

where

QI[35](*): Let F = (sin x%, xz, zz). Evaluate §C F - dr around the curve C of intersection of
the cylinder x? + y?> = 4 with the surface z = x?, traversed counter clockwise as viewed
from high on the z-axis.

Q[36](*): Explain how one deduces the differential form

ja
VxE= -1

c ot
of Faraday’s law from its integral form

fEar=—2 4 [[mads
dt

C S

A=
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Q[37](+): Let C be the curve given by the parametric equations:
X =cost, y= \ﬁsint, z=cost, 0 <t<2m

and let
F :zi—i—xj—i—y323k

%F-dr

C

Use Stokes’ theorem to evaluate

QI38](*): Use Stokes’ theorem to evaluate
ﬂgzdx +xdy —ydz
C

where C is the closed curve which is the intersection of the plane x + y + z = 1 with the
sphere x? + y? + z? = 1. Assume that C is oriented clockwise as viewed from the origin.

Q[39](*): Let S be the part of the half cone

z=4/x2+1y%, y=0,

(a) Find a parametrization for S.

that lies below the plane z = 1.

(b) Calculate the flux of the velocity field
v=xi+yj-2zk

downward through S.

(c) A vector field F has curl V x F = xi+ yj — 2z k. On the xz-plane, the vector field F is
constant with F(x,0,z) = j. Given this information, calculate

JF-dr,
C

PHyr=1,2z=1y=0
oriented from (—1,0,1) to (1,0,1).

where C is the half circle

QI40]: Consider {§s(V x F) - idS where S is the portion of the sphere x? + y? +z> = 1 that
obeys x +y +z > 1, fi is the upward pointing normal to the sphere and F = (y — z)i +
(z — x)j + (x — y)k. Find another surface S’ with the property that {{(V x F) - AdS =
5/ (V x F) -2 dS and evaluate {{,(V x F) - A dS.
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Chapter 5

TRUE/FALSE AND OTHER

SHORT QUESTIONS

Exercises
Jump to HINTS, ANSWERS, SOLUTIONS or TABLE OF CONTENTS.

QI1](x): True or false?

(a) V- (axr) =0, where ais a constant vector in R? , and r is the vector field
r=(x,y,2).
(b) V x (Vf) = 0 for all scalar fields f on R with continuous second partial derivatives.

(c) V- (fF) = V(f) -F+ fV - F, for every vector field F in R? with continuous partial
derivatives, and every scalar function f in R® with continuous partial derivatives.

(d) Suppose F is a vector field with continuous partial derivatives in the region D, where
D is R3 without the origin. If V - F > 0 throughout D, then the flux of F through the
sphere of radius 5 with center at the origin is positive.

(e) If a vector field F is defined and has continuous partial derivatives everywhere in IR,
and it satisfies V - F = 0, everywhere, then, for every sphere, the flux out of one
hemisphere is equal to the flux into the opposite hemisphere.

(f) If r(t) is a twice continuously differentiable path in R? with constant curvature «,
then r(t) parametrizes part of a circle of radius 1/x.

(g) The vector field F = (
without the origin.

y x . . I . . . 2
g m) is conservative in its domain, which is R+,

(h) If a vector field F = (P,Q) in R? has Q = 0 everywhere in IR?, then the line integral
§F - dr is zero, for every simple closed curve in IR?.
(i) If the acceleration and the speed of a moving particle in R? are constant, then the

motion is taking place along a spiral.
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QI2](x): True or false?

(a) V x (a x r) = 0, where a is a constant vector in R? , and r is the vector field
r=(x,y,2).
(b) V- (Vf) =0 for all scalar fields f on R® with continuous second partial derivatives.

(c) V(V -F) = 0 for every vector field F on IR? with continuous second partial
derivatives.

(d) Suppose Fis a vector field with continuous partial derivatives in the region D, where
D is R3 without the origin. If V - F = 0, then the flux of F through the sphere of
radius 5 with center at the origin is 0.

(e) Suppose F is a vector field with continuous partial derivatives in the region D, where
D is R® without the origin. If V x F = 0 then §. F - dr is zero, for every simple and
smooth closed curve C in IR? which avoids the origin.

(f) If a vector field F is defined and has continuous partial derivatives everywhere in IR3,
and it satisfies V - F > 0, everywhere, then, for every sphere, the flux out of one
hemisphere is larger than the flux into the opposite hemisphere.

(g) If r(t) is a path in R with constant curvature «, then r(t) parametrizes part of a circle
of radius 1/x.

(h) The vector field F = (—XZLW2 , XZL—WZ , z) is conservative in its domain, which is R3,
without the z-axis.

(i) If all flow lines of a vector field in R3 are parallel to the z-axis, then the circulation of
the vector field around every closed curve is 0.

(j) If the speed of a moving particle is constant, then its acceleration is orthogonal to its
velocity.

Q[3](+):

(a) True or false? If r(t) is the position at time ¢ of an object moving in IR?, and r(t) is
twice differentiable, then |r”(t)| is the tangential component of its acceleration.

(b) Let r(t) is a smooth curve in R? with unit tangent, normal and binormal vectors T(t),
N(t), B(t). Which two of these vectors span the plane normal to the curve at r(t)?

(c) True or false? If F = Pi 4 Qj + Rk is a vector field on R such that P, Q, R have
continuous first order derivatives, and if V x F = 0 everywhere on R3, then F is
conservative.

(d) True or false? If F = Pi + Qf + Rk is a vector field on R such that P, Q, R have
continuous second order derivatives, then V x (V- F) = 0.

(e) True or false? If F is a vector field on R3 such that |F(x,y,z)| =1forall x, y, z, and if
S is the sphere x* +y2 4+ z2 = 1, then ([ F- AdS = 47.

(f) True or false? Every closed surface S in IR? is orientable. (Recall that S is closed if it is
the boundary of a solid region E.)
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Q[4](+):

(@) In the curve shown below (a helix lying in the surface of a cone), is the curvature
increasing, decreasing, or constant as z increases?

z

W)

xZ

(b) Of the two functions shown below, one is a function f(x) and one is its curvature
x(x). Which is which?

<

X

(c) Let C be the curve of intersection of the cylinder x2 4+ z2 = 1 and the saddle xz = y.
Parametrise C. (Be sure to specify the domain of your parametrisation.)

(d) Let H be the helical ramp (also known as a helicoid) which revolves around the
z-axis in a clockwise direction viewed from above, beginning at the y-axis when

z = 0, and rising 27t units each time it makes a full revolution. Let S be the portion of

H which lies outside the cylinder x? + y?> = 4, above the z = 0 plane and below the
z = 5 plane. Choose one of the following functions and give the domain on which
the function you have chosen parametrizes S. (Hint: Only one of the following
functions is possible.)

r(u,v) = (ucosv,usinov, u)
r(u,v) = (ucosv,usinv,v)
) (usinv, ucosv, u)

= (

usino, ucosv,v)

(e) Write down a parametrized curve of zero curvature and arclength 1. (Be sure to
specify the domain of your parametrisation.)

81



TRUE/FALSE AND OTHER SHORT QUESTIONS

(f) If V - Fis a constant C on all of R3, and S is a cube of unit volume such that the flux
outward through each side of S is 1, what is C?

(g) Let
F(x,y) = (ax+ by, cx +dy)
Give the full set of 4, b, c and d such that F is conservative.

(h) If r(s) has been parametrized by arclength (i.e. s is arclength), what is the arclength
of r(s) between s = 3 and s = 5?

(i) Let F be a 2D vector field which is defined everywhere except at the points marked P

and Q. Suppose that V x F = 0 everywhere on the domain of F. Consider the five
curves R, S, T, U, and V shown in the picture.

Which of the following is necessarily true?

(1) §¢F-dr={ F-dr

@) g F-dr=§;F-dr = F-dr={,F-dr=0
() (RF-dr+§,F-dr+ § F-dr={,F-dr

() § F-dr=(F-dr+{ F-dr

() §,F-dr=0

(j) Write down a 3D vector field F such that for all closed surfaces S, the volume
enclosed by S is equal to
|| s
S

(k) Consider the vector field F in the xy-plane shown below. Is the k' component of
V x F at P positive, negative or zero?
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Q[5](): Say whether the following statements are true or false.

(a) If Fis a 3D vector field defined on all of R?, and S; and S, are two surfaces with the
same boundary, but SSSl F-AdS # 5552 F-fidS, then V - F is not zero anywhere.

(b) If F is a vector field satisfying V x F = 0 whose domain is not simply-connected, then
F is not conservative.

(c) The osculating circle of a curve C at a point has the same unit tangent vector, unit
normal vector, and curvature as C at that point.

(d) A planet orbiting a sun has period proportional to the cube of the major axis of the
orbit.

(e) For any 3D vector field F, V - (V x F) = 0.

(f) A field whose divergence is zero everywhere in its domain has closed surfaces S in
its domain.

(g) The gravitational force field is conservative.

(h) If Fis a field defined on all of IR® such that § F - dr = 3 for some curve C, then V x F
is non-zero at some point.

(i) The normal component of acceleration for a curve of constant curvature is constant.
(j) The curve defined by
11 (t) = cos(t*) i+ 3t%, —o0 <t <o,
is the same as the curve defined by
1rp(t) = costi+3tk, —0 <t <
Q[6](+): Which of the following statements are true (T) and which are false (F)? All real

valued functions f(x,y,z) and all vector fields F(x,y,z) have domain IR? unless specified
otherwise.

(a) If f is a continuous real valued function and S a smooth oriented surface, then

| £as=- | ras

S =S

where ‘—5’ denotes the surface S but with the opposite orientation.
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(b) Suppose the components of the vector field F have continuous partial derivatives. If
§§s V x F-AdS = 0 for every closed smooth surface, then F is conservative.

(c) Suppose S is a smooth surface bounded by a smooth simple closed curve C. The
orientation of C is determined by that of S as in Stokes” theorem. Suppose the real
valued function f has continuous partial derivatives. Then

Lo () oo
S

(d) Suppose the real valued function f(x,y, z) has continuous second order partial
derivatives. Then

(V) x (Vf) =V x(Vf)

(e) The curve parameterized by
r(t) = (2448, -3, 1-28) —w<t<w

has curvature x(t) = 0 for all ¢.

(f) If a smooth curve is parameterized by r(s) where s is arc length, then its tangent
vector satisfies

¥ (s)l =1

(g) If S is the sphere x? + y* + z> = 1 and F is a constant vector field, then {{s F-AdS = 0.

(h) There exists a vector field F whose components have continuous second order partial
derivatives such that V x F = (x, y, z).

QI7](+): The vector field F = P(x,y) 1+ Q(x,y)] is plotted below.
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In the following questions, give the answer that is best supported by the plot.

(a) The derivative P, at the point labelled A is (a) positive, (b) negative, (c) zero, (d) there
is not enough information to tell.

(b) The derivative Q, at the point labelled A is (a) positive, (b) negative, (c) zero, (d)
there is not enough information to tell.

(©) Tlr}e curl of F at the point labelled A is (a) in the direction of +Kk (b) in the direction of
—k (c) zero (d) there is not enough information to tell.

(d) The work done by the vector field on a particle travelling from point B to point C
along the curve C; is (a) positive (b) negative (c) zero (d) there is not enough
information to tell.

(e) The work done by the vector field on a particle travelling from point B to point C
along the curve C; is (a) positive (b) negative (c) zero (d) there is not enough
information to tell.

(f) The vector field F is (a) the gradient of some function f (b) the curl of some vector
field G (c) not conservative (d) divergence free.

Q[8](+): Which of the following statements are true (T) and which are false (F)?
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(@) The curve defined by
11 (t) = cos(t?)1 4 sin(#?) j + 2t* Kk, —00 <t <
is the same as the curve defined by

1p(t) = costi+sintj+ 2tk, —00 <t <w

(b) The curve defined by

11 (t) = cos(t?) 1+ sin(#?) j + 2t* Kk, 0

N
N
—_

is the same as the curve defined by

1y(t) = costi+sintj + 2tk, 0<t<l1

(c) If a smooth curve is parameterized by r(s) where s is arc length, then its tangent
vector satisfies
[¥(s)] =1

(d) If r(t) defines a smooth curve C in space that has constant curvature « > 0, then C is
part of a circle with radius 1/«.

(e) If the speed of a moving object is constant, then its acceleration is orthogonal to its
velocity.

(f) The vector field
__Y
= x2+y21+ 21y

F(x,y,z) 2j+zf<
is conservative.

(g) Suppose the vector field F(x,y, z) is defined on an open domain and its components
have continuous partial derivatives. If V x F = 0, then F is conservative.

(h) The region D = { (x,y) | x> +y? > 1 } is simply connected.
(i) The region D = { (x,y) | y — x* > 0 } is simply connected.

(j) If F is a vector field whose components have two continuous partial derivatives, then

f VxF-adS=0
S
when S is the boundary of a solid region E in IR>.
Q[9](*): Which of the following statements are true (T) and which are false (F)?

(a) If a smooth curve C is parameterized by r(s) where s is arc length, then the tangent
vector ¥'(s) satisfies |r'(s)| = 1.

(b) If r(¢) defines a smooth curve C in space that has constant curvature x > 0, then C is
part of a circle with radius 1/«.
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(c) Suppose F is a continuous vector field with open domain D. If

fF-drzO
C

for every piecewise smooth closed curve C in D, then F is conservative.

(d) Suppose F is a vector field with open domain D, and the components of F have
continuous partial derivatives. If V x F = 0 everywhere on D, then F is conservative.

(e) The curve defined by
11 (t) = cos(t?) 1+ sin(#?) j + 2t% Kk, —00 <t <
is the same as the curve defined by

1(t) = costi+sintj+ 2tk, —0<t<w

(f) The curve defined by

r1(t) = cos(t?) i+ sin(t?)j + 2%k, 0

N
N
—

is the same as the curve defined by

1ry(t) = costi+sintj+2tk, 0<t<1

(g) Suppose F(x,y,z) is a vector field whose components have continuous second order
partial derivatives. Then V - (V x F) = 0.

(h) Suppose the real valued function f(x, y,z) has continuous second order partial
derivatives. Then V - (Vf) = 0.

(i) The region D = { (x,y) | x> + y* > 1 } is simply connected.
() Theregion D = { (x,y) | ¥y — x> > 0 } is simply connected.

Q[10](*): Let F, G be vector fields, and f, ¢ be scalar fields. Assume F, G, f, ¢ are defined
on all of R? and have continuous partial derivatives of all orders everywhere. Mark each
of the following as True (T) or False (F).

(a) If Cisaclosed curve and Vf = 0, then {- fds = 0.

(b) If r(¢) is a parametrization of a smooth curve C and the binormal B(¢) is constant
then C is a straight line.

(c) If r(t) is the position of a particle which travels with constant speed, then
r'(t) 1" (t) = 0.

(d) If Cis a path from points A to B, then the line integral SC (F X G) -dr is independent
of the path C.

(e) The line integral {- f ds does not depend of the orientation of the curve C.
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(f) If S is a parametric surface r(u,v) then a normal to S is given by

or or

8uxé‘_u

(g) The surface area of the parametric surface S given by
r(u,v) = x(u,0)i+y(u,v)j+z(u,v)k, (u,0v) € D, is given by

fj (1 +(2)+ (%)2)1/2 dudo

(h) If F is the velocity field of an incompressible fluid then V - F = 0.
(i) V- (FxG) =(V-F)G+(V-G)F

Q[11](): Say whether the following statements are true (T) or false (F). You may assume
that all functions and vector fields are defined everywhere and have derivatives of all
orders everywhere.

(a) The divergence of V x F is zero, for every F.

(b) In a simply connected region, - F - dr depends only on the endpoints of C.
(c) If Vf =0, then f is a constant function.

(d) If V x F = 0, then F is a constant vector field.

(e) If V-F =0, then {{, F-fidS = 0 for every closed surface S.

(f) If {- F-dr = 0 for every closed curve C, then V x F = 0.

(g) If r(t) is a path in three space with constant speed |v(t)|, then the acceleration is
perpendicular to the tangent vector,i.e. a- T = 0.

(h) If r(¢) is a path in three space with constant curvature , then r(¢) parameterizes part
of a circle of radius 1/x.

(i) Let F be a vector field and suppose that S; and S, are oriented surfaces with the same
boundary curve C, and C is given the direction that is compatible with the
orientations of Sy and S, . Then {{o, F-adS = {{., F-adS.

(j) Let A(t) be the area swept out by the trajectory of a planet from time ¢ = 0 to time ¢.
The % is constant.

Q[12](+): Find the correct identity, if f is a function and G and F are vector fields. Select
the true statement.

@ V- (fF) = fV x(F)+ (Vf) xF
(b) V- (fF)=fV - (F)+F-Vf
(© Vx(fF)=fV-(F)+F-Vf

(d) None of the above are true.
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Q[13](*): True or False. Consider vector fields F and scalar functions f and g which are
defined and smooth in all of three-dimensional space. Let r = (x,y, z) represent a
variable point in space, and let w = (w1, w2, w3) be a constant vector. Let () be a
smoothly bounded domain with outer normal A. Which of the following are identites,
always valid under these assumptions?

@ V- -Vf=0

(b) FxVf=fV-F

(© V=V(V-f)

d) VxVf=0

€ (Vxf)+(Vxg)=VfxVg
() V-VxF=0

(8) V'II =0forr#0

(h) x (W xr) =

Q) H FVEdV = — H vF. de+f FF-AdS

G) Hfﬁdsz—ﬂ Vfdv
Q) (@)

Q[14](*): Determine if the given statements are True or False. Provide a reason or a
counterexample.

(a) A constant vector field is conservative on IR3.
(b) If V- F = 0 for all points in the domain of F then F is a constant vector field.

(c) Let r(t) be a parametrization of a curve C in R%. If r(t) and & are orthogonal at all

points of the curve C, then C lies on the surface of a sphere x> + y? + z2 = a? for some
a> 0.

(d) The curvature x at a point on a curve depends on the orientation of the curve.
(e) The domain of a conservative vector field must be simply connected.
Q[15](*): Provide a short answer to each question.

(a) Compute V - (x2yi+ ¢V sinxj + e** k)

(b) Compute V x (cos x21 —y3zj + xz k)

(c) Let

= i

and let D be the domain of F. Consider the following four statments.

y . 21
+y2]+Zk

(I) D is connected
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(II) D is disconnected
(III) D is simply connected
(IV) D is not simply connected
Choose one of the following:
(i) (I) and (IM) are true
(i) (I) and (III) are true
(iii) (I) and (IV) are true
(iv) (I) and (IV) are true
(v) Not enough information to determine

(d) True or False? If the speed of a particle is constant then the acceleration of the particle
is zero. If your answer is True, provide a reason. If your answer is False, provide a
counter example.

Q[16](x): Are each of the following statements True or False? Recall that f € Ck means
that all derivatives of f up to order k exist and are continuous.

(a) V x (fVf) = 0 for all C? scalar functions f in IR3.
(b) V- (fF) = Vf -F+ fV -F for all C! scalar functions f and C! vector fields F in R®.

(c) A smooth space curve C with constant curvature x = 0 must be a part of a straight
line.

(d) A smooth space curve C with constant curvature « # 0 must be part of a circle of
radius 1/x.

(e) If f is any smooth function defined in R3 and if C is any circle, then SC Vf.-dr=0.

(f) Suppose F is a smooth vector field in R?> and V - F = 0 everywhere. Then, for every
sphere, the flux out of one hemisphere is equal to the flux into the opposite
hemisphere.

(g) Let F(x,y,z) be a continuously differentiable vector field which is defined for every
(x,y,z). Then, SSS V x F-11dS = 0 for any closed surface S. (A closed surface is a
surface that is the boundary of a solid region.)

Q[17](*): True or false (reasons must be given):

(a) If a smooth vector field on R is curl free and divergence free, then its potential is
harmonic. By definition, ¢(x, v, z) is harmonic if (% + 227 + %)(p(x, y,z) = 0.

(b) If F is a smooth conservative vector field on IR?, then its flux through any smooth
closed surface is zero.

Q[18](*): The following statements may be true or false. Decide which. If true, give a
proof. If false, provide a counter-example.

(a) If f is any smooth function defined in R® and if C is any circle, then §- V- dr = 0.
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(b) There is a vector field F that obeys V x F = xi+yj + zk.
QI[19](*): Short answers:
(a) Let S be the level surface f(x,y,z) = 0. Why is {- Vf - dr = 0 for any curve C on 5?

(b) A point moving in space with position r(f) at time ¢ satisfies the condition
a(t) = f(t)r(t) for all t for some real valued function f. Why is v x r a constant
vector?

(c) Why is the trajectory of the point in (b) contained in a plane?

(d) Is the binormal vector, B, of a particle moving in space, always orthogonal to the unit
tangent vector T and unit normal N?

(e) If the curvature of the path of a particle moving in space is constant, is the
acceleration zero when maximum speed occurs?

Q[20](#): A region R is bounded by a simple closed curve C. The curve C is oriented such
that R lies to the left of C when walking along C in the direction of C. Determine whether
or not each of the following expressions is equal to the area of R. You must justify your
conclusions.

(a) 1J —ydx +xdy
2 Je

(b) lj —xdx +ydy
2 Je

© | vis
(d) J Bydx +4xdy
c

Q[21](+): Say whether each of the following statements is true or false and explain why.

(@) A moving particle has velocity and acceleration vectors that satisfy |v| = 1 and
|a| = 1 at all times. Then the curvature of this particle’s path is a constant.

(b) If F is any smooth vector field defined in R® and if S is any sphere, then
y y sp

f V xF-AdS =0
S

Here fi is the outward normal to S.

(c) If F and G are smooth vector fields in R3 and if

O~y

F.dr = §G -dr for every circle C,
C

then F = G.
Q[22](*): Three quickies:
(a) A moving particle with position r(t) = (x(t),y(t),z(t)) satisfies

a=f(r,v)r
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for some scalar-valued function f. Prove that r x v is constant.

(b) Calculate {§¢(x3—yj+ 22 k) - idS, where S is the boundary of any solid right
circular cylinder of radius b with one base in the plane z = 1 and the other base in the
plane z = 3.

(c) Let F and G be smooth vector fields defined in IR?. Suppose that, for every circle C,
we have §-F - dr = {{; G - i dS, where S is the oriented disk with boundary C. Prove
that G =V x F.
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Hints for Exercises 1.1. — Jump to TABLE OF CONTENTS.

H-1: Draw sketches. Don’t forget the range that the parameter runs over.
H-2: Find the value of t at which the three points occur on the curve.

H-3: The curve “crosses itself” when (sint, t?) gives the same coordinate for different
values of t. When these crossings occur will depend on which crossing you're referring
to, so your answers should all depend on t.

H-4: For part (b), find the position of P relative to the centre of the circle. Then combine
your answer with part (a).

H-5: We aren’t concerned with x, so we can eliminate it by solving one equation for x as a
function of y and z and plugging the result into the other equation.

H-6: To determine whether the particle is rising or falling, we only need to consider its
z-coordinate.

H-7: This is the setup from Lemma 1.1.4 in the CLP-4. The two quantities you're labelling
are related, but different.

H-8: See the note just before Example 1.1.6.

H-9: To simplify your answer, remember: the cross product of a and b is a vector
orthogonal to both a and b; the cross product of a vector with itself is zero; and two
orthogonal vectors have dot product 0.

H-10: Evaluate 3 |r(t)|2.

H-11: Just compute |v(t)|. Note that (e? + e“‘t)2 = 2 42 72,

H-12: To figure out what the path looks like, first concentrate on the x- and y-coordinates.

H-13: Review §1.5 of the CLP-4 text. The arc length should be positive.
H-14: From Lemma 1.1.4 in the CLP-4 text, we know the arclength fromt =0tot =1
dr

will be .
fo a(t)‘ dt

The notation looks a little confusing at first, but we can break it down piece by piece:

% (t) is a vector, whose components are functions of f. If we take its magnitude, we’ll get

one big function of t. That function is what we integrate. Before integrating it, however,
we should simplify as much as possible.

H-16: r(t) is the position of the particle, so its acceleration is r”(t).
H-17: Review §1.5 of the CLP-4 text.

H-18: Review §1.1 of the CLP-4 text.

H-19: (a) First parametrize x>+ 4% =09.

H-20: If you got the answer 0 in part (b), you dropped some absolute value signs.
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H-22: The integral you get can be evaluated with a simple substitution. You may want to
factor the integrand first.

H-23: (b) £ + 1+ x is a perfect square.
(c), (d) Let

* r(x) be the position of the particle when its first coordinate is x,
* R(f) be the position of the particle at time ¢, and
* x(t) be the x—coordinate of the particle at time ¢.

Then R(t) = r(x(t)). We are told |R/(t)| =9 for all t.
H-24: Given the position of a particle, you can find its velocity.

H-25: If r(u) is the parametrization of C by u, then the position of the particle at time ¢ is
R(t) = r(u(t)).
H-26: By Newton’s law, F = ma.

H-27: Denote by r(x) the parametrization of C by x. If the x-coordinate of the particle at
time £ is x(t), then the position of the particle at time ¢ is R(t) = r(x(t)). Also, though the

particle is moving at a constant speed, it doesn’t necessarily have a constant value of %.

H-28: The question is already set up as an xy-plane, with the camera at the origin, so the
vector in the direction the camera is pointing is (x(¢),y()). Let 6 be the angle the camera
makes with the positive x-axis (due east). The tangent function gives a clean-looking
relation between 6(t), x(t), and y(t).

H-29: Usng the Theorem of Pappus, the surface area and volume of this pipe are the
same as that of a straight pipe with the same length and radius.

H-30: A helix can be parametrized by r(6) = acos01 + asin@j + bo k.

H-31: Define u(t) = ¢*9X(t) and substitute 3 (¢) = e~*"u(t) into the given differential
equation to find a differential equation for u.

L o &

Hints for Exercises 1.2. — Jump to TABLE OF CONTENTS.

H-1: You're asked to find the arclength of the curve froms =1tos = t.
H-2: The arclength will be 0 at P.
H-3: a(tp) and b(sp) describe the same point on R.

H-4: On your way to finding the relationship between t and arclength, you should realize
that the curve has constant speed (with respect to t), though not constant velocity.

H-5: For which values of t is [r(t)| < 1? Check the domain of t — we're not starting at
Zero.

H-6: Be careful with the domain.

H-7: Remember v x? = |x|. You will need to consider cases for this one.
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Hints for Exercises 1.3. — Jump to TABLE OF CONTENTS.

H-1: The curve is a circle, so you don’t need to do any calculus.

H-2: Because r is a circle, you can parametrize it with respect to arclength without using
an integral. You found « in Question 1.

H-3: When t is large, does the spiral locally look like a circle of large radius, or small?

H-4: % = |v(t)| = | (t)]

e v _ P
H-5: T = 71 = 1wy

H-7: You can find the last two quantities by making use of the first three. Looking ahead,
the formula list in Section 1.5 might come in handy.

[v(t) x a(t)]
)3

H-9: The maximum and minimum values of «(t) should be obvious from your formula
for x(t).

H-8: We can calculate x = . We can also figure out what kind of a shape our

/N
Q-lQa
|0

curve is.

H-11: For part (a), determine r(0), r(7r), r(27), ¥(377), and r(47), to help you map out the
motion. Also visualize the thumbtack as the wheel moves.

For part (d), use the fact that you only care about t = 7: where is this on your sketch?
What does that mean about the direction of N?

H-12: You should find that s = 9!

H-13: Since x(x) is never negative, x(x) is maximum when x?(x) is maximum. The latter
is easier to compute.

L o &

Hints for Exercises 1.4. — Jump to TABLE OF CONTENTS.

H-1: Use the right-hand rule to figure out how B is oriented.
H-2: Speed is the norm of velocity. Does that fit this equation?

H-3: Review Example 1.4.4 and remember that positive torsion indicates “right-handed
twisting.” You shouldn’t actually need to calculate anything.

H-4: (a) Show that the tangent vector T(s) is a constant.

(b) Guess the plane. To do so, first show that the binormal B(s) is a constant. Then show
that (r(s) — r(0)) - B is a constant.

(c) Guess the circle. To do so, first show that r.(s) = r(s) + %N(s) is a constant.

H-5: It is not necessary to compute anything.
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. . . ... d
-6: Both parts of this question make use of the quantity g}.
d
ey - 0 <a)
[v(t) x a(t)]?
-8: Review §1.5 of the CLP-4 text.

5

T

v

-9: The vector perpendicular to the plane containing the osculating circle is the
binormal vector, B.

H-10: (a) The tangent vector of the curve is also a normal vector for the specified plane.

(b) Review §1.5 of the CLP-4 text.

H-11: Remember a(t) = 3—?5(0 T(t) +x(t) (%(t))zN(t). Remember also that B is

orthogonal to T and N, which are in the plane of C.

H-12: By Theorem 1.3.3 of the CLP-4 text, the tangential component of acceleration is

2
aT(t) = %

H-13: Use your answers to previous parts to calculate (d). Tangential and normal
components of acceleration are defined just before Example 1.3.4 in the text.

H-14: (a) All points on the curve obey an equation that contains x’s and y’s, but no z’s.
There is a standard way to get a nice parametrization of this equation, that doesn’t
involve using square roots.

(b) You don’t need to compute the constants for all points: only the given point.

H-15: For part (c), you only need to find N at a point, which is easier than finding it for
all t.

H-16: First parametrize x> + y? = 1 in the standard way. You don’t need calculus for part
(c)-
H-17: Review §1.5 of the CLP-4 text.

H-18: Since 0 < t < 1, you can simplify |t| = ¢.

H-19: For part (f), remember that you can write the equation of a plane easily once you
know a point it passes through, and a vector normal to it. The plane should touch the
curve when t = 0, and the plane should contain T and N.

H-20: It might be easier to find B before you find N, then use the formula
N(t) = B(t) x T(t).

H-21: The osculating plane at r(t;) is the plane through r(ty) with normal B(t;). Also,
notice the points for parts (a) and (b) are not the same.

H-22: Since t > 0, we can simplify v = |t| = t.
H-23: In this context, “distance travelled” means “arclength.”

H-24: Use T and N to compute B.
H-25: (a) First find a parametrization (x(6),y(0)) for x> + y* = 1.
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H-26: You need to find the acceleration at (1,1,1). Think about what strategies are
available for computing the acceleration.

H-27: For part (a), T(t) will be a vector of the form T(t) = % where a and b are

nonzero constant real numbers.

For part (b), N(#) will be a vector of the form N(t) = (2?/41?74’52) where « and p are nonzero

constant real numbers.

1, where 1 is a positive

For part (e), x(t) will be a function of the form x(t) = e

constant real number.
H-28: Differentiate N = B x T with respect to s.

The vectors N, B, and T form a right-handed triple. Sketch them (the same way you
might sketch the x, y, and z axes) to figure out the signs of their cross products.

H-29: In part (b), note that a is the second derivative with respect to time (not 8). Exploit
a= —ad’zt’ T + v%xkN to find what you're asked for.

H-30: For part (d), what is the relationship between the y- and z-components of the
particle’s position? How can you use that to find a plane containing the particle at all
times t?

H-31: Rather than trying to wrangle trig identities, plug in § = 7 as soon as you can for
part (a). For part (c), remember that you need the chain rule if you want to make use of
your previous derivatives.

&> <&

Hints for Exercises 1.6. — Jump to TABLE OF CONTENTS.

H-1: Your differential is ds, where s is arclength.

H-2: (a) You can parametrize the curve by r(6) = r(0) cos 01 +r(0) sinfj, 61 <60 < 6,.
H-3: Following Definition 1.6.1, set f(x,y,z) = %, x(t) = £, y(t) = V3%, and z(t) = 3t.
H-4: Parametrize the circle in the usual way.

H-5: C can be parametrized as (1 +t,2+2t,3+2t) for 0 < t < 1.

1
It/ 2—1

H-8: Sketch C and determine the normal vectors from the sketch. You can use x or y as
the integration variable in your integrals.

H-9: (c) How is x(t)? + y(t)? related to z(t)?
(d) First, sketch (x(t), y(t)).

H-7: Simplify! Also: & {arcsect} =

§cxpds

Scpds
straightforward applications of the power rule.

H-10: Remember & =

, etc. The integrals you evaluate should all be
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Hints for Exercises 1.7. — Jump to TABLE OF CONTENTS.

H-1: Gravity pulls straight down, while the direction of the normal force depends on the
curve of the wire. There is not enough information to know the magnitude of the forces,
but you can approximate their directions.

H-2: This equation stems from F = ma. In that equation, a is what kind of derivative?

H-3: A thought experiment might help you avoid any calculations. If the wire were
perfectly vertical or perfectly horizontal, what would WN be?

H-4: The skater reaches their highest point when |v| = 0.

H-5: The highest vertical height occurs just as the skateboarder’s speed reduces to 0, at
T _ E
Ys = g-

H-6: At the bottom of the culvert, all the skater’s energy is kinetic, not potential. That is,
in the equation E = Jm|v|> + mgy, we have y = 0.

H-7: Equation 1.7.2 tells us the normal force exerted by the track is WN, where
W = mx|v|*> + mgk - N. Equation 1.3.3 part (c) says a(f) = d92T +x < ) N.
H-8: When 6 = 137t/ 3,4 d92 = 0, which is handy for a quicker calculation.

Important equations: the normal force exerted by the track is WN, where
W = mx|v|? + mgj - N (Equation 1.7.2); a(f) = dng +x (gg) N (Equation 1.3.3, part
(©))-

H-9: According to the equation in the text, the skiier will become airborne when:

[v] >

A |0q
<>

So, we need |v| to be greater than 4/£|j - N| for some point on the curve inside the range
1/e<t<e.

Note that g is given in metres per second, while the other quantities are in kilometres and
hours.

H-10: There are now three forces acting on the bead: one parallel to j (exerted by gravity),
one parallel to N (exerted by the wire), and one parallel to T (exerted by the jet pack).

Follow the reasoning in the sliding bead section of the text, focusing on the tangential
forces.

H-11: If the snowmachine is moving at a constant speed, the tangential component of its
acceleration is zero. Part (a) is similar to Question 10.

H-12: Follow the discussion in the text.
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It’s fine to leave part (b) pretty messy. Your answer for part (c) involves the root of a
cubic function, but you don’t need a high degree of accuracy to decide between the three
options given.

L o &

Hints for Exercises 1.8. — Jump to TABLE OF CONTENTS.

H-2: r is allowed to be negative.
H-3: Compute, for each angle 6, the dot product &,(6) - &,(6).
H-5: The curve can be parametrized by r(0) = f(6) [ cos6 7 + sin 6 j]

&> <&

Hints for Exercises 2.1. — Jump to TABLE OF CONTENTS.

H-1: Not all blanks represent a single interval.

H-2: Write down all coordinates where v(x,y) -1 = 0 or v(x,y) -] = 0, and look for a

pattern.

H-3: If you know the speed and direction of an object, you can find its velocity.

i

H-5: When the twig is at (x, y) it has velocity v(x,y).

H-6: Whenever the twig is on the y-axis, its velocity is parallel to the y-axis. So it remains
on the y-axis for all time.

H-7: Set your face to be at the origin, (0,0,0).

If A is “inversely proportional” to B, then there exists a constant « such that AB = a.
That way when |B| goes up, |A| goes down, and vice-versa.

H-8: Start with the regions where v(x,y) -7 and v(x,y) - j are positive and negative. As
you move up/down/left/right, do the vectors get longer or shorter? More horizontal or
more vertical?

H-9: v(x,y) -1 is the distance from (x, y) to the origin, while v(x, y) - j is the distance from
(x,y) to the point (1,1).

H-10: Factor x? + xy = x(x + y) and y?> — xy = y(x — y). Chop the plane up into eight
regions using the two coordinate axes and the linesy = x, y = —x.

H-11: What is the geometric interpretation of each summand?

H-12: (a), (c) Intrepret the vector field geometrically.

H-13: The constant G is the same for all masses, but M differs. The net force is the sum of
three force vectors.

H-14: For part a., make a triangle with P as one of its vertices that is similar to the
triangle made by the pole, the wall, and the ground. Its hypotenuse has length p; let its
base be b and its height be . Find a way to translate between (b, 1) and (x, y).
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For part b., use your answer from part a. Start by describing a point on a pole as its

distance from the lower end of the pole, p. Then, consider % and (%, %) separately. If

you're having a hard time simplifying your answer, note 4/x2 + y2 = 1/3(1 — z) for any
point (x,y,z) on a pole when H = 1.

L o &

Hints for Exercises 2.2. — Jump to TABLE OF CONTENTS.

H-2: Express x(t) and y/(t) purely in terms of x(t) and y(t).
H-3: Review §2.2 in the CLP-4 text.

L g a

Hints for Exercises 2.3. — Jump to TABLE OF CONTENTS.

H-1: Carefully consider the context that lead to each of these equations.
H-2: One of the three options will NEVER be true, for any F.
H-3: Modify ¢, the potential for F.

H-4: a. If F + G is conservative, what has to be true?
b. What if F and G are quite similar?
c. Find a potential for F + G.

H-5: Note that the domain is D = { (x,y) | x > 1 }. Compare to Example 2.3.14 in the
text.

H-6: A potential does exist.
H-7: Recall %m x| = %

H-8: Try the screening test, Theorem 2.3.9.

H-9: f % dx can be evaluated by inspection, or with the substitution
x24+y?+z
u=x>+y>+z%

H-11: For what values of the constants A and B does the vector field F pass the screening
test Vx F = 0?

H-12: Review Example 2.1.2 in the CLP-4 text.

H-13: Following Example 2.3.3, the particle can never escape the region

{(vy.2) | o(x,y,2) > ~E}
where E is the energy of the system.

H-14: Example 2.3.3 tells us sm|v(t)[> — ¢(x(t),y(t),z(t)) = E is a constant quantity,
provided F is conservative with potential ¢(x,y, z).

H-15: Find a potential ¢. Notice f, g, and h are functions of one variable each — this
simplifies things.
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H-16: Write the points with curl 0 as multiples of a constant vector.

L g a

Hints for Exercises 2.4. — Jump to TABLE OF CONTENTS.

H-1: The top and bottom of the square can be easily paramerized using x as the
parameter. The other two sides can be easily parameterized using y as the parameter.

H-2: Contrast Theorems 2.4.8 and 2.3.9.

H-3: Please don’t do any computation, especially not to find C!

H-4: Review properties of conservative vector fields.
H-5: Use Theorems 2.4.7 and 2.4.8 in the CLP-4 text.
Review Theorem 2.4.7 in the text.

7: Part (d) is a hint.

515 B

a»

-8: The last part of the question is a huge hint.

s

-11: Parametrize the curve using y as a parameter.

H-12: (a) Use Theorem 2.4.8 in the CLP-4 text.

(c) You may parametrize the curve using x as the parameter. Exploit the fact that, for the
value of A found in part (a), F + AG is conservative.

H-14: Parametrize the path using sines and cosines. The work done is {- F - dr

H-15: Is F conservative?

H-16: Is F = xy j conservative? Sketch C.

H-17: That the line integral is to be independent of path is a huge hint.
H-18: Note that

o y = 0 on the line segment from (1,0,0) to (0,0,1) and
o x = 0 on the line segment from (0,0,1) to (0,1,0) and
o z = 0 on the line segment from (0,1,0) to (1,0,0)

H-19: That F is conservative should be a dead giveaway.

H-20: To calculate the integral, it might be easier to find a potential for F and use
Theorem 2.4.2.

H-21: Your answer from (b) can help you in (c). Also, cos(1) = cos(—1), because cosine is
an even function.

H-22: Review §2.4.1 of the text.

H-23: Relate the integral of part (d) to the integral of part (c).
H-24: Write the integral of part (c) as §- G - dr. What is the difference between G and F?

H-25: (d) How are G and F related?
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H-26: (a) Start with g—er = y2e¥?.

(b) Use the result of part (a) to do part (b).

H-27: The integral in part (b) is path independent. That’s a big hint.
H-28: Part (a) is a hint for part (b).

H-29: The three parts of this problem are closely related.

H-30: We can rewrite x> +y? + z> = 2zas x> + y* + (z — 1) = 1.

H-31: Newton’s law of motion is F = ma. The work done over a displacement dr is

W =F-dr.

H-32: (a) The curve can be easily parametrized by using x as a parameter.
(b) Don’t evaluate the integral directly.

H-33: Refer to Example 1.4.4 for a parametrization of a helix.

H-34: (b) Parametrize each side of the square by arc length, and make use of the plentiful
zeroes that arise.

H-35: Force is mass times acceleration, where acceleration is the second derivative of
position, r(t), with respect to time, . The work done by F between time a and time b is

Ss F-dr.
H-36: Note that the curve goes from (2,2) to (1,1) — not the other way around.

For part (b), one possibility is to look for a path consisting of the line segment from (2,2)
to (2,Y), followed by the line segment from (2,Y) to (1,Y), followed by the line segment
from (1,Y) to (1,1), with Y being a parameter to be determined.

H-37: One possibility is to look for a path consisting of the line segment from (0, 0) to

(0,Y), followed by the line segment from (0,Y) to (2,Y), followed by the line segment
from (2,Y) to (2,0), with Y being a parameter to be determined.

H-38: Is F conservative?

H-39: On S, notez = 2 + x%2 — 3y2. Further, the vector field F(x,vy,z) = 22 kis
conservative (with potential 12z%), so Sc, F.dr= Sc, F - dr for any two curves C; and C,
from P; to P,. Compare this to Questions 24 through 25.

H-40: Simplify the answer in part (a) as much as possible.

For part (c), start with % — x¥” and L = 22 cos(x%2).
For part (d), notice the difference between the given vector field and the conservative
vector field of part (c). The resulting integral can be directly evaluated using methods
from integral calculus.

. ds _ |d
H-41: For (b), remember G = ‘d—f
Is the vector field of part (c) conservative?
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H-42: For part (d), what is the difference between | and {, F - dr?
For part (e), many parts of the integral are zero: find as many as you can.

H-43: By Newton's law of motion, mr”(t) = F(t).

Recall x(t) = %

H-44: (a) Remember the arclength of the parametrized path r(t) fromt =atot =bis
given by Ss ¥/ (t)| dt. In this case, |t/ (t)| can be simplified considerably.

(b) Remember x(t) = %

(c) Gravity is conservative. Friction is not conservative.

(d) What are the tangential and normal components of acceleration?

&> <&

Hints for Exercises 3.1. — Jump to TABLE OF CONTENTS.

H-1: Your answer will have the form r(x,y) = ¢ (x,y)i + 2 (x,y)j + ¥3(x, y)k.

H-3: First think about what properties r(u, v) has to have in order to be a
parametrization.

H-4: First think about what properties r has to have in order to be a parametrization.

H-5: First think about what properties r(u#, v) has to have in order to be a
parametrization.

&> <&

Hints for Exercises 3.2. — Jump to TABLE OF CONTENTS.

H-1: What are the tangent planes to the two surfaces at (0,0,0)?
H-2: Apply the chain rule to G(x(t)) = 0.

H-4: To find a tangent vector to the curve of intersection of the surfaces F(x,y,z) = 0 and

G(x,y,z) = 0at (xo, Y0, 20), use Q[2] twice, once for the surface F(x,y,z) = 0 and once for
the surface G(x,y,z) = 0.

H-5: To find a tangent vector to the curve of intersection of the surfaces z = f(x,y) and

z = g(x,y) at (xo, Yo, 20), use Q[2] twice, once for the surface z = f(x,y) and once for the
surface z = g(x,vy).

H-10: Review §3.2 in the CLP-4 text.
H-11: Review §3.2 in the CLP-4 text.
H-13: Let (x,y, z) be a desired point. Then

* (x,y,z) must be on the surface and
e the normal vector to the surface at (x,y,z) must be parallel to the plane’s normal
vector.

H-14: First find a parametric equation for the normal line to S at (xo, yo, z0). Then the
requirement that (0,0, 0) lies on that normal line gives three equations in the four
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unknowns x, yo, zo and t. The requirement that (xo, Yo, zo) lies on S gives a fourth
equation. Solve this system of four equations.

H-15: Two (nonzero) vectors v and w are parallel if and only if there is a ¢ such that
v = t w. Don’t forget that the point has to be on the hyperboloid.

H-16: (b) If v is tangent, at a point P, to the curve of intersection of the surfaces S; and S,,
then v

* has to be tangent to S; at P, and so must be perpendicular to the normal vector to
Sy at P and

* has to be tangent to S; at P, and so must be perpendicular to the normal vector to
S, at P.

H-17: The angle between the curve and the surface at P is 90° minus the angle between
the curve and the normal vector to the surface at P.

H-18: At the highest and lowest points of the surface, the tangent plane is horizontal.

L o &

Hints for Exercises 3.3. — Jump to TABLE OF CONTENTS.

H-1: Sis a very simple geometric object.

H-2: The triangle is part of the plane 7 + I+z=1

H-3: Flatten S out.

H-8: The total surface area of (b) (ii) can be determined without evaluating any integrals.

H-9: Rewrite the equation of the cone in the form y = h(x, z).

H-11: On S, (x,y) runs over the interior of x> + y?> = 2x, or equivalently, the interior of
(x—1)2+y>=1.

H-12: See Example 3.1.5 of the CLP-4 text for a parametrization of the torus.

H-13: Call the part of the sphere in the first octant S. By definition, the centroid is (%,7,Z)

with
flgxds  ffyds _ fszds
foas 77 ds il s

The integrals will be easy if you use spherical coordinates. You can reduce the number of
integrals evaluated by using symmetry.

X =

H-14: Before parametrizing the cylinder, express x> + y* = 2ay in cylindrical coordinates.

H-16: (a) The integral can be easily evaluated by using that the sphere has surface area
47a”.

(c) Use cylindrcial coordinates for the top part of the cone.

H-20: Beware of signs. Note that0 <z < 1lonS.
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H-21: The z-coordinate of the centre of mass is the weighted average of the z-coordinate
over the cone. Since a density has not been specified, we assume that it is a constant. We
may take the density to be 1, so the z-coordinate of the centre of mass is {§;zdS/ {{. dS.

H-22: Use cylindrcal coordinates. Note that because of the symmetry of the cone, only
the z-component of the centre of mass requires an integral to be calculated. The
z-coordinate of the centre of mass is the weighted average of the z-coordinate over the
cone. Thatis z = {§,zdS/ {{. dS.

H-24: Review (3.3.2) in the CLP-4 text.

H-25: Don’t be afraid to tweak spherical coordinates so as to fit the condition
x = 4/y? + z% well. To do so, first use a sketch to develop a geometric interpretation of

X

H-26: The surface S may be parametrized by observing that, for each fixed y,
x? + 22 = sin’y is a circle.

H-27: By symmetry, the centre of mass will lie on the z-axis. By definition, the
z-coordinate of the centre of mass is the weighted average of z over S, which is

$szp(x,y,z)dS
SSs p(x,y,z)dS

H-37: You can use the cylindrical coordinates 6 and z to parametrize the hyperboloid.
H-38: (a) Review §3.2 of the CLP-4 text.
(b) Review §3.3.1 of the CLP-4 text.

H-39: (a) Review §2.4.1 in the CLP-4 text.

7 =

(b) Use Lemma 2.3.6 of the CLP-4 text to show that the integrand is identically zero.

L o &

Hints for Exercises 4.1. — Jump to TABLE OF CONTENTS.

H-2: Compute V x F for some simple vector fields.

H-3: For parts(a) and (b), write out the definitions of the left and right hand sides and
observe that they are equal. Part (c) can be done easily by using other, simpler, vector
identities.

H-6: (c) can be done efficiently by using (a) and (b).

H-12: (a) Find the magnitude and direction of the velocity vector. Then verify that (2 x r
has that magnitude and direction.

L o &

Hints for Exercises 4.2. — Jump to TABLE OF CONTENTS.

H-3: (b) The integral can be trivially evaluated by exploiting oddness and the fact that
§§§, dV = Volume(V).
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H-4: For part (a), use spherical coordinates.

H-5: (a) The integral is easier in polar coordinates.
(b) Since x is odd, {{{, xdV = 0.

H-6: (a) The integral is easy in polar coordinates.

(b) The volume of the solid can be easily computed by decomposing the solid into thin
horizontal pancakes. See Section 1.6 in the CLP-2 text.

H-7: The divergence theorem, of course.
H-8: It’s easier to use the divergence theorem. But don’t forget the base of the silo.

H-9: The divergence theorem, of course. The integral can be easily evaluated by using
that, for any solid V in R3,

§§§y xdV $yydv s §§§, zdv

Jf dV = Volume(V) X = Volume(V) y= Volume (V) Volume(V)
y

where (%, 7, 2) is the centroid of V.

H-10: The complexity of F is a hint that the flux should not be evaluated directly.
H-11: The specified surface is not closed.

H-12: (a), (b), (c) Review warning 4.2.3 in the CLP-4 text.

(d) The divergence theorem can be used — with care.

(e) The equation can be made more understandable by completing a square.

H-13: (a) Use a suitable modification of spherical coordinate. Do not forget to specify the
range of the parameters.

H-14: Don’t evaluate the flux directly.

H-15: For practice, try doing this question twice — once using the divergence theorem
and once using direct evaluation.

H-16: The question highlights that the vector field has divergence 0. Thta’s a big hint.

H-17: As F looks complicated, it is probably wise not to try and evaluate the flux integral
directly.

H-18: As F looks complicated, it is probably wise not to try and evaluate the flux integral
directly.

H-19: The vector field F looks complicated. Try to avoid a direct evaluation of the flux
integral.

H-20: The divergence of F is a lot simpler than F itself. By default, we want the outward
flux.

H-21: The vector field F looks very complicated. That strongly suggests that we not
evaluate the integral directly.
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H-22: The divergence of F is a lot simpler than F itself.

H-23: Note that F(x, y, z) is not defined at (x,y,z) = (0,0,0).

H-25: The surface S is not a closed surface.

H-29: The complexity of F is a hint that the flux should not be evaluated directly.

H-31: The flux can be calculated directly, but it is rather easier to calculate it using the
Divergence Theorem.

H-32: Use that y is odd to easily evaluate some integrals.

H-34: (a) Use cylindrical coordinates.

(b) The volume of the V' can be easily computed by decomposing V into thin horizontal
washers. See Section 1.6 in the CLP-2 text.

H-35: Review the derivation of the heat equation in Section 4.2.1 of the CLP-4 text.

H-37: Make a judicious choice of parametrization.

H-38: Do not compute the integral directly.

H-39: Be careful about which normals to use in part (c). For practice, try to do part (c) in
two different ways, with one being direct evaluation.

H-40: For part (b), do not evaluate the flux directly. In part (c), the flux can be related to
the volume enclosed by the surface, and the centre of mass of the volume enclosed by the
surface.

H-41: (b) We have several different methods for evaluating flux integrals. Think about
what would be involved in applying each of them before settling on which one to use.

(c) Be sneaky — don’t evaluate this integral directly.

H-42: For parts (b) and (c), write out carefully the integral that the divergence theorem
gives you.

H-43: Note that 22 + 2(12) 4+ 3(1)?> = 9 < 16 so that (2,1,1) is inside S,
while 32 +2(22) 4 3(2)? = 29 > 16 so that (3,2,2) is outside S.

H-44: Review §4.2.2 in the CLP-4 text.

H-46: Consider very small a’s.

H-47: Carefully draw a side view of S.

H-48: Both the divergence theorem and a vector identity in Theorem 4.1.4 of the CLP-4
text are useful.

H-49: x is an odd function.
H-50: You should be able to guess the centre of mass, (%,7) of the disk D. Then the

integrals {{, x dxdy and {§, y dxdy can be found by using ¥ = S%fxd%iy and 7 = Sgsﬁﬂd%iy.
D D
- -
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Hints for Exercises 4.3. — Jump to TABLE OF CONTENTS.

H-2: Let r(s) = x(s) 1+ y(s) ] be a counterclockwise parametrization of C by arc length.
Then T(s) = r'(s) = «/ (s)i+y'(s)] is the forward pointing unit tangent vector to C at
r(s) and Ai(s) =r'(s) x k = y'(s)7 — x'(s) j. To see that t'(s) x k really is fi(s), note that
y'(s)i—x'(s)]

* has the same length, namely 1, as t'(s) (recall that r(s) is a parametrization by arc

length),

¢ lies in the xy-plane and

o is perpendicular to r'(s). (Check that r'(s) - [y/(s)i — x'(s)j] = 0.)

e Use the right hand rule to check that r'(s) x k is fi rather than —A.

H-3: Use direct evaluation!

H-4: The functions - _’iyz and x2_+yy2 are not defined, let alone continuous or differentiable,
atx =y =0.

H-5: For practice, evaluate this integral twice — once directly and once using Green’s
theorem.

H-6: The siny? and cos y? in the integrand look hard to integrate. Try Green’s theorem.
H-7: Don’t do the integral directly.

H-8: Don’t do the integral directly. Sketch the rectangle.

H-9: Do not compute the integral directly.

H-10: Don’t do the integral directly. Sketch the triangle.

H-11: The integrand for direct evaluation looks complicated — don’t evaluate this
integral directly.

H-12: Direct evaluation is not the most efficient method available.

H-13: Green’s theorem must be applied to a closed curve; note that the curve C is not
closed.

Consider carefully the point (0,0) in your analysis.

You may use the fact that { 1%2 = arctan(t) + C.

H-14: If we were to try to evaluate this integral directly, then on the y = x> — 4x + 3 part

of C, the integrand would contain x%¢¥ = x2ex' 413 That looks hard to integrate, so try
Green’s theorem.

H-15: Beware the point (0, 0).

H-18: It is possible to evaluate this integral by three different methods, one of them being
direct evaluation (though it requires some ingenuity). Try to find all three.

H-20: Write §-F-dr— A§- G -dr = §-(F — AG) - dr.
H-21: Note that F(x, y) is not defined at (x,y) = (0,0).
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H-22: Note that F(x, y) is not defined at (x,y) = (0,0).
H-24: (a) All points on the curve obey an equation that contains x’s and y’s, but no z’s.
(b) Exploit conservativeness as much as possible.

H-25: Use Green’s theorem to convert the integral over C into an integral over the region
R in the xy-plane whose boundary is C. Consider the sign of the integrand of the integral
over R.

L g a

Hints for Exercises 4.4. — Jump to TABLE OF CONTENTS.

s>

oS

H-1: One approach is to first do

Then imagine slowly deforming the sketch to the get specified S’s
H-2: Define the vector field F(x,y,z) = Fi(x,y) i+ F(x,y)].
H-3: First verify the vector identity V x [¢pVyp + V| =0

H-4: To parametrize the curve x> + y? = 1, z = y?, first parametrize the circle x> + y* = 1.
That is, find x(t) and y(t) obeying x(#?) + y(t)? = 1. Then set z(t) = y(t)>.

H-5: Apply Stokes’ theorem. Note that r(t) = x(t)1 + y(t)j + z(t) k obeys

x(t) +y(t) +z(t) = 3, for every t, and that x(t)1 + y(t)j = (1 +cost)i+ (1 +sint)jruns
counterclockwise around the circle of radius 1 centered on (1,1).

H-6: The form of the integral should be quite suggestive.

H-7: The form of the integral should be quite suggestive.

H-8: What's the title of this section?

H-9: We are to evaluate a flux integral of the form {{, V x F- A dS. Sure looks like one
side of Stokes” theorem.

H-10: The vector field F looks too complicated for a direct evaluation of the line integral.
So, try Stokes’ theorem.

H-16: All three vertices of part (a) lie in the plane of part (b).

H-17: The curve C is the boundary of a surface. To guess the surface express the z
component of r(t) in terms of the x and y components.

H-18: The fact that the surface is not completely specified is a big hint.

H-19: We are to evaluate the line integral of a complicated vector field around a relatively
complicated closed curve. (Sketch it!) That certainly suggests that we should not try to
evaluate the integral directly.
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H-20: The integral looks messy. Compute the curl of F to help gauge if Stokes’ theorem
would be easier.

H-21: The form of the integrand is sugestive.

H-26: Let D be the disk in the plane x + y + z = 3 whose boundary is C. Suppose that, as

(x,y,z) runs over D, (x,y) runs over the ellipse D,,. We are told that the area of D is

7R?, but we are not told the area of D’. So it is easier to deal with the integral {{,, dS than
with the integral {,, dxdy.

H-29: Given the form of F, direct evaluation looks hard.

The integral evaluations can be greatly simplified by using that the centroid (%, 7) of any
region R in the xy-plane is

§lg xdxdy __ Sgydxdy
Area(R) Y= Area(R)

H-30: Part (a) is a hint for part (b). Sketch the curve in part (b).

X =

H-31: For practice, evaluate the flux of part (a) twice — once by direct evaluation and
once using Stokes’ theorem.

H-32: By definition, D is connected if any two points in D can be joined by a curve that
lies completely in D.

By definition, D is simply connected if any simple closed curve in D can be shrunk to a
point continuously in D.

H-33: Review §4.1.2 in the CLP-4 text.

H-34: Considering that there are ten line segments in C, it is probably not very efficient to
use direct evaluation.

H-35: Direct evaluation looks hard.

H-36: Rewrite §- E - dr as a surface integral.

H-37: What is x(t)? + y(t)? + z(t)? = 2? How is x(t) relatex to z(#)?

H-38: The intersection of the plane x + y + z = 1 with the sphere x> + y?> +z2 = lisa
circle. Use symmetry to guess the centre of the circle.

H-39: Sketch S.

H-40: You can avoid evaluating any integral by identifying S’ as a simple geometric
tigure.

&> <&

Hints for Exercises 5. — Jump to TABLE OF CONTENTS.
H-2: Read (d), (e), (f), (g), (h) very carefully.

H-3: Beware that in part (f) a surface is defined to be closed if and only if it is the
boundary of a solid region E. Even though that is not the usual definition, it is be used in
this question.
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H-4: (b) In general, for which values of x is the curvature of y = f(x) zero?
(c) First parametrize x2+z22=1.

(d) First determine when r(u, v) has z = 0.

(e) What type of curve has curvature zero?

(f) What theorem relates the divergence of a vector field with flux integrals of the vector
field?

(g) What is the screening test for conservativeness in two dimensions?
(h) What is the definition of “parametrized by arclength”?

(i) What theorem relates line integrals to curls?

(j) What theorem relates flux integrals to divergences?

(k) Use Stokes’ theorem.

H-5: Read all of the statements very carefully. The details are critical.
(a) Note the word anywhere.

(b) If you have not learned about simply connected domains, skip this part. If you have,
read the statement very carefully.

(d) If you have not learned about Kepler’s three laws, skip this part.

(h) Read the statement very carefully. It does not specify that C is closed.
(i) Review §1.5 of the CLP-4 text.

H-8: Read all of the statements very carefully. The details are critical.
For part (d), note that the curve need not lie in a plane.

For part (g), note that the domain can have holes in it.

For parts (h) and (i), by definition, D is simply connected if any simply closed curve in D
can be shrunk to a point continuously in D.

H-9: Read all of the statements very carefully. The details are critical.

For part (b), note that the curve need not lie in a plane.

For part (d), note that the domain can have holes in it.

For parts (i) and (j), by definition, D is simply connected if any simply closed curve in D
can be shrunk to a point continuously in D.

H-10: Read all of the statements very carefully. The details are critical.
(a) The integral (- f ds = 0 is not of the form {-F - dr.

(d) F and G can be any vector fields.

(e) Think about how { f ds is defined.

(f) Look at g—; X g—; very closely.

112



(g) The integral is completely independent of x(u,v) and y(u, v).
H-11: Read all of the statements very carefully. The details are critical.

(b) Read the statement very carefully. “simply connected” plays no role here. The vector
tield F is not required to be conservative.

(e) Recall that S is closed when it is the boundary of a solid region V.
(g) Assume that the constant |v| is not zero.

(j) If you have not learned about Kepler’s three laws, skip this part.
H-13: (g) Be careful. The power in the denominator is important.

(j) Beware the sign.

H-20: Review Corollary 4.3.5 in the CLP-4 text.

H-21:

(b) §§s V x F-fdS is a flux integral over the closed surface S.

(c) Consider §-F-dr —§- G -dr = §-(F - G) - dr.
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ANSWERS TO PROBLEMS
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Answers to Exercises 1.1 — Jump to TABLE OF CONTENTS
Al @r(y) =+/a?—y*i+yj0<y<a

(b) (x(9),y(9)) = (asing, —acosp), T < p <

(©) (x(s),y(s)) = (acos(§ —5),asin(§ —£)),0 <5 < Fa

A-2: (1,25), (-1/+/2,0), (0,25).

A-3: The curve crosses itself at all points (0, (7711)?) where 7 is an integer. It passes such a
point twice, 27tn time units apart.

A-4: (a) (a+ab,a) (b)(a+ab + asinb,a + acosb)

N

ABiz— -y J1-2 -

<

A-6: The particle is moving upwards from t = 1 to t = 2, and from t = 3 onwards. The

particle is moving downwards fromt =0tot =1, and from t =2 to t = 3.
The particle is moving faster when ¢ = 1 than when t = 3.

A-7:

The red vector is r(f + 1) — r(t). The arclength of the segment indicated by the blue line
is the (scalar) s(t + h) — s(t).

Remark: as h approaches 0, the curve (if it’s differentiable at t) starts to resemble a
straight line, with the length of the vector r(t + 1) — r(t) approaching the scalar
s(t+ h) —s(t). This step is crucial to understanding Lemma 1.1.4 in the CLP-4 text.

A-8: Velocity is a vector-valued quantity, so it has both a magnitude and a direction.
Speed is a scalar — the magnitude of the velocity. It does not include a direction.

A-9: (c)
A-10: See the solution.
A-11: (d)
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A-12: velocity = —asinti+acostj+ck  speed = Va2 + (2
acceleration = —acosti —asint]j

The path is a helix with radius a and with each turn having height 27rc.
2,01
(20,1) (b) % [53/2 _ 8}

A-13: (a) T(1)

— V5
A-14:2

A-15: length = Va2 + b2 T
A-16:1

A-17: (@) 20/3  (b) x(t) = =27t —2t, y(t) = —27t, z(t) = /3 + m°t
A-18: (a) ¥'(t) = ( —3sint,3cost, 4) (b) 5
A-19: (a) x(6) = 3cosb, y(0) =3sinb, z(0) = 6cosf +9sinfd, 0 < <271

(b) s = 7" /45 + 45 cos? § — 108 sin 0 cos 0 46
A-20: (a) 57 (10v10—1)  (b) %(10v/10—1)
AL s(t) = & + 4
a2 524 90m)" — (24 30m) ]
A-23: (@) r(x) = xi+/xj+ 322k (b)21 (0)6i+3j+6k (d)—6i—12j+12k
A-24: |1
A-25: (@) r(u) = uPi+3u?j+6uk ()7 (©2 ()1
3

A26: (@) r(t) = (Bt — )i (t—sint)] + (%eﬂ -~ t) k Ot=n

(© -1 +2j+ (2" —1) k
A27: ()21  (b)6 (20+4j+4k () -8(2i+j-2k)
A-pg: XDy (1) —y(Dx'(1)

x2+y?
A-29: Volume: 5407t Surface area: 3607
A-30: L ~ 53 cm

1
7T/ e

at A

A-31: I‘(t) =r)— e_’xtflv() _’_glfatfe— k

[ [xz

L 4

Answers to Exercises 1.2 — Jump to TABLE OF CONTENTS
A-1:t -1
A-2: (sin(1/2),cos(1/2),v/3/2)
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A
4: (a) (3/4, —V3/4, —1/2) (b) R(s) = (2sin®(s/3),2 cos(s/3), 3sin(s/3) cos(s/3))

ﬁ(a)\/i (b)\iﬁ<cos<ln(\%>),sin<ln<\%>>> with s > 0

A-6: (cosz, zsinz, z) for 0 < z < 71/2. The curve is (the first quarter-turn of) a spiral,
with width in the x-direction 2, and increasing width in the y-direction. The parameter z
is the height, as well as a radian measure for the spiral.

A7 R(s) =
[(2v2-35)2/2 —1)], -1 [(2v2 - 35)?/3 — 1]3/2> whens < 3(2v2 1)

( |
{( (35 +2—2v/2)%/3 - },%[(3s+2—2ﬁ)2/3—1}3/2> whens > 1(2v2 1)

&> <&

LE

N[—= NI=

Answers to Exercises 1.3 — Jump to TABLE OF CONTENTS

P
_A—_Z:T(t) (cost, —sint), T(s) = (cos(s/3), —sin(s/3)),
(t) = (—sint, —cost), N(s) = (—sin(s/3), — cos(s/3))

A-3: tlirn k(t)=0

p

A4 §E = /e + 9+ cos?t

A-5: %—T = \/ii(—sint—cost, —sint 4 cost)

g—ST: ﬁ (=sin (In (s/v2)) —cos (In (s/v2))), —sin(In(s/v2)) + cos (In (s/v2)))
A-6: See the solution.

A v(t) = (e, 2t +1)

<
—>

() = el 2t +1
o\ (2t +1)2 e+ (2t +1)2
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et|1 — 2¢|
(€2t+ (2t+1)2)3/2

A-8: k(t) =

E. x(t) =

—_
- %l

A-9: Kmax = 727 Kmin = a%'
A-10: (a) k(0) = 273/2 (b) (x +2)%>+(y—3)2=8
A-11: (a)

r(t) = (t —sint, 1 — cost)

(b) x(t) = ZMW @4 () (x—mn)?+(y+2)?=16

A-12: k(s) = s
A-13: The maximum values occur at (x,y) = +(1/v/5, %5_3/4).

The limits limy_, + o x(x) = 0.

&
Answers to Exercises 1.4 — Jump to TABLE OF CONTENTS
A-1:

oints out of the page (towards the reader).
: arclength

: a(t) and b(t) have negative torsion, c(t) has zero torsion.

|°>|°>°°>
w ([N T

|D>

5: (a), (b)
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(c) The torsion is zero.
A6: ()P (t) = (' +e )i+ (e —e ') j+2k, r'(t) = (ef —e ) i+ (ef +e7) ],

K(t) = 2+62t1+€—2t

.3
A-7: 157
Q. (s — Pk po o Pi-2tj+k & (28 i (1) jH (2t Pk
A8 T(t) V12414 B(#) V1441244 N(#) = V12411442414
V1+42 4
K = prmmr () = o
A-9: When ¢ = 0, the planeis z = 1.
When ¢ = 1/5, the plane is (1/25)x + 3y — (30/¢)z = —10.
24/14+912+9t4
A10: (@2 +y+3z=6  O)x(t) = ¥ aoapn
All:(@)2 () -Li-Llj+ 7k (c)ﬁ:%ﬁi—%jJr\%R
A-12: (@) R(t) = (-1,0,7%) +t(0,-1,27r)  (b)ar(t) = 1‘§f4t2

A-13: (a) /5t (b) ar(t) = sinti+costj+2k (c) an(t) =tcosti—tsint]
(d) x(t) =
A-14: (a)r(G):[ 1+ 3cosf]i+3sinfj+ [10 —6cosf] k, 0 < 6 < 27

u-||H

(b) At (2,0,4), T =j, N = =Ziz2k g — 2itk 4 () = V5
=] 3

i B =
R 2442 tj+k i-3v/2j—4k
A-15: () T(t) = “th\[%“‘ (b) ﬁ (0 4 3\\[5%] 4k

A-16: (a) One possible parametrization is r(8) = cos 81 +sinfj + (1 — cosf — sin §) k
with0 <6 <27
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(b) x(6) = W

(c) maximum curvature = /3 at \If \F +(1 \ﬁ) k and —\% — \sz + (14 V2) k

minimum curvature = % at — \f \[ +kand 7 — \/LE + Kk
s _22i42tj+k ¢ _2ti-(22-1)j-2tk o
A-17: T(t) = T N(t) = 2711 K(t) = m

A-18: () 1[232-1]  (b) ‘;f (1

A19:@v(t)=(1,-1,t) OEEH=v2+22 (a(t)=(0,0,1)

@r() = Fn  @N@B)=Fe Oriy=3 (@212

A0 @) T(1) = BREEE o)x() = 225 @x(0)=v2  @NO) =]

(e) B(0) = —i
A-2l: (@) x=1-2t,y=—-1+4+t,z=—-1+3¢ (b)3x -3y —z= -1

A22 () Y5 )k(1) =4
A23: @8 () T(1) = 4(1,1,0),N(1) =(0,0,-1)  (©x(1) =4
A-24: (a) 3

0) T(v/6) = §( -3, 2%,4), N(/s) = §(+/3,1,0), B(w/6) = }(~2,2v3,-3)
A-25: (a) r(f) = cosfi+sinfj+cos(20)k  0<f<2m  (b)3
(©)z=+2x—2y

(d) radius 1/x(7t/4) = 5 and centre ( —2v/2, —2v2, 0)

A-26: 3(1—4j+k)

A27: @) T(t) = HISE ) N(H) = ALK (@) () —VBy+z=0

(@ x(t) = (144£2) "

(f) The curvature x(t) achieves its maximum value at r(0) = (0,0,0).

(g) The curvature never achieves a minimum.

j == \fw P \/§V+W,r(t):tu—|—t2v

(h)i= I

Nl:
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The curve (a(t),b(t)) = (t,1?) is the curve y = x2. It is “curviest” at the origin, which is
consistent with part (f). It becomes flatter and flatter as |¢| increases, but never achieves
“perfect flatness”, which is consistent with (g).

A-28: See the solution.

A29: (@) T = 2:(0,2—v2), N = —45(6,1,v2), B = 2= (- 1,2,2v2), 5 = Y32 = 2

ﬂ

b))% =22 (i)v=(0,v2-1).
)

A-30: (a) v(t) = (—sint, cost, ccost), a(t) = (—cost, —sint, —csint)
24
(b)o(t) = V1+c2cos?t () pleoy

(d) The curve lies on the plane z = cy.

A-31: (a)@ (b)\/iﬁ (c) () 4/ (i) (167, —4, —4m) (iii) 4V17 7

<

Answers to Exercises 1.6 — Jump to TABLE OF CONTENTS

A-1: {-ds
A-2: (a) See the solution. (b) 8

A-3: 21\f(z —1)+ \f(25—1)
A-4: kg

A-5: 26

A6 (@) 25 (b) 8
A- 11r12

A-8: 2¢°

A9 (@) e (—i-mj+2nk) ) F[(1+57)¥2 1] (Qz=27+)

(d)
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4 92 4736
A-10: <5— %m)

<

Answers to Exercises 1.7 — Jump to TABLE OF CONTENTS

Al:

WN

—mgj
A-2: time
A-3: positive
ﬂ Y= mig — just like a circular culvert (if the culvert is high enough).
A-5:2940]
A-6: at least 54/9.8 m/s
A7: (=25 +2352, — 3 +3.92, ~2v2+3136)

A-8: \[ 72

A-9: |v| > 504 kph

(100+ > ~20m/s

A-10: U = mg %Y
A-11: @) M =mgj-T  (b) negative (c) — 1960 ~ —1131.6 N

. __ E 24(E—mgy4) o yA?);S .
A-12: (a) ys = g (b) ap =4Amg | ——— (or equivalent)
(9+7(@> ) 947(442)
(c) The skateboarder makes it up to the ceiling, but falls off rather than making it all the
way around. Ouch.

1/2
A-13: (a), (b) See the solution. (c)2 [ i ]
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Answers to Exercises 1.8 — Jump to TABLE OF CONTENTS

A-1: The left hand sketch below contains the points, (x1,y1), (x3,¥3), (x5,y5), that are on
the axes. The right hand sketch below contains the points, (x2,12), (x4,Y4), that are not
on the axes.

! Ly Wy
$(0,1) : :
, V2
5 o7
(~2,0) TR (3,0 Pt
¢ ® X X

rn=3060=0 1rn=v260=% rn=106=% rn=+v20=>3=
rs = 2, 95 =TT
A-2: (a) (r =2, 6 = nm, nodd integer ) or (r = —2, 6 = n7m, n even integer )

(b) (r = V2,0 =rm/4 + 2n7) or (r = V2,6 = 57/4 + 2n7), with n integer.
(©) (r=+2,0=57/4+42nm) or (r = —v2, 6 = 7/ + 2nn), with n integer.

A-3: (a) Both &,(0) and &4(#) have length 1. The angle between them is 5. The cross
product is &,(6) x &(6) = k.

(b) Here is a sketch of (x;,y;), &-(6;), &(0;) for i = 1,3,5 (the points on the axes)

69(71’)

and here is a sketch (to a different scale) of (x;,y;), &-(6;), &(6;) for i = 2,4 (the points off
the axes).

e, (35) Y eoT)  en(n)
(—1,1) (1,1)
es(21) e
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4 @< @E (b)o®B ()< (F)

|F(0)2+27(0)2—£(0)F" ()|

A-5: K(e) = [f(9)2+f/(9)2]3/2

. p— 3 — 3
A-6: K(G) T 232a/1-cos® ~ 2,/2ar(f)
&>

(d) < (©)

(€ < (A) ()~ (D)

Answers to Exercises 2.1 — Jump to TABLE OF CONTENTS

>0 when

>0

A-1:v(x,y) -1 =0 when and v(x,y)-j =0

<0 when

at least for (x, y) shown in the sketch.

>0 when

<0

when[ 2= =2

when |x € {-2,2}

when x<—20rx>2\

>0 when

A-2:v(x,y)-1{=0 when[y=—x[; and v(x,y)j{=0 when[y=x]
<0 when <0 when[y > x|

least for (x,y) shown in the sketch.

3 — _—lvl

A-3:v(x,y) = W(x,y)

A4P>0 Q>0 L<o X>0

A-5: (@) (1.01,1.01)  (b)(0,0)  (d) (0, 0)

A-6: (0, —10)

A-7:If your face is at the origin, then v(x,y,z) = —m (x,y,z) for some positive

constant a.

A-8:

at
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(a) (b)

N
\\\\ ////
R A A
~ N
/1N N

A 77— O\ O\
S 7N\
h
A

NN
R T T B B N
NN NS S

NN SN Y
NN e

—5G(x, 3G(2—x,3— 7G(4—x,—
AL £(0Y) = G & Toaety Pt T

A-14:a. v(p) = ((1 -5 ﬁé , — %) b. V(x,y,z) = (—%,-%,%) or equivalent

<

Answers to Exercises 2.2 — Jump to TABLE OF CONTENTS
A-1:

<

w
P

2%

NN N N S 38

K & L ke bl bl e e A e—

N e e e e e e

1 9 3

>

2:v(x,y) =(—x—y, x—y)
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(b)

A-d:x =1y z=¢Y

A-5: The field lines are y = C’x® with C’ a nonzero constant, as well as x = 0 and y = 0.

\ A

&> <&

Answers to Exercises 2.3 — Jump to TABLE OF CONTENTS

A-1: In general, false.
A-2:a.C b. B c.C d.B

A-3: Let ¢ be a potential for F. Define ¢ = ¢ + ax + by 4 cz. Then
V¢ =Ve¢+(abc)=F+(ab,c).

At

a. If F 4 G is conservative for any particular F and G, then by definition, there exists a
potential ¢ with F 4+ G = V¢.

Since F is conservative, there also exists a potential ¢ with F = V.

Butnow G = (F+G) —F = V¢ — V¢ = V(¢ — ¢). That means the function (¢ — ¢)
is a potential for G. However, this is impossible: since G is non-conservative, no
function with this property exists.

So it is not possible that F + G is conservative. It must be non-conservative.

b. Counterexample: if F = —G, then F + G = 0 = V¢ for any constant c.
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c. Since both fields are conservative, they both have potentials, say F = V¢ and
G =Vi¢. ThenF+G =V¢p+ V¢ =V (p+ ). Thatis, (¢ + ¢) is a potential for
F + G, so F + G is conservative.

. . . . . o y
A-5: Yes, F is conservative on D. A potential is ¢(x,y) = arctan =.

A-6: ¢ = 3x% + xy — 3y°

A-7: ¢ =In|x| — §

A-8: None exists: % = %x?’, while %—1;3 = %x3 + 1, so F fails the screening test,
Theorem 2.3.9.

A-9: o(x,y,z) = 5 In(x? + y? + 22)

A-10: (a) F is conservative with potential ¢(x,y,z) = %xz —y?+ %zz + C for any constant

C.
(b) F is not conservative.
A-11: (a) A = 2, B is arbitrary.

() ¢(x,y,z) = xe=) 4+ By?z3 + C for any constant C.

A-12: v = m;ﬂzfz ¢ = smIn(x? +y?) + C for any constant C

A-13: It can never escape the sphere centred at the origin with radius +/20.
A-14: V14

A-15: ¢ = f%(x) + g(y)h(z) is a potential for F, so F is conservative.

A-16: The line through the origin in the direction of the vector (2,1, 2).

- -
Answers to Exercises 2.4 — Jump to TABLE OF CONTENTS

At}

A2:a.A Db.B c. A d.B

A-3:0

A-4:5

A-5:a=1,b=c=0

A-6: (a) Not conservative (b) Not conservative (c) Not conservative (d)
Conservative

A-7: (a) The (largest possible) domain is D = { (x,y,z) | x* + y* # 0 }.
b)VxF=0onD () §cF-dr =4m (d) F is not conservative.
A-8: 91 for all paths from (1,0, -1) to (0, —2,3)

A-9:2(e—1) +"72 + 37
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A-10: (a) —3 (b) —1

A-12: @) A = -1 (b) ¢(x,y,2) = 2x3yz% — xyz + y* + K, for any constant K
(c) e +2e—2

A-17: The line integral is independent of path because it is of the form {-F - dr with F
being a conservative field. The value of the integral is 1 + 7.

A8}

A-19: te”™

A20@a=1p=7 (b)e—ple+1)

A-21: (a) 0 (b) Yes. In fact F = V f with f = sinx + 2y — cosy + ¢*. (c) —4

)
A-22: (a) V x F = 0. F is conservative. (b) - F-dr = 272
A-23:(@)a=-1,b=3  (b) f(x,y,z) = xye* + yz> + C works for any constant C
(c) me™ —2 (d) re™ — %
A-24:(a) A=2,B=3 (b) ¢(x,y,z) = xy?e>* + x*y> is one allowed scalar potential.
(€)6+c—2[e—1] =8 —e~ 52817
A-25:(@)a=rm, b=3 (b) ¢(x,y,z) = x*>sin(rty) — xe* — 3ye* + C for any constant C
©-8 (d-%
A-26: (a) f(x,y,z) = ye¥* + y cos? x + C works for any constant C
(b) 2e™ — i |
A-27: (a) 0.

(b) F is conservative with potential ¢(x,y,z) = x> + y? + z2. So the integral is
¢(ay,az,a3) —9(0,0,0) = a-a.

A-28:(a)VxF=0 (b) 5 -1

A-29: (a), (b) f(x,y) = ysin(x?) + cos(y) + C is a potential for any constant C. Because F
has a potential, it is conservative.

(c) =1 — Zsin(1)

A-30: (a) p =2, m = 2, n = 2, but g € R is completely free (b) 49
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ASL @ () =ti+ (1+5)j+sintk ) r(n/2) =51+ (1+5)j+k  ©

1
8 ~ 2

A-32: (a) 51472 —1] ~ 3426  (b)sinl+ 3 ~ 23415

A-33: 27+ 1

A-34: (a) 18 (b)3—e

AB5 @ r(t) = ti+ (1+5)j+sintk  ®)rn=Fi+(1+5)j+k ©% -}
A-36: (a) -5

(b) One possibility is the path consisting of the line segment from (2,2) to (2, —3),
followed by the line segment from (2, —3) to (1, —3), followed by the line segment from
(1,-3) to (1,1).

Another possibility is the path from (2,2) to (1,1) along the parabola 27x? — 80x + 54.

A-37: One possibility is the path consisting of the line segment from (0,0) to (0,1),
followed by the line segment from (0, 1) to (2,1), followed by the line segment from
(2,1) to (2,0).

Another possibility is the path tracing out the half ellipse (cos t+1, = sm t) with ¢
running from 7 to 0.

A-38: See the solution.

A-39:a =4

A-40: (a) V x F = [—(b+ 2)x cos(x2z) + (b + 2)x>zsin(x?z)| j + (6 — )9(263"2 k

by a=6b=-2 (o) f(x,y,2) = xye¥ + sin(x?z) + C for any constant C

(d) e3 +sinl — %

A-41: (@) 8 =153  (b) 5[14%2—1] ~ 3426  (0)sinl+3 ~ 2.3415

A-42:(a) A=-4,B=-2  (b) ¢(x,y,2z) = —x*y?z + yz® + C with C being an arbitrary
constant. ( )—2  (d) -3 ~-15417  (e) 3

AL @v() = (7,0, ) ©)r(t) = (§ +1, 542, -8 +3) (©) k(t) = W
(d) 2T* + T°

A4k @8 BF  ©-¥E-1)~-7744 (@ (0,0,-3)

— .

Answers to Exercises 3.1 — Jump to TABLE OF CONTENTS

A-l:r(x,y) = xi+yj + (5T +xy)k
A-2: parabolic bowl
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A-3: (a) No (b) Yes (c) Yes (d) Yes (e) No
A-4: (a) No. (b) Yes. (c) No. (d) Yes. (e) Yes.
A-5: (a) No (b) Yes (c) Yes
A-6: (a) A, F (b) B, E ©G,]J (dH,L
A7: (@) (x,y,2) = (2+ J5cos6, 2+ J5cosf, 4 +5ind), 0 < 0 < 27,
-

Answers to Exercises 3.2 — Jump to TABLE OF CONTENTS

A-1: Yes. The plane z = 0 is the tangent plane to both surfaces at (0,0, 0).
A-2: See the solution.
A-3:
(x—x0, ¥y—vo,z—z0) = t( — fx(x0,40), —fy(x0,40),1)  or
x=xo—tfx(xo,y0) v =yo—tfy(xo,y0) z=f(x0,y0) +1

A-4: The normal planeisn- (x — xo, ¥ — Yo, 2 — 29) = 0, where the normal vector
n = VF(x()/yO/ ZO) X VG(XOIyO/ ZO)'

A-5: Tangent line is

x = xo + t[gy(x0,y0) — fy(x0, y0)]
y = Yo+ t[fx(x0,¥0) — &x(x0,40)]
z = zo + t[ fx(x0, ¥0) gy (%0, ¥0) — fy(x0, Y0)8x(x0, Yo)]
x+y+9z=2
xt+y+z=6
-8:z= —Qx—zquu

>
o)
I\JI\J

A-9: (a) 2ax —2ay +z = —a® (b)a = %

A-10: x +3y —2z =1

U11co

A-12: The tangent plane is 5z x — %y —z=-

The normal line is (x,y,z) = (—1,2,%) +t(5, —5, —1).

>
;—\
QJ
_I_
—~
;_\
O
I\J
~—

A-14: (i, -1, —%) and (- 15, -1, -})
)

1,0,3) (b) (3,3,-1) (©r(t) =(1,1,3) +t(3,3,-1)
A-17: 49.11° (to two decimal places)
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A-18: The horizontal tangent planes are z = 0,z = ¢! and z = —¢~!. The largest and
smallest values of z are e~ and —e 1, respectively.

<

Answers to Exercises 3.3 — Jump to TABLE OF CONTENTS
A-1: ab/1+ tan2 6 = absec

A-2: (a) 3Va2b? 4 a2c2 + b2c?

(b) See the solution.

. 116
A-4: ﬁﬂ,—

-7: 15[9v3 - 8v2+1]
8: (@) F(x,y) = \/1+fxxy +f(xy)? b)) §”deggdr\/§f_7 (ii) 1677

A-16: (a) 4ta®* 3 (b)3abc  (c)
LT
1
6

(b) 3

SE

N
N

N
w

A-21: (@) 1(0,z) = 3(3—2z)cos0i+%(3—z)sinfj+zk 0<6<2m, O

A-23: 271
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. V2
A-25: Y21
A-26: Br

A-28: 4
.81
A-29: 81
A-30: () r(Y,0) =e'sinfi+Yj+e cosfk 0<Y<1,0<6<2r
z
2?2+ 22=eY

(b) 2 [(1 +e2)3/2 23/2} (0) (1 —¢?)

A-31: 127t

A-33: 207

A-34: 3

A-35: 27

A-36: 27

A-37: 1927

A38: (@) x+y+z=1+7/4 (b)F[2v2—1]

A-39: (a) Yes. See the solution for the explanation. (b) See the solution for the proof.

A-40: (a) (i) r(u,v) = <u, v, %(16—2u—4v)> k u=00v=0u+20<8

(a) (i) r(u,v) = (4cosusinv, 4sinusinv, 4cosv) 0<u<2m 0<v<

W

(a) (i) r(u,0) = (u, 0, VI+u2+02)  u?>+0><99
orr(u,v) = (ucosv, usinv, v1+ u?) 0<0v<2m 0<u<+v99

(b) 32n[1 - \LA
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A41: (@)%  (b)F+3
A-42: -2
&>

Answers to Exercises 4.1 — Jump to TABLE OF CONTENTS
Al (@A (BB  (9C (@A (¢B

A-2: No.

A-3:

A4 @)V -F=3VxF=0

b))V -F=y?>—2z>4+x%, V x F =2yzi —2xzj — 2xy k

(C)VF:\/%T‘VZ’VXF:O
(ol)v-F:o,VxF:\/ngy2

ﬂ(a)% (b) (xe¥ —2x)i+y(1—e¥)j+zk
A-6: (a) k= -3 (b) k=2 (Qk=-2
A7: @3 ()2r ()-2a (d32
A-8:(a)a= -3 (b)a=4 (c)a=12

A-9: (a) F cannot have a vector potential.

(b) Two solutions are A = (22 — y?)xi — 3yz%j and A = Fxz%1 + 3 (x2 — 22)yj.

A-10: @) D = { (x,y,2) |[x*+22#0} (B)VxF=0onD (V-F=1onD
(d) F is not conservative on the domain D of part (a).

A-ll: @a=p=-1

(b) Any function of the form g(x,y,z) = xyz + w(z) will work.

A-12: (a) See the solution

b))V x (Q xr) =20 V.- Qxr)=0 (c) 1095km/hr

A-13: See the solution.

<

Answers to Exercises 4.2 — Jump to TABLE OF CONTENTS

A-1: See the solution.
A-2: See the solution.
A3: (a), (b)

A (@), (b) 470
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A5 (@) -8m  (b)2V] (©2|V|+8n

A6: (a), (b) 27

A7:@z ()0

A-8. 7T

A-9: [3+3x0—yo] V

A-10: —7T

A-11: ¥r

A-12: (a) V - F(x,y,z) = 0 except at (x,y,z) = (0,0,0), where F is not defined.
(b) 47t (c) No. (d) 4 (e)0

A-13: (@) r(0, ¢) = sinpcos0i+2sin@sinfj+2cospk 0<0<2m, 0<gp<m
(b) 167t (c) 167, again

A-14: 407t

A-15: 247

A-16: 7

A-17: 37

A-18: 3n

A-19: 37

A-20: 2

A-21: 27

A22: (@) §nr (b)) 1P

A-23: (a) V-F = 0if (x,y,z) # 0 and is not defined if (x,y,z) = 0.
(b) 47t ()0

(d) The flux integrals Sgsl F-AdSand “52 F - A dS are different, because the one point,
(0,0,0), where V - F fails to be well-defined and zero, is contained inside S; but is not
contained inside S,.

A-24:72
A-25:(a)3  (b) —147
A-26: —4 35/2

A-27: (a) 0 (b) %7(
A-28: 47

A-29:

A-30: 127
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A-31: 87~ 39.37

A-32: 57

A-33: [T - 4| @

A-34: (@) =821 (b)8V2m  (c) 16427
A-35: See the solution.

A-36: See the solution.

A-37: (a), (b) 367

A-38: §

A39: (@) 5(-1,-1,1) () - (-

. _ 23 __ 2875
A-40: () V- F=2+2z (b)n25° ==Ln

(c) Let S be an oriented surface that encloses a solid V and has outward pointing normal.
Ifz = —ﬁ — 1, where | V| is the volume of V and z is the z-component of the centroid

(i.e. centre of mass with constant density) of V, then {{, F- fidS = —9. One surface which
obeys this condition is the unit cube (with outward normal) centred on (0, 0, —%)

A4L (@Y ()20 ()18
A2 @) § + 2
(b) SSUWUS F-fAdS is zero if and only if d = —b.
(©) §85, 0, F-1dS is zero for all a, b, ¢, d.

A43: ()4 (b)O.

A-44: See the solution.

A-45: See the solution.

Acte: |

A-47: 971a3 + 971a?
A-48: See the solution.
A49: (@0  (b) Br
A-50: 30 + 247

L g a

Answers to Exercises 4.3 — Jump to TABLE OF CONTENTS

A-1: See the solution.
A-2: See the solution.

A @1  ®1 (0
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A-4: See the solution.
A-5: —54

A-6:9

A-8: —6

A9: (@)

y )y =a*+4c+4

(b) -5

At0: -}

A-11: 54

A-12: 3

A13:(@ -5  ®F  (oNo.

A-14: 54

Al5:@hL=0 ®L=r (@L=n=
A-16: (a) Qx — Py = 0 except at (0,0) where it is not defined.
(b) -2t (c) No. (d)o  (e) 27
A7 @5 O F+3

A-18: 3

.3
A-19: 37
A-20: A= -2
A-21: —71
A-22: §C1 F-dr =0and §C2 F-dr =271

A-23:(a) 4+ 5[5°/2-1] ~1.3484  (b) 3

A-24: (a) The projection of the curve on the xy-plane (i.e. the top view of the curve) is a
circle. See the solution for more details.

(b)®H0 () ()0

138



A-25: 632 +3y? =1

L 4

Answers to Exercises 4.4 — Jump to TABLE OF CONTENTS

AL
®) ©
Cos

(a)
S 0S

=

oS
A-2: See the solution.

A-3: See the solution.
A-4: @27 (b)27w
A-5: T

A-6: 81

A-7: 127

A-8. 7

A-9:8

A-10: 1

A-11: 4

A2 @8  (b)43
A-13: (a)

(2,0,0)

i
b)S={(xyz)|x*+y*+22=4,x>0,y>0,z>0} with
(6, ¢) = 2cosfsin @i+ 2sinfsingj+2cos gk, 0<6< g, 0<g¢g <§

and .
fi = cosfsingi+sinfsingj+cosgpk = Er(@,q))

(c) —4r
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A-14: (a) —1287, (b) —1267t
A-15: 47

A6 (@8  (b)4V3
A-17:5m/4

A-19: -2

A-20: —7

A-21: 3
A-22:

A-23: (a)

>

W[ ..;;l

(b) {cF-dr=10

A-24: —71

A-25: 247

A-26: 2/37TR?

A-27: 3

A-28: 27

A-29: 247

A-30: () VxF = (1-2xz)j (b) 20/3
A-31: (a) 187 (b) —187
ﬂ(a)D:{(x,y,z)\x>0,y>0,z>0}

(b) The domain D is both connected and simply connected.
(0 V xF=(2x-1/x)k
(d)2In2 —24

(e) No. F is not conservative.
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A-33:(@)a=2b=-1 (b) &

A-34: —15

A-35: 1271

& Rewrite §C E - dr as a surface integral. For the details, see the solution.
A-37: V21

.2
A-38: 33

A-39: (a) One possible parametrization is r(r,0) = rcos 61+ rsinfj +rkwith0 <r <1,
0<6<mm.

(b) 7T
. 4
A-40: — o
< <

Answers to Exercises 5 — Jump to TABLE OF CONTENTS

A-1: (a) True (b) True (c) True (d)False (e) True

(f) That depends. If x = 0, the curve is part of a straight line. If x > 0 it is part of a circle
of radius 1

:.
(g) False. (h) False. (i) False.

A-2: (a) False (b) False (c) False (d) False (e) True (f) True

(g) False (h) False (i) False () True

A-3: (a) False. (b) N(t), B(t) (c) True. (d) False. (e) False. (f) True.
A-4: (a) decreasing (b) f(x)is D

(¢) 1(8) = cos i +sinfk +sinf coshf, 0 <0 <27

(d) We want parametrisation (d) with domain |u| > 2,0 < v <5.

(e) One possible answer is r(t) = 1,0 <t < 1.

HC=6 (g) { (a,b,c,d)|a,b,c,dallrealand b = c } (h) 2

(i) 1) True (2) False (3) False (4) False (5) False

(j) Any vector field whose divergence is 1 everywhere will work. One such vector field is
F = xi.

(k) negative
A-5: (a) false (b) false (c) true (d) false
(e) true, assuming that the second derivatives of the vector field exist and are continuous.

(f) silly, but true (g) true (h) false (i) false (j) false
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A-6: (a) False (b) False (c) True (d) True (e) True (f) True (g) True
(h) False

A-7:(a) P, <0 (b) Qx >0 (c) V x Fis in the direction of +k at A
(d) Scl F-dr>0 (e) SC2 F-dr<0 (f) F is not conservative
A-8: (a) False (b) True (c) True (d) False (e) True (f) False (g) False

(h) False (i) True () True
A-9: (a) True (b) False (c) True (d) False (e) False (f) True (g) True

(h) False (i) False () True
A-10: (a) False. (b) False. (c) True. (d) False. (e) True. (f) False.
(g) False. (h) True. (i) False.

A-11: (a) True (b) False (c) True (d) False (e) True (f) True (g) True
(h) False (i) False () True

A-12: (b)

A-13: (a) False. (b) False. (c) False. (d) True. (e) False. (f) True. (8)
False. (h) False. (i) True. (j) False.

A-14: (a) True (b) False (c) True, assuming that r(t) is not indentically 0.

(d) False (e) False

A-15:

(@) 2xy + €Y sin x + xe** (b) y3 1—2zj (c) (iii) (d) False.

A-16: (a) True (b) True (c) True (d) False (e) True (f) True (g) True
A-17: (a) True (b) False

A-18: (a) True (b) False

A-19: (a), (b), (c) See the solution. (d) Yes (d) No

A-20: (a)
A-21: (a) True (b) True (c) False

A-22: (a), (c) See the solution. (b) 87th?

yes (b) no (c) no (d) yes
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SOLUTIONS TO PROBLEMS
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L g a

Solutions to Exercises 1.1 — Jump to TABLE OF CONTENTS

S-1: (a) Since, on the specified part of the circle, x = 4/a? — y? and y runs from 0 to 4, the
parametrizationis r(y) = v/a?> —y?i1+yj,0<y <a.
(b) Let 8 be the angle between

e the radius vector from the origin to the point (a cos 6, a sin ) on the circle and
¢ the positive x-axis.

The tangent line to the circle at (a cos 6, asin 0) is perpendicular to the radius vector and
so makes angle ¢ = 7 + 6 with the positive x axis. (See the figure on the left below.) As
8 = ¢ — 7, the desired parametrization is

(x(¢),y(¢)) = (acos(p— F),asin(¢ — F)) = (asing, —acos¢), F<p<m

Yy Yy (0, a)

¢ s~_(acosd, asinb)
22 + 42 = 2
(acosf,asinb)
6 %
x x
22+ 42 = a?

(c) Let 6 be the angle between
e the radius vector from the origin to the point (a cos 6, a sin 8) on the circle and
¢ the positive x-axis.

The arc from (0,a) to (acos6,asinf) subtends an angle 7 — 6 and so has length
s = a(% —0). (See the figure on the right above.) Thus 6 = § — 2 and the desired
parametrization is

S

(x(s),y(s)) = <acos (g — Z) , asin (g — E>> ,0<s

N
N[
AN

5-2: We can find the time at which the curve hits a given point by considering the two
equations that arise from the two coordinates. For the y-coordinate to be 0, we must have
(t—5)2=0,i.e. t = 5. So, the point (—1/+/2,0) happens when ¢ = 5.

Similarly, for the y-coordinate to be 25, we need (t — 5)? = 25, so (t —5) = +5. When
t = 0, the curve hits (1,25); when t = 10, the curve hits (0, 25).

So, in order, the curve passes through the points (1,25), (—1/ v/2,0), and (0,25).
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S-3: The curve “crosses itself” when the same coordinates occur for different values of t,
say t; and t;. So, we want to know when sint; = sint; and also 2= t%. Since t; and t,
should be different, the second equation tells us t, = —t;. Then the first equation tells us
sint; = sinfy = sin(—#;) = —sint;. Thatis, sint; = —sinty, so sint; = 0. That happens
whenever t; = 7n for an integer n.

So, the points at which the curve crosses itself are those points (0, (7712)?) where 7 is an
integer. It passes such a point at times t = 7in and t = —7n. So, the curve hits this point
27tn time units apart.

S-4: (a) Pretend that the circle is a spool of thread. As the circle rolls, it dispenses the
thread along the ground. When the circle rolls 8 radians, it dispenses the arc length 6a of
thread and the circle advances a distance a. So the centre of the circle has moved 6a units
to the right from its starting point, x = a. The centre of the circle always has y-coordinate
a. So, after rolling 6 radians, the centre of the circle is at position ¢(0) = (a + a6, a).

(b) Now, let’s consider the position of P on the circle, after the circle has rolled 6 radians.

From the diagram, we see that P is 4 cos 0 units above the centre of the circle, and a sin 6
units to the right of it. So, the position of P is (a + af + asin6,a + acos6).

Remark: this type of curve is known as a cycloid.

S-5: We aren’t concerned with x, so we can eliminate it by solving for it in one equation,
and plugging that into the other. Since C lies on the plane, x = —y — z, so:

1 1
1:x2—1y2+322: (—}/—2)2—13/2—%322

= Zyz + 422 4 2yz
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Completing the square,

1= %y2+ (22—1—%)2
2

Since y is small, the left hand is close to 1 and the right hand side is close to (2z)2. So

2
(2z)2 ~ 1. Since z is negative, z ~ —3 and 2z + § < 0. Also, 1 — % is positive, so it has a
real square root.

1 vy
S\VI-7 177

S-6: To determine whether the particle is rising or falling, we only need to consider its
z-coordinate: z(t) = (t — 1)?(t — 3)2. Its derivative with respect to time is

Z'(t) = 4(t—1)(t —2)(t — 3). This is positive when 1 < t < 2 and when 3 < t, so the
particle is increasing on (1,2) u (3, ) and decreasing on (0,1) u (2,3).

If r(t) is the position of the particle at time ¢, then its speed is |r'(f)|. We differentiate:

IO U .
r'(t) = - 'i— ] +4(t—1)(t-2)(t—3)k
So, (1) = -1i—1jand r(3) = —e% i — 4 j. The absolute value of every component of r(1)
is greater than or equal to that of the corresponding component of r(3), so |r(1)| > |r(3)].
That is, the particle is moving more swiftly at t = 1 than at t = 3.

2
Note: We could also compute the sizes of both vectors directly: |r'(1)| = \/ (%) +(-1)?,
2 2
and |/ (3)| = \/(%) + (—%) :

S7:
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The red vector is r(f + 1) — r(t). The arclength of the segment indicated by the blue line
is the (scalar) s(t + h) — s(t).

Remark: as h approaches 0, the curve (if it's differentiable at t) starts to resemble a
straight line, with the length of the vector r(¢ + 1) — r(t) approaching the scalar
s(t + h) —s(t). This step is crucial to understanding Lemma 1.1.4 in the CLP-4 text.

S-8: Velocity is a vector-valued quantity, so it has both a magnitude and a direction.
Speed is a scalar — the magnitude of the velocity. It does not include a direction.

5-9: By the product rule

d
a[(r xt') 1] =@ xt) "+ (ext”) "+ (xx1) 1

The first term vanishes because ' x ' = 0. The second term vanishes because r x 1" is
perpendicular to r’. So

%[(r xr)-1"] = (xx1) v

which is ().

S-10: we are told that r(t) L ¥/(t), so that r(t) - ¥'(t) = 0, for all t. Consequently
d d
I r(t)|* = T [x(t) -x(t)] =2r(t)-¥'(£) =0

So |r(#)|? is a constant, say A, independent of time and r(t) always lies on the sphere of
radius v/A centred on the origin.

S-11: We have A
v(t) = (t) = 5v2i 45+ 5> k

and hence

v(t)] = [¢'(t)] = 5|v2i + e j 4 e k| = 5v/2 + €10t o100
Since 2 + e!% 4 ¢710F = (¢ + e_5t)2, that’s (d).

S-12: We are told that A
r(f) =acosti+asintj+ctk

So, by definition,
velocity = v(t) = ¥'(t) = —asinti+acostj+ck
speed = %(t) Y'(t)| = Va2 + c2

acceleration = a(t) = t"(t) = —acosti—asintj

As t runs over an interval of length 27, (x,y) traces out a circle of radius 2 and z
increases by 27tc. The path is a helix with radius 2 and with each turn having height 27c.
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S-13: (a) Since r'(t) = (2t,0,t?), the specified unit tangent at t = 1 is
(2,0,1)
V5

(b) We are to find the arc length between (0,3,0) and (1,3,—1/3). As

ds — |r'(t)| = V412 + t4, that arc length is the integral of v/4t2 + * with ¢ running
between the value of ¢ for which r(t) = (0,3,0) and the value of ¢ for which

r(t) = (1,3,—1/3). To find those two values of ¢, we observe that

A

T(1) =

e the first component of r(t), namely t2, matches the first component of (0,3,0),
namely 0, only when t = 0. So we would guess that the ¢ corresponding to (0, 3,0)
ist =0. Asr(0) = (0%,3,30%) = (0,3,0), this is indeed the case.

e The first component of r(t), namely 2, matches the first component of (1,3, —1/3),
namely 1, only when t = +1. For the third component of r(t), namely 3#°, to match
the third component of (1,3,—1/3), namely —1/3, we need t < 0. So we would
guess that the ¢ corresponding to (1,3, —1/3) is t = —1. To check that this is indeed
the case, we compute r(—1) = ((-1)%,3,1(-1)%) = (1,3,-1/3).

So t runs from —1 to 0 and

0
arc length = f V412 + t4 dt
-1

The integrand is even, so

! 1
arc length = f 412 + t4 dt = J t\/4+ 12 dt = [% (4+ t2)3/2] = %{53/2 — 8]
0

S-14: By Lemma 1.1.4 in the CLP-4 text, the arclength of r(¢) fromt =0tot = 1is

Sé % (t)’ dt. We'll calculate this in a few pieces to make the steps clearer.

r(t) = <t, \Etz’ t3>

j;() (1 Vet, 3t2>

—t)‘:\/12+(\f6t)2 (32)2 = /146124 9t4 = /(312 +1)2 = 31> + 1

d 1
r ‘dt L(E}tz—l—l)dt:z

3

l

S-15: Since

x'(t) = a[cos®t —sin® t| = acos2t
y'(t) = 2asintcost = asin 2t

Z(t)=b
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we have

SO = PRy (02 + 202 = Va4 82

As the speed % (t) is constant, the length is just 9 T = /a2 + b2 T.

S-16: Since r(t) is the position of the particle, its acceleration is »”(t).

The magnitude of acceleration is constant, but its direction is changing, since r”(f) is a
vector with changing direction.

S-17: (a) The speed is

ds ,
SO =F®=

- \/(2cost—2tsint)2—|— (2sint—|—2tcost)2—|—t4

=4+ 412 4t

=2+t

<2cost—2tsint, 2sint + 2tcost, t2>‘

so the length of the curve is

2 2 372
lengtth ﬁdt:J(Z—i—tz)dt: 2t+t_ _ 2
o df 0 310

(b) A tangent vector to the curve at r(7) = (— 27, 0, 7/3) is
() = <2cos7t—27rsin7r, 2sin 7t + 27w cos 7T, 712> = (-2, —2m, %)

So parametric equations for the tangent line at r(7r) are
x(t) = -2 —2t
y(t) = =27t
z(t) = /3 + %t

S-18: (a) As r(t) = (3cost,3sint,4t), the velocity of the particle is

r'(t) = (—3sint,3cost,4)
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(b) As %, the rate of change of arc length per unit time, is

ds

E(t) = |¢'(t)] = |(—3sint,3cost,4)| =5

the arclength of its path betweent =1and t = 2 is

2 ds 2
Ldta(t)—fl dt5 =5

S-19: (a) We can parametrize the circle x> +y?> =9 as x() = 3cos0, y(0) = 3sin 6 with 0
running from 0 to 271. As z = 2x + 3y, the ellipse can be parametrized by

x(0) =3cosb, y(0) =3sinb, z(0) = 2x(0) + 3y(0) = 6cosf +9sinf, 0 <6 <27

(b) As

e = X (O +y (07 +2(0)

— 1/95in20 + 9 cos? 0 + 36 sin2 0 + 81 cos? § — 108 sin 0 cos 0
— /45 + 45c0s2 6 — 108 sin 6 cos 0

the circumference is

27T
s = /45 + 45 cos2  — 108 sin 6 cos 6 d@
0
-20: (a) As
¥'(t) = —sintcos® ti + sin® t costi + 3sin’ tcos t k = sint cost( — costi +sintj + 3sint k)
d
—S(t) = ]sintcost\\/coszt+sin2t+9sin2t = |sintcost|\/1+ 9sin? ¢t

the arclength fromt = 0tot = 7 is

7T/2d 7'[/2
f d—i(f)dt:f sintcostV 1+ 9sin?tdt
0 0
1 10
=g | Vudu  withu=1+09sin?t, du =18sintcostdt
1
172 5,710
_18[3” L

1
= 5-(10v10-1)
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(b) The arclength fromt =0tot = 7 is

7T d 7T
d_i (t)dt = J |sintcost|V1+9sin’tdt  Don’t forget the absolute value signs!
0 0
/2 /2
= ZJ |sintcost[V149sin?tdt = ZJ sintcost\/ 1+ 9sin? t dt
0 0

since the integrand is invariant under t — 7 — t. So the arc length fromt =0tot = 7 is
just twice the arc length from part (a), namely 2 (10v/10 — 1).

S-21: Since
£3 £2 t oA
H)=—i+—j+-k
r(t) 31~|—2]+2
1.
r’(t):t2i+tj~|—§k

ds,. _¢4 21_¢2 N2 5,01
O =Rl =B e g = (t+§) =43

the length of the curve is

S-22: Since
r(t) = "4 ")+ 52k

3 .
Y(t) = mt" i+ mt" 7mt3m/271 k

ds _\/ pamen 2 M 3 o el 9 m
a—|r(t)|— 2m?t +Tt = mt «/2—|—Z—lt

the arc length is

b b
ds 9
= ()dt = Iy 2 4 Zpm

) dt( ) dt L m +t1 dt

4 2+%bm 9 9

= Vudu withu =2+ =", du = 2 ym—1
9 Jay9am 4 4

_ 4 [%u3/2} 245"
913 249 am

Bl ) 3
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S-23: (a) Since y = v/x and z = 2xy = 2x%/2,

r(x) =xi++/xj+ §x3/2f<

For the remaining parts of this problem we will also need

1 .
v (x) :i—l—mf—l—\/}k

1 1 -
r//(x): 4x3/2A—|— \/71(
4/1+—+x—\/ \F+\F
am=;
(b)
fds— —dx—f9< +\f) dx—{\/}+%x3/2}9—3+18—21
0 \2vx N 3 0 B
(c) Denote by

* r(x) the position of the particle when its first coordinate is x,
e R(t) the position of the particle at time ¢,

* x(t) the x—coordinate of the particle at time ¢, and

e 5(x) the arc length of the curve from the origin to r(x).

We are told that |[R'(t)| = 9 for all £. So

R(H) = r(x(t)) — R(t) = ¥(x (t))‘jl’t‘(t)

ds dx

— 9= [R(1)] = " (x() (1) = (2 \/iC(—t)-M/x(t))%(t)

In particular, if the particle is at (1,1, %) at time 0, then x(0) = 1 and

1 dx dx
9 = (erﬁ) 30 = 0 =6

so that

=

d 1 .
R'(0) =r (1)d’;(o)— (i+§j+ )6= 6i+3j+6k

(d) By the product and chain rules,

dx 2
R(1) = ¥ (x(t) G (1) = R'(t) =¢'(x(1)) (au)) + (x(1) G5 (1)
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We saw in part (c) that 9 = [R'(¢)| = (z 1x(t) i

-1
dx 1
a(t) =9 (—2 O] + q/:f(t))

x(t)> dX(t) so that

Differentiating that gives

d2x 1 2 1 1 dx
w =2 (2\/@ " x(t)> (4x(t)3/2 "2 x(t)> ar

In particular, when t = 0, x(0) = 1 and 9(0) = 6

R"(0) = (1) (6)> +r(1)(—6) =36 (—iﬂ %k) ~6 (i+ %j+12)

= —6i-12j+ 12k

5-24: Given the position of the particle, we can find its velocity:
v(t) =1 (t) = (cost,—sint, 1)
Applying the given formula,
L(t) =rx v = (sint,cost,t) x (cost,—sint,1).

Solution 1: We can first compute the cross product, then differentiate:

L(t) = (cost + tsint)i+ (tcost —sint)j — k
L'(t) = tcosti—tsintj

IL'(t)| = \/i?z(sinzif—kcos2 t) = V2 = |t]

Solution 2: Using the product rule:

L'(t) =1'(t) x v(t) +1(t) x v/(¢)

(£) x ¥'(t) +r(t) x v'(¢)
0

= (sint,cost,t) x (—sint, —cost,0)

r/
r/

= tcosti—tsintj

IL'(#)] = V2 cos? t + 2sin 2 = |1
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S5-25: (a) Sincez = 6u, y = é =3u?and x = % =13,

r(u) = i+ 3uj+6uk

(b)

r'(u) =3u’i+6uj+6k
v (u) = 6ui+6j
ds

R OESHOIE V9u4 + 36u + 36 = 3(u? 4 2)

f ds = 1ﬁdu:f3(u2+2) du = [u® +6ul, =7
¢ o du 0 0

(c) Denote by R(t) the position of the particle at time t. Then

R(t) =r(u(t)) = R'(t) = r’(u(t))%

In particular, if the particle is at (1, 3, 6) at time #;, then u(t;) = 1 and
6i+12j+ 12k =R/(t)) =7(1)— (1) = (31 +6j +6k)—(t1)

which implies that 9% (#;) = 2.

(d) By the product and chain rules,

u u 2u
R = (u0) G — R0 = u0) () +¢ ) G

In particular,

27i+30j+ 6k = R'(1) = 1‘”(1)<a(t1) +1'(1) 3z ()
A ) N N . d%u
= (61467)2°+ (314 6]+ 6k) 7z (1)
Simplifying
. R R d?u d?u
3i+6j+6k= (3i+6j+6k) 7z (1) gz () =1

154



S-26: (a) According to Newton,

mr”(t) = F(t)  sothat  r’(t) = —3ti+sintj+2e* k
Integrating once gives

t2 .
Y(t) = _3Ei_ costj+e*k+c

A
A A

for some constant vector c. We are told that r'(0) = vy = ”72 i. This forces ¢ = ”721 +7j-
so that

2 2
Y(t) = (%%) i+ (1—cost)j+ (e —1)k

Integrating a second time gives

2 3
r(t) = <%t—%) l—i—(t—smt)]—l—(; e — > k+c

for some (other) constant vector ¢. We are told that r(0) = % k. This forces ¢ = 0 so

that
r(t) = (%% — g) i+ (t—sint)j+ (%eZt—t> k
(b) The particle is in the plane x = 0 when
— <7T_2t_f) =£(7T2—t2) — = 0,47
So the desired time is t = .

(c) At time t = 7, the velocity is

2 2
Y'(m) = (%—%) i+ (1—cosm)j+ ("—1)k

= -1 +2j+ (7 - 1)k

S-27: (a) Parametrize C by x. Since y = x% and z = %x3,
. 2. 2 g4
r(x)=xz—|—x]+§ k
r'(x) =14 2xj+2x*k
' (x) =2j +4xk
d
S IY(x) =1+ 4x2 +4xd =142
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(b) The particle travelled a distance of 21 units in % time units. This corresponds to a
speed of 2 7/2 = 6.

(c) Denote by R(t) the position of the particle at time f. Then

R() = r(x(t)) — R/(t) = r’(x(t))%

By parts (a) and (b) and the chain rule
ds dsdx dx dx 6

e T T U b T Tl S e,
In particular, the particle is at (1,1, 3) at x = 1. At this time ‘jl’t‘ = +2X1 =2and
R’=r’(1)j’: (1+2j+2K)2 =20 +4j + 4k
(d) By the product and chain rules,
dx dxy? d?x
/ ax M(EY — ot ax /
R(H) =¢(x() G — R'()=v"(x(0) () +¥x0)5n

dxy? 5, d%x
0—4x(a> T >@
In particular, when x = 1and § = 2,0 = 4 x 1(2) + (3)4x dt2 gives 3; = -1 and
" A ~ 2 ~ 16 8 . n ~
R" = (2j+4k)(2)" - (+2j+2k)— 3 _—5(21+]—2k)

S-28: The question is already set up as an xy-plane, with the camera at the origin, so the
vector in the direction the camera is pointing is (x(¢), y(f)). Let 6 be the angle the camera
makes with the positive x-axis (due east). The camera, the object, and the due-east
direction (positive x-axis) make a right triangle.

Y

y(t) -

camera
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tanf =

RI<

Differentiating implicitly with respect to t:

dé _ xy —yx’
dt — x2

2
do o (¥ —yx' _ x xy' —yx"\ _xy —y¥
dt x2 WVl %) Y

S-29: Using the Theorem of Pappus, we can calculate the surface area and volume of a
pipe with the same length and radius as this pipe. So, we need to find the length of the

pipe, L.

sec? —

? — (Vat,1,1)

‘% =2+ 2 +1=|t+1]

10
L:f (t+1)dt = 60
0

A pipe with radius 3 and length 60 has surface area 60(27 - 3) = 3607r and volume
60(7t - 3%) = 5407t

S-30: In general a helix can be parametrized by

1(0) = acosfi+asinfj+ bk

Our first task is to determine a2 and b. The radius of the helix is 3 cm, so a = 3 cm. After
10 turns (i.e. 8 = 2077) the height, b6, is 1 cm. So b(2071) = 1 and b = 20ncm/rad Thus

1(0) = 3cos 01+ 3sin 0 + 5-0k.

With each full turn of the helix (i.e. each increase of 8 by 277) the height of the helix
increases by 27tb = {5cm. So if we can determine the length of wire in one full turn of the
helix, we can easily determine how many turns the helix goes through in total, and from
that we can determine the total height of the helix.

Ast'(0) = —3sinfi+3cos0j+ mk we have 4 S =) =4/9+ m. So the length
of one full turn of the helix is

27T 1 1
A9+ do =24 |9+
L + 2002 ™7 3002

and 1000cm of wire generates

1000

2109+ 4007r2 n‘\/ 9+ 4007r2

157




turns. Each turn adds {5cm to the height, so the total height is

500 1 50
= ———~53wm

— =
/9 + 400n2 T\/9 + 4007r2

Remark. We can check that this answer is reasonable by taking advantage of the fact that
each coil adds only a very small height (relative to the radius). So we expect the length of
one coil to be about the same as the circumference of a circle of the same radius, namely
67. If we were making actual circles of the wire, there would be 1200 of them. Stacking
up at 10 per centimetre, this would make a pile of height J2%%cm. Since this number is
also approximately 5.3cm, we feel our result is reasonable.

S-31: Define u(t) = "4 (t). Then

du,,  ,dr %
T (t) = ae T (t)+e i (1)

= oce"‘t%(t) — ge"‘tf< — oce“t%(t)

= —ge"'k

Integrating both sides of this equation from t = 0to t = T gives

aT _ 1.
u(T) ~u(0) = —g*—k
so that . . .
e* —1. dr et —14 et —14
T) = - = —(0) - k=vy-— k
w(T) =u(0) —g— 70 —8— Vo— g
Substituting in u(T) = e*9(T) and multiplying through by e =T gives
dr 1—e T
(T = —aT ok
Integrating both sides of this equation from T'= 0 to T = t gives
() r(0) = T vy gt g 1k
- 0 g“ 8 a2
so that
e —1 1—at—e ™
r(t) =TIy — Vo —+ ng
- -

Solutions to Exercises 1.2 — Jump to TABLE OF CONTENTS
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(D

y Lemma 1.1.4.c in the CLP-4 text, |t'(s)| = 1 under arclength parametrization. So
Si (s)|ds = fyds =t — 1.

S-2: The arclength from P to P will be 0, so P is the point where s = 0. That is, r(0), or
(sin(1/2),cos(1/2),v/3/2).

S-3:

Solution 1: We consider the situation geometrically. If we plot R in space (of the relevant
dimension), regardless of its parametrization, the derivative at a point will give a
vector tangent to R, in the direction the curve moves when the parameter is
increasing. Since a(tp) and b(sg) describe the same spot on the curve, a’(tp) and
b/(s0) will be parallel! — they’re both tangent to the same piece of curve.
Furthermore, as t increases, so does s, so the direction of increasing t is the same as
the direction of increasing s. Therefore, A. holds.

tangent direction

a(to) = b(so)

R

Now we consider the magnitudes of the vectors, to rule out E. Recall |a’(#)] is the
speed at which the curve changes relative to ¢; this could be any (nonnegative)
number. By the same token, [b’(s)| = 1. So, b’(sp) is a unit vector, while a’(ty) may
or may not be. Then the two vectors are not necessarily equal (although they could

be).
So, the best answer is A.

Solution 2: The chain rule gives us a relationship between b’(s) and a’(t).
db d da dt
t(s))] = — —
&~ &= g g
So, the vectors 4 I b and 3? differ only by the scalar function dt So, at any point
along the curve, these vectors are parallel.

Furthermore, we know that ¢ and s are positively correlated: as t increases, so does

s, because we’re covering more arclength. So ! is nonnegative. Furthermore, since

the derivatives are nonzero, gt is nonzero. So, b’ (sp) and a’(tp) are positive scalar

multiples of each other. That is, they are parallel, and pointing in the same
direction. However, unless 4 = 1 (that is, £(s) = s + C for some constant C), the
vectors do not have the same magmtude, and hence are not equal.

1  Since we specified the derivatives are nonzero, there’s no messiness about vectors being parallel to a
zero vector.
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So, A is the best solution.

S-4: (a) The velocity vector is
r'(t) = (6sin®(t) cost, —6sin t cos?(t), 3cos> t —3sin’ t)
= 3(sintsin(2t), — cos tsin(2t), cos(2t))
In particular, since sin(71/3) = sin(271/3) = \/73 and cos(71/3) = —cos(27/3) = 4,
t'(t/3) =3(3/4, —V3/4, —1/2)
and the specified unit tangent vector is

A (3/4/ _\/5/4/ _1/2)
T =

- (3/4/ _\/5/4/ _1/2)

(b) The speed is
ds _
dt
— 3y/sin?(2t) + cos?(2t)
=3

HOIE 3\/si1r12 t sin?(2t) + cos? t sin?(2t) + cos2(2t)

So s = 3t and the reparametrized form is

R(s) = (2sin®(s/3),2 cos’(5/3), 3 sin(5/3) cos(s/3))

S-5: (a) We have |r(t)| = ¢! <1 for t < 0. So the part of the spiral contained in the unit
circle is the part of the spiral with —o0 <t < 0. As

r'(t) = e'(cost,sint) 4+ e'(—sint,cost) = e (cost —sint, sint + cos t)

the speed
% =|r'(1)] = et\/(cost —sint)2 + (sint 4 cost)2 = v/2¢!
and the arclength from t = —oo to r(t) is

s = [ %(f)dfzf Ve dF = +/2¢!

In particular the length of the part of the spiral contained in the unit circle is s(0) = /2.
(b) The inverse function of s(t) = v/2¢f is t(s) = In (%) with s > 0. (As t - —x, the arc
length s — 0 and as t — +, the arc length s — +0.) So the reparametrization is

s s

R(9) = (eostsind]_, ) = 75 (cos (1n () sin (n(55)) ) withs =0

V2
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5-6: Using arctant = z, and so t = tan z:

r(t) = ( ! arctan f arctan t)
VI+2 V147

_ 1 z .
W1t tan2z 1+ otz
_ 1 z

B (\secz|' |cscz|’ Z)

= (] cosz|, z|sinz|, z)

Since 0 < t, and arctant < t/2 we have 0 < z < 71/2, so cos z and sin z are both
nonnegative.

= (cosz, zsinz, z)
If we didn’t have the restricted domain, this would make a spiral going up: z is both the

height of the spiral and a radian measure. The i-component of the spiral stays between
—1 and 1, while the j-component increases. So, our spiral gets increasingly “wide,” while

staying the same “thickness.”

Due to the restricted domain, our actual curve is only one-quarter of a “turn” of this
spiral, indicated in red above.

The parameter z is a measure of height, and it is also a radian measure as the spiral turns.

S-7:
t) = (3t%,3t°)
r'(t) = (%)
(1) = VR = [t/1+2

t t B 5
s(t) = J x[v/1 + x2dx = Sal dox t 2 when t <0
- §-1—xvV1+x2dx + {yxv1+x2dx  whent >0

/

r(
(
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Letu =1+ x2, 1du—xclx

B 142 1y/udu when t <0
_{_S 3\/udu +Sl+t Iyv/udu whent >0
{ ! 3/2|1+t2 when t < 0
1 3/2|1-|-1u3/2]1+t when t > 0
B ¥_§(1+t2)3/2 when t <0
G DS

Solving for t in terms of s:
4P = 24/2 —3s)%/3 when t <0
35 +2—2v2)%/3 whent >0

(
(

o {(2\@— 35)2/3 —1 when ¢ < 0
(3s+2-2v2)22 -1 whent >0

Remembering that v/12 = |t|:

_ —\/(2\/5—3s)2/3—1 when t <0
/(35 +2-2v2)23 —1 when't >0

Noting that t = 0 when s = 1(2v/2 — 1), we find our reparametrization of (3t2, 1£%).

(2v2-1)
(2v2-1)

[(2v2 - 35)23 —1)], -1 [(2v2 - 35)2/3—1}3/2) when's <

R(S) = [(35_'_2_2\/5)2/3_ }/3 [(35—#2—2\/5)2/3—1}3/2) when s >

Remark: after a computation with this much detail, it’s nice to find a few points to check,

to verify that our answer is reasonable. For instance, when s = 0, t should be —1, and
vice-versa. Also, we found that t = 0 corresponds to s = %(2\/5 —1). So, we should be

able to verify that r(0) = R (%(2\5 — 1)) and r(—1) = R(0).

NI—= NI
WI— Wl

L o &

Solutions to Exercises 1.3 — Jump to TABLE OF CONTENTS

S-1: The curve is a circle of radius 3, centred at the origin. So, the “circle of best fit” is just
the curve itself. T is the unit vector tangent to the circle in direction of increasing t, and N
is the unit vector pointing towards the origin.
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The radius of the (osculating) circleis 3, so p = 3 and x = }) = %

S-2: The arclength of r(t) traced out by an interval of ¢ of length 6 is 3. That is, s = 3.
Our reparametrization of the circle in terms of arclength is
R(s) = (3sin(s/3),3cos(s/3)).

We can calculate the vectors tangent to the circle, then normalize them (i.e. make them
length one) to find T.

v(t) =1 (t) = (3cost, —3sint) T(s) = R'(s) = (cos(s/3),—sin(s/3))
~ . r(t)  (Bcost,—3sint) .
T(t) = (0] 3 = (cost, —sint)

Note R'(s), because it’s parametrized in terms of arclength, has derivative vectors of
length one. So, we don’t need to normalize them (although if we did, it wouldn’t change
anything).

Note also that we can check out answers using Question 1. In that question, we found T
was 1 when t = s = 0; this fits with the vectors we just found.

As in Question 1, k = % So, using Theorem 1.3.3 Part (b):

dT ,
E(s) = x(s) N(s)
(—% sin(s/3), — %COS(S/?’) = %N(S)

(—sin(s/3), —cos(s/3)) = N(s

~—

Remember s = 3t. Using Theorem 1.3.3 Part (c):
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5-3: As t increases, the arms of the spiral “flatten out,” looking like a circle of bigger and
bigger radius. So, we would expect the curvature to decrease: tlim x(t) =0.
—0

S-4: & = |v(t)| = |[r'(t)] = |(e!,3, cos t)| = VeZ +9 + cos? t

. B v(t) B r'(t)
T =561~ o)

We use the chain rule to differentiate r(t).
_ (ef(cost —sint), ef(cost +sint))
/e (cost —sint)2 + e (cos t + sin t)2

1
= ——(cost—sint, cost+sint)

V2
dT— 1 (—sint—cost sinf + cost)
v =

Since R(s) is parametrized with respect to arclength, |R’(s)| = 1.
T(s) = R'(s)

Making ample use of the chain rule, and setting U(s) = (In (s/v2)), we have U'(s) = 1:

T(s) = \% (cosU(s) —sinU(s), cosU(s) +sinU(s))
i—: = % (—sinU(s) —cosU(s), —sinU(s)+ cosU(s))

S-6: The circle of radius r centred at (0, 7) is x> + (y — r)> = r. The bottom half of this
circle is

So




As f(x) and g(x) have the same second order Taylor approximation at x = 0,

f1(0) = g"(0) = 7.

We may parametrize the curve by r(x) = xi+ f(x)j. So

"(x) = f"(x)] ’(0) = f"(0)]
_ [(0) x"(0)] _ [f"(O)ixjl _
x(0) = Y(0) HE = f(0)

So x(0) = f”(0) = 1 and r is indeed the radius of curvature of y = f(x) at x = 0.

A v(t)=7(t) = (e, 2t + 1)

a(t) =r"(t) = (e,2)
C. & =|v(t)| =/e* + (2t +1)2
coy _ v (h2t+1) et 241
D. T(t) o |v(t)| o \/€2t+ (2t+1)2 o <\/€2t Zt—l—l \/€2t 2t+1 )
B () = VO xal] _ |2t 41) x (& 2)! _ -2
(%3 VEF 12 (@0 (204 1)2)32

Solution 1: Note that (cos t + sint)? + (sint — cost)? = 2 for all t. So, the points (x,y) of

our curve lie on x? + y? = 2, which is a circle of radius v/2. Indeed

x(t) = cost +sint = v2[costcos F + sin tsin 7|
= v2cos (t— Z)

y(t) =sint —cost = \/E[Sintcos%—costsinﬂ

2sin (t — J)
So, r(t) circumnavigates a circle of radius v/2 and consequently has curvature
— 1
K= 75
t t
Solution 2: We use the formula x = [vit) x 513( )|, remembering that v(t) = r'(t),




a(t) =r"(t), and % = |r'(¢)].

v(t) =1'(t) = (—sint + cost, cost + sint)
a(t) =1"(t) = (—cost —sint, —sint + cost)
v(t) x a(t) = [(—sint + cost)* + (cost +sint)?|k = 2k
%z % :\/(—sinH—cost)z—i—(cost—i—sint)z:\@
v(t) x a(t) 2k 1
(%)
5-9: For the given ellipse
r(t —acostl—l—bsmt]

= —acosti—bsint]j

A

1 j k A
v(t) x a(t) =det | —asint bcost 0| =abk
—acost —bsint 0

lv(t) x a(t)| ab
K(t) = 3 3/2
v(b)] (a2 sin” t + b2 cos? t]
Hence the maximum (minimum) curvature is achieved when the denominator is a
minimum (maximum) which is the case when sint = 0 (cost = 0). S0 kKmax = Zf—z and
Kmin = 2
S-10: Parametrize the curve by r(t) = ti+ ¢'j. Then
ds - v(t) i+eélj
vit)=14+¢'] v(0)=1+7] — =) =V1+ex T(t) = =
() =i+ej vO)=i+j T =BI=V (0= = i
X . ds < v(0) _i+j
a(t)=-¢ a(0) = —(0) = V2 T(0) = =
(=i a0)=j 50 0) = o7 = 3

(a) We're given y in terms of x, so let’s use Part (1.3.3) of Theorem 1.3.3:

d?y x
k= 4 3/2 : 3/2
1+ (87 1+ (ex)’]
1 —3/2
*0) = g =2

(b)
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* The radius of the circle we want is p = % = 23/2_1f its centre is at (a, b), then the
circle will have equation (x —a)? + (y — b)?> = 23. So, we will find its centre.

e The unit vector N points from our point (0, 1) towards the centre of the circle. Since
the radius of the circle is 2372, the centre of the circle will be at (0,1) + 23/2N. So,

we'll find N.
e Since N is a unit vector perpendicular to T = iﬁ, we know N will be either 1-J
. V2 V2
or ],
V2

¢ Using Part (1.3) of the proof of Theorem 1.3.3:

NG
R:%mpm
o —it]
N:

=

So, the centre of our circle is at point (0,1) + oN = (0,1) + 23/2 ;Z’ = (—2,3). Then
the equation of the circle is (x +2)? + (y — 3)> = 8.

S-11: (a) Think of
r(t) = (t,1) — (sint,cost)

The (t,1) part gives the position of the centre of the wheel at time t. The other part gives
the position of the thumbtack with respect to the centre of the wheel. In particular,

o attimet =0,r(0) = (0,0). The thumbtack is on the ground (i.e. at y = 0).

o Attimet = 71, ¥(7r) = (7r,2). The thumbtack is at its highest point (i.e. at y = 2)
and is above the centre of the wheel at x = 7.

o Attimet = 27, r(271) = (271,0). The thumbtack is back on the ground (i.e. at y = 0)
and is below the centre of the wheel at x = 271.

o Attimet = 37, r(371) = (37,2). The thumbtack is again at its highest point (i.e. at
y = 2) and is above the centre of the wheel at x = 3.

o Attimet = 47, r(47) = (47,0). The thumbtack is back on the ground (i.e. at y = 0)
and is below the centre of the wheel at x = 4.

Here is a sketch of the curve.

r(t) = (t —sint, 1 — cost)
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(b) Since

r(t) = (t —sint, 1 —cost)
v(t) =1 (t) = (1 —cost, sint)
—(t) = |v(t)] = v2 —2cost
a(t) = v/(t) = (sint, cost)

A

i j k
v(t) x a(t) =det |1 —cost sint 0| = (cost—1)k
sint cost O
the curvature
\v(t) xa(t)]  |cost—1| 1

t) = =
<(t) lv(t)]? (2—2cost)3/2  23/2,/1 — cost

(c) The radius of curvature at time t = 7t is

1 1
oM =0 T 1

(d) At time 7, the tack is at r(71) = (71,2), which is at the top of its trajectory. Looking at
the sketch in part (a), we see that, at that time N(71) = —J. So the osculating circle at time
t = 7t has center

r(7) + p(m)N(7) = (71,2) +4(0,-1) = (7, -2)
and radius p(7) = 4. So the equation of the osculating circle at time 7 is

(x — )% + (y+2)* =16

S-12: The velocity vector is
v(0) = x'(0)1+y(0)j = cos (Am0%) 1 + sin (376%)
Consequently the speed

ds
50 =Iv(O) =1 = s(6) =0+5(0)

Since s(0) is zero when 6 = 0, we have s(0) = 6 and hence
T(s) = v(s) = cos (37s%) 1 + sin (3 715%) j

so that R
_|dT

K(s) = |45 (5) . 3715

= | — mssin (27{52) i+ s cos (57157)

= 71§

j

168



S-13: The curve is y = y(x) = ¥*/3. Since y'(x) = x? and y”(x) = 2x, the curvature is

d?y
_ ()| _ |2x|
O T e

We’d like to find the critical points of x(x), but differentiating it looks messy. Since x(x)
has only nonnegative values, its maxima correspond the maxima of the function x?(x).
So, we find the critical points of x?(x) instead, to save ourselves some computational toil.

d , d 4x? 8x 16x° 8x(1+ x*) — 3 x 16x°
X ) (L) (1) (1+x%)
~ 8x(1—5x%)
(1+x4)°

Note that x(0) = 0 and x(x) — 0 as x — +o0. So the maximum occurs when x = +1/+/5.

&> <&

Solutions to Exercises 1.4 — Jump to TABLE OF CONTENTS

S-1: T is tangent to the curve, while N is perpendicular to it.

Using the right-hand rule and B = T x N, B points out of the page (towards the reader).

To see this, point the fingers of your right hand in the direction of T, and curl them
inwards until they are in the direction of N. To do this, your thumb must be pointing
towards you, not away from you. Your thumb shows the direction of T x N.

S-2: In this equation, s stands for arclength.

When we take a very small interval from ¢ to ¢ + 1, the change in arclength s(t + h) — s(¢)
is approximately |r(t + h) —x(f)], because our curve is approximated by a straight line.

So, s(t+h21—s(t) ~ Ir(t+h})l*r(f)|, leading to (cilr = |v(t)].
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The magnitude of velocity is speed; in this text we generally call this v. That is,

v = |v(t)|. This leads to the potentially confusing (but standard) convention that s stands
for arclength, while v stands for speed.

S-3: Solution 1:
Curves a and b are the same curve, just parametrized differently (replace t with —¢ to
convince yourself if the picture isn’t enough). So, they ought to have the same torsion.

As in Example 1.4.4, we imagine that the curve is the thread on a bolt. Take a look at your
right hand. If your thumb is pointing up (corresponding to the +z direction), and you're
looking at the tip of your thumb, your fingers curl anticlockwise. Imagine a screw has
threads matching the curves a and b, and we turn it anticlockwise. The screw would
move down — not in the same direction as our thumb. So these curves are not
right-handed helices, so they have negative torsion.

The curve c sits entirely in a plane (the plane x = 0) so its torsion is zero everywhere.

Solution 2:
Here is the conventional computation for both a(t) and b(t). (The upper sign is for a and

the lower sign is for b.)
cost, F2sint, +1/2)
—sint, F2cost, +1/2)

(t) = (
(t) = (
a(t) = (—cost, +2sint, 0)
(t) = (
(t) = (

_v(t)xa(t)-%(t) _ 1 <0
lv(t) x a(t)? sin?t + }Icoszt—i—él

5-4: (a) If x(s) = 0, then % = x(s)N(s) = 0 so that T is a constant. As a result %(s) =T
and r(s) = sT + r(0) so that the curve is the straight line with direction vector T that
passes through r(0).

(b) If T(s EO,then@:—Tst = 0 so that B is a constant. As T(s) . B,
ds

%(r(s) —x(0))-B="T(s)- B=0

and (r(s) — r(0)) - B must be a constant. The constant must be zero (set s = 0), so
(r(s) —r(0)) - B = 0 and r(s) always lies in the plane through r(0) with normal vector B.

(c) Parametrize the curve by arc length. Define the “centre of curvature” at s by




Since k(s) = Ko is a constant and T(s) =0,

d A . R .
arc(s) =T(s) + p. [T(s)B—x(s)T] = T(s) + P [0B —xoT] =0

Thus r(s) = r. is a constant and |r(s) — r.| = Kl—o lies on the sphere of radius Klo centred on
rc. Since 7(s) = 0, the curve also lies on a plane, so it is a circle.

S-5: (a), (b): T points in the direction of the curve; N is perpendicular to it, in the same
plane, pointing towards the centre of curvature. Using the right-hand rule in the picture,
we see B is pointing to the left.

Y(t)= (" +e )i+ (e —e')j+2k a(t) = |F(£)] = V4 + 22 + 2072 = /2(et +e7F)
"(t) = (e —e )i+ (e +e ) () x () = —2(e' +e )i+ 2(e —e ') j+4k
the curvature
() = v(t) x a(t)]  2v4+2e% +2e72 1
Kk(t) = ($)3 T At 202 20 2P2 T 2 ey 2

(b) The length of C between r(0) and r(1) is

:%(t) dt = \/Ef:(et—l—e_t) dt = \@[et—e_t} = \@[e—l}
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S-7: The point (2,4, 8) occurs when t = 2.

v(t) = (1,2t,3t?) v(2) = (1,4,12)
a(t) = (0,2,6t) a(2) = (0,2,12)
da da
v(2) x a(2) = (24,-12,2)
v(2) x a(2)| = 2v181
Now, we use a formula for torsion:
d
w0 < a) -0
[v(t) < a(t)?
(2) = (24,-12,2)-(0,0,6) _ 3
(21/181)2 181
S-8: For the specified curve
2, £
r(t) =ti+j+ 5k
v(it)=r(t) =i+tj+k
a(t) =r"(t) =j+2tk
ij k
v(t) x a(t) =det |1 t #2
0 1 2t
=t*1-2tj+ k
a(t) =2k
From this, we read off
T(h) = v(t) i+tj+£k
v VI+2 4+
K(t) = v(t) xa(t)] V144824t
IO
B(t) = v(t) x a(t) _ 21 -2tj+k
v(t) xa(t)]  VI+42+
N(t) = B(t) x T(¢)

1 i ] k
= det [t -2t 1
V142 + 101 + 412 4 4 1+
(28 i+ (-t + (2t + Pk
VIH 24+ H5/1+412 + 14

_(v(t) xa(t)-al(t) 2
T(t) = v(t) xa(t)[2 1442+t
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5-9: First, some preliminaries:

r(t) = (£, t,e?) r(5) = (5%,5,¢)
v(t) = (32,1, ce) v(5) = (3-5%,1,ce™)
a(t) = (6t,0,c%e") a(5) = (6-5,0,c%)
d—?(t) — (6,0, d—(5) (6,0, %%
v(5) x a(5) = (c?e>,15ce>(2 — 5¢), —30)

Second, we figure out what value of ¢ makes 7(5) = 0.

_ (v(5) xa(5))- B(5)
NORRC

_ ( 5C 15ce C(2 5C), ) (6 0, C3 5c>
)

If c = 0, then r(t) = (#3,t,1), and so the entire curve is contained inside the plane z = 1.
(Its torsion is zero everywhere — not just at t = 5.)

Consider the case c = 1. When t = 5, our curve (and its osculating circle) passes through
the point r(5) = (5%,5,¢). The normal vector to the plane of the osculating curve is the
binormal vector B(5) = % Since we don’t need the normal vector to the plane to
be a unit vector, we can take as the normal vector to the plane simply v(5) x a(5), or
(e/25,3e,—30). Then, an equation of the plane containing the osculating circle is

(e/25)x + (3e)y — 30z = —10e. An equivalent equation for this plane is
(1/25)x + 3y — (30/¢e)z = —10.

S-10: (a) Since ¥'(t) = (2t,1,3t?), we have r'(1) = (2,1, 3). So the normal plane must pass
through r(1) = (1,1,1) and be perpendicular to (2,1, 3). The equation of the normal
plane is then

2x-1)+(y—1)+3(z—1)=0 or 2x+y+3z=6
(b) As
ds _ V1442 +9t4

dt
(t) = (6t,—6t*,-2)

v(t) =7 (t) = (2t,1,3%)
a(t) =v/'(t) = (2,0,6t) v(t) x a
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the curvature

, lv(t) xa(t)]  2v1+9t2 +9¢4
K( ) - (%)3 - [1+4t2+9t4]3/2

(a), (b) From v(t) we read off

ds

=l =v2

From a(t) = d—( ) T(t) + x(t )(‘Cili(t))zN( t), and the fact that jti = 0, we read off that

ds -2 1 . a L
K(t) = <a(t)) la] = 5 N(t) = m = —costi—sint]

So radius of curvature is % = 2 and the centre of curvature is

= [(Costi—i—sintj#—tf() +2(—costi—sintj)]

K(t) t=7/6 t=n/s
= [—costl—sm j+ kL e
__\/_gf 1A Tk
=Tt T
(c) From
i ik )
v(t) x a(t) =det | —sint cost 1| =sinti—costj+k
—cost —sint 0
lv(t) x a(t)|* =2
we read off
. v(t) (1) 1 . 1 -
B(t) = = —ginti costi]+ —k
=Nt ~ 2™zt
so that
1 \/3 1 .
B(7/6) = —i———7+ —=Xk
(7/6) AN L
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S-12: (a) The velocity vector is

' (t) = (—sin(t), cos(t),2t)
So a tangent vector at t = ris T = (0, —1,27) and a parametric form for the tangent line
is
R(t) = r(m) + tT = (-1,0, %) + t(0, —1,27)
(b) The speed is

%Z Y (1) = V1+4t2

By Theorem 1.3.3 of the CLP-4 text, the tangential component of acceleration is

d2

s d
t) = V1! 1+42 = ——
a(t) v Tar

S-13: (a) The velocity vector of the particle at time £ is

'(t) = (cost —cost +tsint)i+ (—sint +sint +tcost)j+ 2tk
= tsinti+tcostj+ 2tk

so its speed at time 1 <t < w0 is

ds

= r0= VEsin?t+ 2 cos?t + 412 = /5t

(b) The unit tangent at time f is

r(t) _ L(
() V5

So the tangential component of acceleration at time ¢t is

(1) =

sinti+ costj+ 2k)

d?3s

dth(t) T(t) =sinti+costj+2k

aT(t)

(c) The (full) acceleration is

d N
Y (t) = ar’(t) = (sint+tcost)i+ (cost—tsint)j+2k

So the normal component of acceleration at time £ is

an(t) = a(t) —ar(t) =tcosti—tsintj
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(d) Another formula for the normal component of acceleration is () (% (t))ZN(t). So the

magnitude of the normal component of acceleration is x(¢) (£ (t)) ? and, by part (c),

2
x(t) <$(t)) = |tcosti—tsintj| =t

Consequently, by part (a),

K(t)=— =+

<$(t)>2 5t

S-14: (a) If the point (x,v,z) is on the curve, it obeys both z = x? + y? and z = 8 — 2x and
hence is also obeys

P+ =8-2x or (x+1)2+y*=9
So the curve C is also the intersection of
(x+12?+y> =9 and z=8-2x

(x + 1) + y? = 9 is the circle of radius 3 centred on (—1,0) and can be parametrized by
x(0) = —1+3cosh,y(0) =3sinb, 0 < 6 < 271. So C can be parametrized by

)

6) =8—2x(0) =10 —6cos6

) = [~1+3cosf]i+3sinhj+[10 — 6cosh] k
with 0 <0 < 27

Remark: if we tried to parametrize the equation as (x,y,z) = (x, V8 — 2x — x2,8 — 2x),
then we would miss the negative y-values.

(b) Note that r(6) is (2,0,4) when 6 = 0. As

v(0) = r'(0) = —3sinfi+3coshj+6sinfk v(0) =3j
a(f) = v/(f) = —3cosfi—3sinfj+ 6cosfk a(0) = —3i + 6k
the unit tangent vector at (2,0, 4) is
. v(0) _ .
T(0) =
= o)
and, since v(0) x a(0) = 9k + 184, the unit binormal vector and curvature at (2,0,4) are
B(0) = v(0)xa(0) 2i+k <(0) = v(0) ><a3(0)\ _ 9\{5 _ V5
v(0) xa(0)] V5 v(0)| 3 3

and the unit normal vector N at (2,0, 4)

i+k)xj=

R(0) = B(0) x T(0) = %(21 (2K — 1)

Gl
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S-15: We have

v(t) =r(t) = 1+ V2t + k vt =VHE+22+1=£2+1

v(t)  Pi+V2tj+k
vt 2 +1

(b) Since

A

i
v(t) x a(t) = det [tz V2t
2t V2

O = R’

] — V2142t - 212k

The curvature is

vt xa(t)] V244425 W2

K1) = v(t)]? (2 +1)° (24 1)

(c) Note that r(2) is (§,2v/2,2).

Solution 1: Since

. 2t 4 /27 27+ 217+ Kk
(1) = tz+f]_2tt i+2tj+k

2 +1 (2 +1)2
R 41++2)  4i+2V2j+ Kk
T(2) = —4
2) 5 25
_ 41-3v2j -4k
N 25
o 52
T2 = =g

the principal normal vector N at (§,2+/2,2) is

(2)  4i-3v2j—4k

. T/
N2 =13 52

Solution 2: Perhaps we’d rather not differentiate T ().

g vt xalt) o KRBT

[v(t) x a(t)|
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Using our previous work:

. v(2)xa(2)  —V2i+4-4v2k 1/, AT,
BO) = S —  varierar 5 i t2va—4k)

T(2) = é 48+ 2V2f + f<>
N(2) = B(2) x T(2) = %(wz\@ k) « é(4z+z\f2;+k)
= (5) i (D) ()

S-16: (a) The curve x2 + yz = 1is a circle of radius 1. So we can parametrize it by
x(0) = cos6, y(0) =sinf, 0 < 0 < 27. The z-coordinate of any point on the intersection

is determined by z = 1 — x — y. So we can use

r(0) = cosfi+sinfj+ (1—cosh—sinf)k 0<6<2m
(b) As

v(0) =1 (0) = (—sinb,cosb,sinf — cosb)
0) = (— cos8,—sinb,cos b + sinb)

o
—~
e
~—
I
<\
—~

we have

ds _ = |r'(0)| = \/sinzé—l—cosz(?—l— (sin® — cos 0)?

do
= /2 —2sinfcos6
= 4/2 —sin(26)
v(0) xa(f) = (1,1,1)
and the curvature
v(6) xa(0)| _ V3
<(6) = (&)°  [2-sin(20)P7

(c) The curvature is

o a maximum (minimum) when 2 — sin(26) is a minimum (maximum),
o which is the case when sin(26) = 1 (sin(20) = —1),

o which in turn is the case when 6 = 7, 7 (9 = 3, 7).
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So

V3 _

. i .
maximum curvature = ————— = at —+ L +0-V2)k
1P vttt
1 j .
and - —--L 4+(1+V2)k
B ( )
V3 1 A A
minimum curvature = ————— = — at ——+=—=+k
' 2- (P23 V2 2
i j R
and — - +k
V2 W2
S-17: For r(t) to be well-defined, we need t > 0 (because of the In t.)
/ A A 1 ol dS 1
V(t):r(t):2tl—i—2]—i—?k a:\/4t2+4+1/t2:2t+¥

The unit tangent vector is

(1) = r(t)  2ti+2j+1k 22142+ Kk
Cml 2l 2241

so, from §1.5 of the CLP-4 text,

d . < 4.1 +27 2120 42tj+k  4ti4 (—42+2)j -4tk
9 k(R = (1) = HIE2 22 vk 4ty (Car 2]
dt 2t2 +1 (212 +1) (212 +1)
_22ti—(2t2—1)j—2tf<
(22 +1)?

Since the length of 2¢7 — (2t — 1)j — 2tk is

\/4t2+(2t2—1)2+4t2 = VB2 44 4R +1=/4t + 42 + 1

=4/(224+1)2 =22 +1

we have
(1) = 2t1— (21> —1)j — 2tk
- 21241
and
A 2
T'(t)| 224 2t
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S-18: (a) Since

the length of the curve is

1
as :J 1+ £2dt = [ 1+ 3/2‘ _1[23/2 1]

o art

(b) For the specified curve

r(t) = cos(t)i+sin(t)j+ tk
Y (t) = —sin(t)i+ cos(t)j+ 1
T(t) = —sin(t)i—k\;;s(t)j-k
1) = i —sin)]
T/ (n/4) = _12_]
N7 = ;Ezgr -7

(c) Recalling, from §1.5 in the CLP-4 text, that

(1) = x(t) S ()R (Y)

we have, by part (d),

5-19: (a), (b), (c) We have

r(t) = (t+2,1-t,12/2)
v(t)=r'(t) = (1, -1, 1)
W= Mol = V2t
a(t)=v/'(t)=(0,0,1)
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(d) By §1.5 of the CLP-4 text, the curvature
xa(t)] _ [(=1,-1,0)] V2

0
W="Emy " pen

3/2 2+ 22
(e) Since $(¢) = V2 + 12, we have dt2( ) = 73— and
0,0,1) = at) = T30+ v () R

N \/2:—1‘2 %2?3 ;;) 2 Jﬁ]m (Va+ )R

or
V2o (t, —t, 12)  (~t, t,2)
2+t2N(t) =(0,0,1) - P
which implies
R(8) = (—t,t,2)
22+ 1)
(f) Att =0
r(0) = (2,1,0)
ey — (L,—1,0)
N(0) = (0,0,1)
. 1 1
B(0) = T(0) x N(0) = \—@(1,—1,0) x (0,0,1) = \—ﬁ(—l,—l,o)

The osculating plane is the plane through r(0) which is perpendicular to B(0), which is

L 1,10 {(xy2)-2L0}=0 or xty=3

V2
(g) The osculating circle has centre

(0) = (2,1,0) + 1%(o, 0,1) = (2,1,2)

1 .

S-20: First some preliminary computations.

tSA 2
I'(t) = gl‘i‘ \_@
Y(t) =i+ V2tj+ k
(1) = 2ti 4 V2]

j+tk
() =/H 22 +1 =1 +1
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i ]k
(1) x 1" (t) = det {tz V2t 1] = V2142t -2k
2t V2 0

(a) The unit tangent vector is

() = r(t)  Pi+V2tj+k
P P2+

(b) The curvature is (see §1.5 of the CLP-4 text)
() x"(H)] | —V2i+2t) - V22 k| V2 + 42+ 24

K = HOL (2 +1)° (2 +1)°
W2
(2+1)
(c)Att=0
k(0) = V2

For ease of computation, we’'ll find B first, then use it to find N.
(e) At t = 0, the binormal vector is (see §1.5 of the CLP-4 text)

_POxr(0) V2
O= oo~ V2 -

A

(d) Att = 0, the principal normal vector is (see §1.5 of the CLP-4 text)

j

A A

N(0) = B(0) x T(0) = —ix k

S-21: The curve has

r(t) = (£, t, %)
r'(t) = (2t, 1, 3t%)
() = (2,0, 6t)

v(t) =
a(t)

(a) In particular, a (non unit) tangent vector at r(—1) = (1,—-1,-1) is¥'(-1) = (-2,1,3).
So the tangent line to the curve at (1, -1, —1) is

(x,y,z) —(1,-1,-1) =t(-2,1,3)

or
x=1-2¢
y=-1+t
z=-—1+23t
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(b) Atr(1) = (1,1,1),

So the unit binormal vector is

(1) = v(1)xa(l)  (3,-3-1) 1
v(1)xa@®)]  [G,-3,-1) V19

An equation for the osculating plane is

(3,-3,-1)-(x—-1,y—-1,z—1)=0 or 3x-3y—z=-1

A

S-22: (a) For this curve

Y'(t) = tsinti+tcostj+ 2tk

4y = 1 (1)] = V5t

dt
so the length of the curve fromt =0tot = mis

T ds \/5 112
) (dt = \FJ tdt = ==

(b) The unit tangent vector is

T(t) = |;:E2’ = \%(Sinti—i—costj—kﬂz)
so that
(t) %(f) N(t) = i—f(t) = \%(Costi—sintj)
which implies that
& ()
K(t)ftgf = \/ig\(costz—smt])‘ \% — x(t) = %

S-23: (a) For the specified curve

W2 5 42
r(t) = (—{tm, —sftm,t(zf t))
v(t) = (2v2t1/2,2v211/2,2 - 2t)
V] = /8t + 8t +4 — 8t + 42 = [4(1+ 2t + £2) = 2(1 + 1)
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The rocket is at z = 0 when t = 0 and when t = 2. So the distance travelled is
2 2 12 2
f |v(t)|dt:J 2(1+£)dt =2 [t+—] _g
0 0 2]

(b) The rocket is at its maximum height when % =2 -2t =0. Thatis, when t = 1. Its
velocity then is (2v/2,2v/2,0). A unit vector in this direction is T(1) = % (1,1,0). That is
the unit tangent vector.

At general t, the unit tangent is

oo ov(h) (V2rt2v2et 21—t
10 =R = T+
So
try - W22, ) Mtw(, ﬁtl)/;l ~1)
14t 1+t
(1) (vV2/2,+/2/2,-1) B (v2,/2,0)
2 4
= (0,0, -1/2)

So the principal unit normal vector is

N(1) = ]T’(l)] = (0,0,-1)
(c) As
dt ds
5(1) = (0,0,-1/2) E(l) = |v(1)| =4
the curvature
@) 1
MU= s

S-24: (a) For the specified curve

t ( cos’ t,sin® t, 2 sin® )

(-3 cos® tsint,3sin?tcost,4sintcost) = sintcost(—3cost,3sint, 4)

v(t

t(
(

)
)
v(t)| = sin fcos t\/9 cos? t + 9sin? t + 16 = 5sin f cos t
So the distance travelled is

/2 5

/2 /2 5 )
t)|dt = 5sintcostdt = - si t‘ _2
J [v(#)] f sin f cos 5 st 5

0 0
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(b) Since

v(t) = sintcost(—3cost,3sint,4) \v(t)| = 5sint cost
we have
T(t) = |XE2‘ (—3cost,3sint,4)  T(7/6) = é(— g, %?4)
T/(t) é(Ssmt 3cost,0) T'(7/6) = é(%@,gﬁ) = %(\@ 1 0)
T'(7/6) 1 A - )
N(70) = o = 3010 () = (o) < N
1
=1 —4,4+/3,-6)
= %( 2,2v/3,-3)

S-25: (a) The curve x% + y2 = 1is a circle of radius 1. So we can parametrize it by
x(0) = cos6, y(0) =sinf, 0 < 0 < 27. The z-coordinate of any point on the intersection
is determined by z = x?> — y?. So we can use the parametrization

r(0) = cos 01+ sinfj + [cos® § — sin® 0] k
<

= cosfi+sinfj+cos(20)k  0<6<2m

(b) Note that r(8) = (1/+/2,1/+/2, 0) when 6 = Z. For general 6, the velocity and
acceleration are

v(0) = r'(0) = —sinfi+cosfj — 2sin(20) k
a(8) = v/(0) = —cos0i—sinfj — 4cos(20) k

In particular,

1, 1, N
1, 1,
(70/4) \—@1—\—51
ds

v(rt/4) ><a(7t/ ) = \f +2j+k
\v(r/4) x a(r/4)| = /5

So the curvature
\v(rt/4) x a(rr/4)] 1

K/ = = NmmpF - 5
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(c) The binormal to C at (1/+/2,1/+/2, 0) is

v(r/4) xa(n/4)  —V2i+V2j+k
v(t/4) xa(r/4)] V5
So the osculating plane to C at (1/v/2,1/+/2,0) is
(-v2,v2,1) (x-1/v2,y-1/v2,z-0) =0  or
=2x -2y

B(rr/4) =

(d) From the computations in parts (b) and (c), we have

v(n/4)  —1/v2i+1/v2j 2k

T/ = )] = NG
B(r/4) = \ngi G = - ZAHffHk
N(7/4) = B(r/4) x T(r/4) = _ié]
So the osculating circle has radius 1/x(71/4) = 5 and centre
r.(m/4) = r(m/4) + % = (1/v2,1/v2,0) —5(1/v2,1/v2, 0)

= (-2v2, -2v2,0)

S-26: We'll solve this problem twice, using two different strategies. (The second strategy
will be much more efficient than the first one.) Both strategies use that F = ma. Since we
are told that m = 2, we just have to find the acceleration a at (1,1,1).

Strategy 1: In the first strategy, we'll find the position r(t), as a function of time ¢ and
then differentiate twice to get the acceleration a(t).

o First we’ll find any old parametrization. We are told that, on the path, z = x and
z = y%. So let’s use y as the parameter. Then x = z = y2. So the parametrization is
R(y) = v?i +yj + y* k. (We'll save the notation “r(t)” for the parametrization with
respect to time.)

o Next we'll reparametrize to get the time ¢ as the parameter. Since

dR
dy
d

S R ~
— d—y:\2yz—|—]+2yk]:4/1+8y2

We are told that the speed % = 3 for all . So, choosing our zero point for time to
coincide with our zero point for s, we have s = 3¢, or t = 5/3 so that

dt 1
= =2,/ 2
dy 3 1+ 8y
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We could now integrate to get t as a function of y. But that looks quite messy.
Fortunately we only need the acceleration at one point, namely (1,1,1). We'll now
see that that saves quite a bit of work. Pretend that we have integrated to get t as a
function of y and call the answer f(y). Call the inverse function, which gives y as a
function of ¢, y(t).

o We now have r(t) = R(y(t)). So, by the chain rule,

r(t) =R'(y(t) y'(t)
() =R (y(t) y" () + R (y(1)) v/ ()

We're only interest in the time, call it g, at which y(¢yp) = 1. The acceleration at time

tois
r'(to) = R’ (y(to)) y"(to) + R"(y(t)) ¥/ (t0)?
— R'(1) y"(t )+R”( ) Y (to)?
= [2i+j+2Kk] y'(to) + [21 +2k] ¥/ (to)?

so we just have to find y'(¢y) and y” (o).
o We know that 3—; = %« /1 + 8y2. So by the inverse function theorem

dy . 3
a = sy
d_zy( _13(ley(H)y'(t))
A2 2 gy ()

In particular
3

/ _ 3 _ .
V) = smr  Vits

_ 24y(to)y'(t) _ 24x1x1 8
1+8y(t0)22 (1482 9

o Finally, the force is

2" (tg) = 2[2i +j+2Kk] y"(to) +2[27 + 2K] 1/ (tp)?
16

:_?[zi+7+212]+2[2i+212}
4. 16, 40
BEHECEAC

Strategy 2: The second strategy will be based on (see §1.5 in the CLP-4 text)

In this problem, we are told that % = 3 for all ¢, so that j—jg = 0 and

a = 9N




So we just have to find the curvature, «, and unit normal, N, at (1,1,1). We have already
found one parametrization of the path in strategy 1, namely

R(y) =y*i+yj+y°k
Note that R(1) = (1,1,1). Since

R'(y) =2yi+j+2yk
R'(y) 2yi+j+2yk

A

T = =

W) IR'(y)] A1+ 8y2

. 2i+2k 16y 2yi+i+2vk
T'(y) = _ley 2yi+j+2y

1+82 2 [1+8y23/2
P(1) 2i—|—2f<_82i+j+2f< _ 2i-8j+2k
-3 27 N 27

we have (again see §1.5 in the CLP-4 text)

K= ;8
N(1) = gﬁ; A o
F=ma=2x9%(1)N(1) = 18’;83, = 2271\/_%
= g(i—4j+f<)
S-27: (a) As

r(t) = 26 + t%) + V/3t%k
r'(t) = 21 + 2tf + 2+/3tk

the unit tangent vector is

(1) = i+H+/3tk 1+ +3tk
i+t + /3tk| V1+4t2

(b) Since

dt .\ _ j++/3k _4ti+tj+\@tf< 4 +]j+ 3k
VIHAZ (14422 (144R)?

Q. |

—~
VS
N—

the unit normal is

A,

N() = —4fi+j++/3k  —Ati+j++/3k
| — 4t +j + /3K 24/1 + 4f2
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(c) The unit binormal is

=

—V/3(1 +4t2)j + (1 + 4t?)
2(1 + 412)
V3, 1.

= —7]4— 21(

which is 3.

(d)dThe.plane contains the point r(0) = 0 and is perpendicular to the vector —\/TE]A + %f(
and so is

—\@y +z=0
(e) The curvature is
_‘ ‘ ‘ | —4fi+]j+ 3K 1
dt (1+42)%% |20+ 2] + 2V/3tK|
4 + 16t2 1 B 1

(1+42)%22V1+42  (144£2)%2

(f), (g) The denominator (1 + 41?2)3/2 of x(t) is a minimum at t = 0 and grows without

bound as |¢| increases. So the denominator never achieves a maximum. Consquently, the
curvature x(t) achieves its maximum value when t = 0 and so at r(0) = (0,0,0). The
curvature never achieves a minimum.

(h) Since vV3v+w =4kand v— 3w =4j,

v—\/gw

i—E A R_\/gv—l—w

4
Sinceu = 2iand v =j + 3Kk,
r(t) = tu+t?v=a(thu+b(t)v+c(t)w witha(t) =t, b(t) =3, ¢(t) =0

The curve (a(t),b(t)) = (t,1?) is the curve y = x2. It is “curviest” at the origin, which is
consistent with part (f). It becomes flatter and flatter as |¢| increases, but never achieves
“perfect flatness”, which is consistent with (g).

Y
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S-28: The three unit vectors T, N and B are mutually perpendicular and form a right
handed triple.

N
T
So
N=BxT NxT=-B BxN=-T
and
dN dB . dT G " L
E:ExTJerE:—rNxTJer(KN):rB—KT

S-29: (a) Parametrizing the curve by 0 gives

r(0) = (sin(20),1 — cos(26),2cosb),
v =r'(0) = (2cos(20),2sin(26), —2sinb),
a=1"(0) = (—4sin(20),4cos(26), —2cos ).

At the point P, we have 0 = 71/4, giving instantaneous values
r=(1, 1,\f2), v = (0,2,—\@), v=|v|= V6, a= (—4,0,—\@).

- _ v 1
Hence T = 7 = 7(0,2,—\@).

Now B = 2% = = (- v2,2v2,4) = =(~1,2,2v2), since
i ] k
vxa=|0 2 —v2|=(-2v24v2,8), |vxal=+104=2V26.
-4 0 -2
This leads to
NPT N L " I TV L (61,v2
N=BxT=—1|-12 22|=-——(6v2,v2,2) = ——(6,1,V2).

Finally,
\vxa\ 2126 Zﬁ\/ﬁ_\/ﬁ_\/@

@ (Ve 623 v 9
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(b) Now parametrize the curve by time, ¢, and write v = r'(¢), v = |r'(t)| and a = ¢ (¢).
Note that in part (a) we used v, v and a with different meanings. We use the dot product
to extract the tangential and normal components of a = %T + v?xN:

o do
a-T= (dtT+v KN) T

do. - NN
= _—_T.T T
T + (v*x)N -

Since T is a unit vector, T- T = | T|? = 1; since T and N are perpendicular, T- N = 0.

_do
Cdt

This gives us a nice way to compute 4 ¢~ the rate of change of speed.

do .

3 =2 T=(-23-2v2) \F(oz —V2)
:%6[0+6+4]:\—@:§\f6.
Similarly, a - N = 9%k, so
vz=%a-N }\ﬁl( 2,3,-2v2) - (6,1,v2) = 9X913 3.

Hence |[v| = v/3; since v = |v|, v = 1/3. Then
v=v[T =0t = (0,2, -v2) = (0,v2,-1).

S-30: (a) The position, velocity and acceleration are

r(t) = (cost, sint, csint)
v(t) =1'(t) = (—sint, cost, ccost)

t'(t) = (—cost, —sint, —csint)

o
—

~=
~—

(b) The speed is
v(t) = |v(t)] = V14 c?cos?t

(c) By Theorem 1.3.3.c in the CLP-4 text, the tangential component of the acceleration is

d<s d —c?sintcost
\/ 1+c?cos?t= ———""
dr? V14 2cos?t

d2

(d) y(t) = sint and z(t) = csint obey z(t) = cy(t) for all ¢. So the curve lies on the plane
z=cy.
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S-31: (a) For the specified curve r(71) = (—4,0, 1) and

4cosf,2sinb, % cos(29)>

=
v(0) =1'(0) = ( 4sinf, 2cos®, —%sin(29)>
(-

)
a(0) =1"(0) = ( —4cos0, —2sin0, —Cos(20))
v(m) = (O, -2, 0)
a(m) = (4,0, -1)
v(m) x a(m) = (2,0, 8)

_Iv(m) xa(m)| _ (2,0,8)] _ V17

v(m)P (0,-2,0)F 4
(b) The radius is
14
() V17

(c) Set R(t) = r(t?). Then

R/(t) = 2t ¥ ()
R"(t) =27 (#?) + 421" (£?)

In particular,

R(V7) = (—4, 0, le)
R'(V/m) =2y/nv(m) = (0, =4/, 0)
speed = [R'(v/71)| = 4Vt
acceleration = R"(v/71) = 2v(n) +4ma(n) = (1671, —4, —4m)

The normal component of the acceleration has magnitude

(2) = Y2 (sym) = a7

L o &

Solutions to Exercises 1.6 — Jump to TABLE OF CONTENTS

5-1: We want to add up all the tiny pieces of arclength ds along a curve C. So, the integral
would simply be § ds.
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To see this another way, if we define r = (x(¢), y(t),z(t)) for a < t < b to be the equation
of C, we could calculate the arclength as:

Jb ¥ (£)|dt = fb V(02 + (12 + 2 (1t

This fits the form of Definition 1.6.1 with f(x,y,z) = 1, so we write it as a line integral as
§c 1ds, which is equivalent to { ds.

S-2: (a) The curveis r(6) = x(0) 1+ y(6) j with x(0) = r(6) cos 6, y(8) = r(0) sin 6 and
01 < 0 < 6,. On this curve

v(8) = %(9) = x'(0)i+y'(0)] = [r'(6) cos6 —r(0) sin6]i + [r'(0) sin6 + r(6) cos 6]
— %(0) = \/[1”(9) cos§ — r(f) sin 6}2 + [r'(0) sin @ + r(6) cos 9}2
= /1" (0)% +1(0)?
Hence
[ semas = [ F(xto),y(0) o ao
¢ 6, ’ de

02 " 2
= f(r(@)cos@,r(@)sin@)\/r(6)2+<%(9)) de

61

(b) In this case f(x,y) =1,7(6) =1+ cosb, 6; = 0and 6, =27,

27T 27T
f ds:f \/[1+c089]2+[—sin9]2d9:J A/2(1+ cos ) de
C 0 0

27T 0 27T 0 T 0 67'(
:J 4cosz—d9:2f cos—’d9:4f cos—df =8sin—-| =8
0 2 . 2 ., 2 2,
S-3: Following Definition 1.6.1:
2 /243 2
ry _ M 2\2 2 2
L(Z>ds_£ ( - V(222 + (2312 + (3)2dt
2
2 4 2 4 7 2 5
= (==#) R +3)dt=— (27 1)+ (251
[ (5#)er+aa= @ -1+ 2@ -1

S-4: We parametrize the unit circle as (cost,sint), 0 < t < 27r.
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A tiny slice of the hoop with length ds has mass (x> kg/m)(ds m) = x%ds kg. So, the
entire hoop has mass:

27T 27T
f x*ds = J cos? t\/(— sint)? 4 (cost)?dt = J cos? tdt
o 0 0
27 1 4 cos(2t) t sin(2t)]%"
[t [ s

For an efficient, sneaky, way to evaluate S(Z)” cos? t dt, see Example 2.4.4 in the CLP-4 text.

5: To parametrize C, we note the vector between the two points is
(2—1 4-2,5-3)=(1,2,2).So, thelineis (1,2,3) + £(1,2,2) for 0 < t < 1. That s,
x(t) =1+t y(t) =2+2t and z(t) = 34 2¢.

J (xy +2z)ds = Jl (1+1)(2+2t) + (3+2t)) V11 422 4 22d¢
C

0

1
:f 3(5+ 6t +2t%) dt =26
0

S-6: (a) In this case r(t) = # + t%j, so that v(t) = %(t) =1+ 2{j and % = /1 + 4t2. Hence

1 213/21
J f(x,y,2) ds=J x(t)cosz(t)ﬁdtzf t(cos0)V/1+4t2dt = 1(A+ar)
C 0 dt 0 8 3/2 |,
52 -1
12

g) In this case r(t) = (t,5t3/2,t), so that v(t) = $(¢) = (1,#1/2,1) and § = V2 + £.
ence

2 24 2t3/2 3/212
Jf(x,y,Z) ds :J ;(t)w(t) ﬁdtzf b T V2t di= Chit) i
c 1

1 %t3/2 3/2 1

3/2

S-7: In the figure below, we construct a triangle with 6 = arcsec t; the hypotenuse has
length t, while the side adjacent to 0 has length 1. By the Pythagorean Theorem, the

A/t2—-1
—-

remaining side has length v/#2 — 1, so sin § = sin(arcsect) =

X
21
P ]

1
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d _ 1 d _ 1
Remember §;{Int} = ; and g;{arcsect} = TN In our range, 1 < t < /2, we have

t| = t.
2 1 2 1\2
f sinxds = sin (arcsect) (—) + (—) dt
C J1 tvVi2 —1 t

Y GE W S
A 2_1) " g2
V2
= 1dif 11r12
J1

5-8: Here is a sketch of the rectangle R.

4 n
(07 1) L3 :T (Sv 1)
Ly -
A
Y z
i R L2
O L] (3.-1)
n

Its boundary consists of four line segments.

o Ly from (0,—1) to (3,-1), with i = —J

o Lp from (3,—1) to (3,1), withA =1

o L3 from (3,1) to (0,1), with i =

o Ly from (0,1) to (0, —1), with h = —i
So
fF.ﬁds:f F-(—j)ds+J F.ids+f F.(j)ds+f F-(—i)ds

C L1 Ly L3 Ly
y x y ds x ds
3 = I —— 2 0 —— — -1 5 —
[T ear | o ey [T e Ta+ [0 v Fay)
0 -1 3 1

= [P =1] + [P (1] + [P -1] 40

The trickiest part of this computation is getting ds correct on Lz and L4 (remembering
that ds is the arc length traveled and so is positive, while dx < 0 on L3 and dy < 0 on Ly).
To make a more detailed computation of SL3 F - (j) ds, parametrize L3 by

r(t) = (3,1)+#{(0,1)-(3,1)} =(3-3:1) 0<t<l1
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so that r(0) = (3,1) is the initial point of L3 and r(1) = (0, 1) is the final point of L3. Then

()= (-30) S =IF()=3

and

y(Hert) dsp)

5-9: (a) Since r(t) = tcosti+tsintj + 2k

r'(t) = (cost —tsint)i+ (sint +tcost)j+2tk
ds
dt

=|'(t)] = \/(cost— tsint)2 + (sint + tcost)2 + (2t)?

=/1+5¢2

Y(n)=—-i—mj+2nk
' (t) 1

T(n) = = —i—mj+2mk
(7-[) ‘I‘l(t)’ /1+57T2< t 7T]+ T )
(b)
J«/x2+y2ds J«/ t) + y2( —dt Jt\/1+5t2dt [15 1+5t2)3/2}
0 0

=1 [(1 +512)%2 1]

(c) For every t, the coordinates x(t) = tcost, y(t) = tsint, z(t) = t* obey
x(t)% 4+ y(t)? = t> = z(t) and so the curve lies on z = x? + y/2.

(d) First concentrate on (x(t), y(t)). As t runs from 0 to 7, the curve (rcost, rsint)
sweeps out half of a circle of radius r. Our (x(t), y(t)) does something similar, but the
radius r = t increases from 0 to 77. Thus our (x(t), y(t)) sweeps out the beginning of a
spiral. At the same time z(t) increases from 0 to 7t%. So the curve C looks like

z
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xpds
S-10: We use the centre of mass formulae ¥ = SSC P i etc. To make the working clearer,
C

we’ll break these calculations into several steps.

x(t) = t+%t2 X'(t) =1+t
y(t) =t - %tz y(t) =1t
z(t) = 22 Z(t) =2Vt

3

VO + (02202 = VI+ 2+ P+ 120+ 24 = 22 426 +1) = V2(E+1)
o(x(t),y(t),z(t) = x(t) +y(t) (t+12/2) + (t —12/2)

=t

2 B 2
4 3.
des:Jt\fZ(H—l)dt:#
22 /4 3
xpds (t+ t2>txft+1)dt \ff < +2t3+t2)d
NI 20\ 2°.103v2
5 15

fypds (t—% )t\ft+1 )dt = \FJ (—ﬁ+i+t2)d

2_9 26 25 2342
5 15

+
szds (t3/2)txft+1 )dt = ff {772 4+ t5/2>dt
C

w2 (20 2\ 202
3 9 7)) 7.3

§xpds 25'1%@ 412

X = = = ~75
23.11,/2
fpds T\f 55
Y §pds 231142 55 '
3
210.37./2
- _ Szpds "z~ 4736 ~ 68

fpds 21142 693

After these long calculations, it’s nice to do a sanity check. Using 0 < t < 4, we see our
wire takes up space in the following intervals: 0 < x <12, -4 <y < 1/2,and

0 < z < 32/3. The coordinates of our centre of mass all fall in these intervals, which
doesn’t guarantee our answer is correct, but it is a nice sign. If, say ¥ had been negative,
or z were greater than 11, we would have known there was something wrong.
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Solutions to Exercises 1.7 — Jump to TABLE OF CONTENTS

S-1: We don’t have enough information to gauge the size of the vectors, but we can figure
out their direction. Gravity pulls straight down, so the vector —mgj points straight down.
The normal force will be normal to the curve.

WN

/
l

—mgj

S-2: This equation stems from F = ma. In that equation, a is acceleration — the second
derivative of position with respect to time. So, v is the derivative of position with respect
to time.

We previously used v as the derivative of position with respect to the parameter we use
to define our position — which was often called t, but was not the necessarily time. So
this is a good point to keep straight.

S-3: Solution 1:

For large, negative values of x, the wire is closer and closer to a vertical line. If the bead
were sliding down a vertical wire, it could do so without even touching the wire, so the
force exerted on the bead would be zero. As x approaches 0 from the left, the wire
approximates a horizontal line. If the bead were sitting on a horizontal line, the wire
would be pushing up to counter gravity. So, we imagine the magnitude of the force
exerted by the wire might increase as x increases. That is, %—V! > 0.

Solution 2:

The net force exerted on the bead is

F = ma = WN — mgj

We dot both sides with N.

>

WN N -mgj-N =ma-N




A 2 .
Using the equation a(t) = Sl (%) N,

A ds\ 2
W —mgj-N = mx (E)

o ds\?
W—mgn-N—FmK(a)

= mg cos 0 + mx ﬁ ’
- dt

where 0 is the angle between j and N.

As x moves from a highly negative number to zero,  moves from nearly 77/2 to nearly 0.
Therefore cos 8 increases from nearly zero to nearly one. Then mg cos 6 is increasing.

Furthermore, as x increases, we see from the picture that the curvature « increases, and
speed % increases as well (kinetic energy is increasing as potential energy decreases).

So, %_V;/ > 0.

S-4: Equation 1.7.1 defines E = im|v|? + mgy. The skater reaches their highest point
when |v| =0, so wheny = mig This is the same equation as a sufficiently large circular

culvert: it’s the height where all the kinetic energy has been converted into potential
energy. That's why we never even used the equation y = x?!

S-5: The skateboarder starts going back down at ys = mig, so we solve 3 m = m to

find E = 2940 X8™ _ 29407

S

Remark: we needed the diameter to be greater than 3m for the skateboarder to not be
going all the way around the culvert, but choosing r = 5 leads to an answer no different
from, say, r = 50.

E

S-6: From the text, the skateboarder will make it all the way around when 3(5) < g

Ergy Eisgivenby E = %m!v|2 + mgy, the sum of the kinetic and potential energy of

the system. At y = 0, all the energy is kinetic, so E = %m|v|2, where |v| is the skater’s
velocity at the bottom of the culvert.

So, we solve:

25 _E _ tm|v|?
2 " mg m-9.8
lv| = 5v9.8

So, a speed of 5/9.8 m/s or higher is needed. (That’s about 56 kph.)
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S-7: Equation 1.7.2 tells us the normal force exerted by the track is WN, where
W = mx|v|*> + mgk - N. (Note in our problem, the vertical direction is k, not j as in the
text.) So, we ought to find x and N.

r(6) = (3cosH,5sinb,4 +4cos )
v(9) = (—3sinf,5cosf, —4sin )

v(6)| = d6 = 1/9sin? 0 + 25c0s2 0 + 16sin? 6 = 5

a(f) = (—3cosf,—5sin6, —4 cos 0)
v xa=5(—4,0,3)
K(6) = lvxal 25 1

( 1

&%

)3_5_3_5

Since gg = 0, we use the following theorem to find N:
d%s ds
a(f) = d9T+ (dé)) N
(—3cosf,—5sinf, —4cosh) =0+ 255N

N(0) = (—% cosf, —sin®, —% cos 9)

Using the given quantity |v(t)| = 5 at the specified point,

A

W’ = mx|v|* + mgk -N
O=m/4
39.2

"5

=<5 3”)( R

3 5
— 42352, —— +392, —2\f2+3.136)
V2 V2

n/4>—5—

()‘llb-P

= (1) 52+1 9.8) (

9 /4

Il
/‘\

S-8: Equation 1.7.2 tells us the normal force exerted by the track is WN, where
W = mx|v|? + mgj - N. So, we need to find x and j - N at the point 6 = 137

3
:

Note that 0 is the parameter used to describe the track, but it is not time. So |v(0)| =
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is not the same as |v|, the speed of the bead.

r(6) = (sinh,sinf — 0) v(6) = (cosB,cosf —1)

v(0)] = % = V/2c0s20 —2cosf+1 a(f) = (—sinb,—sin6)

: v x a | sin 0|
v xa| = [sinf)| x(0) <d5>3 (2cos20 —2cosf + 1)3/2
do
d?s sinf(1 —2cos0)

dez — V2cos26 —2cosO+1

~ de?
j-Nat 6 = 1371/3 without differentiating (actually, without even finding) T.

A 2.
Equation 1.3.3 part (c) gives us the relation a(f) = ot 4k ( f}—;) N. We use this to find

a(137/3) = (—f3/2,—f3/2>

s

d92(13n/3) =0
x(1371/3) = V6
ds

qp(137/3) = 1/V2

—*/73=O+\F6(1/2)N j
S
N-7= NG

Now we can find the speed |v| of the bead when |W| = 100 and it breaks off the track.

W = mx|v]* + mgj - N
1 9.8 1
+100 = | — o (——
+100 <9.8>\f6|v| +9.8( ﬁ)

9.8 1
vl]=4/—= 100+ — | *20m/s ~ 72 kph
v V6 ( V2 ) P
(Because |v| > 0, the equation above has no solution for W = —100.)

Quite fast! 100 N is a lot of force for such a light object.
5-9: According to the equation in the text, the skier will become airborne when:

vl >4/l N

A 109
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We'll use the equation of the curve to find x and N.

Note that g is given in metres per second, while the other quantities are in kilometres and
hours. Converting, 9.8 m/s? is the same as

2
(9.8m) (1%)0k0mm> (3?(1)[%5) — 98. 64 l%n _05.34.72 l%n

1s2

r(t) = (Int,1—1t)

¢(t) = v(t) = (,-1) © =i
(t) = a(t) = (-t72,0)

k() = vxal  t2% |t] B t

(%) T Virr? (R (14 2P

S v(t) - 1 1y 1 —t
T = v(t)] v1+t*2(t = <V1+t2’¢1+t2)
Ny t 1 Ny 1
T'(t) = ((1 +£2)3/27 (1 + t2)3/2) T'(8)] = 241
N A’() B —t -1

N = T ( ) <V1+t2’wl+t2)

N-1=

Now, we have all the pieces we need to find the “escape velocity” of the ground.

v] = (1412)3/2  [g(1+12)
B 1+t2 t142)12 t

Since the skier can take off anywhere on the hill, we just need their velocity to be larger
(1+t )

than the smallest value of when 1/e < t < e. To find that minimum, we find the

location of the minimum of the simpler function g(t) = ﬁ Using first-semester

calculus, we find it to occur when t = 1. So, the minimum value of 4/ &£ Ht (that is,
smallest speed to achieve lift-off) occurs at t = 1. We therefore need a mlmmum speed
greater than:

g(1+12)
|t]

= ./2g = \/26.3%.72 = 23.32.7 = 504 kph

(It seems unlikely that one could reach this speed on skis. The skier is probably
earth-bound until they find a curvier hill.)
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S-10: We now have three forces acting on the bead, rather than the two in the text. The
wire still exerts a normal force WN on the bead to keep it on the wire; gravity still exerts
a force —mgj straight down. Now our jet-pack force also exerts a force parallel to the
direction of the bead’s motion, i.e. parallel to T. This force is UT.

WN

—mgj
The net force acting on the bead is the sum of these three forces:
F=ma=UT+ WN — mgj

To focus on the force in the direction of T, we dot both sides of the equation with

dx dy

T(s) = (E' E) . (Recall r(s) was parametrized with respect to arclength, so T(s) = &

~ ds
everywhere.) Since the speed of the bead is constant, the tangential component of its
acceleration, a - T, is 0 (see Theorem 1.3.3.c).

0= UT+WN-mgj) T
=UT - T)+ (WN-T) -mgj- T

— dy
=Uu+o0 mg 4
dy

S-11: (a) There are three forces acting on the snowmachine. If it’s not accelerating, then

F = ma = 0: that is, the forces all cancel out.

WN

—mgj
So, we have the equation

ma = WN + MT — mgj
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To isolate M, we dot both sides of the equation with T. Remember T is a unit vector, and
it is perpendicular to N.

Since the speed of the snowmachine is constant, the tangential component of its
acceleration, a - T, is 0 (see Theorem 1.3.3.¢).

0=M-mgj-T
M=mgj-T

(b) We would expect, from looking at the situation, that the engine would have to
provide a “backwards” force to slow the acceleration due to gravity. So, we would expect
M < 0. Indeed, if T points downhill, then the y-component of T is negative, so

M = mgj - T is negative.

(This is the purpose of driving downhill in a low gear: the friction inside the motor
provides a force opposing the direction of motion, slowing the vehicle.)

(c) To use the equation M = mgj - T, we'll need to find j - T.

r(x) = (x,1+ cosx) r'(x) = (1, —sinx)
' (x)] = V1 +sin? x T(x) = ;(1,—sinx)
1+ sin?x
. 2 1
T(3m/4) = <\£—7§>
So,
_ (L )2 P0G
M = (200 kg)(9.8 m/s?) < 7 m) 7 N~ —1131.6 N

S-12: We begin with the usual computations.

r(0) = (4cos6,3(1+sinf))

v(0) =1 (0) = (—4sinf,3cos0) v(0)| = % =/165in20 + 9 cos? 0 = /9 + 7sin? §
a(f) = (—4cosb,—3sin0)

[v(6) x a(0)] 12
de
A —4sin6,3 cos 0O N 36 cos6,48sin6
T(Q):(\/—.z) T'(0) = : 2 -2)3/2
9+ 7sin” 0 —(9cos? 6 + 16sin” 0)
A 12 A 3cosf,4sinf
L) p—— N(6) = — )
9cos? 0 + 16sin” 6 ~v/9cos26 + 16sin2 0




We want to find the height ys where |v| = 0, and the height y4 where W = 0. Remember
that v in these equations is the derivative of position with respect to time, and is not the
same as v(6).

1
Equation1.7.1: E = §m|v|2 + mgy
E

If [v| =0: E:mgy5=>y5:m—g

This answers part a.

Equation 1.7.2: W = 2k(E — mgy) + mgj - N
IfW=0 0=2«x(E—mgya)+mgj-N
24 (E—mgya) sin 0
- (9 +7sin20)3/2 e (4m)

Using y = 3 + 3sin6:

24 (E—mgy ) a2

= —4
(9+7<]/A3_3>2)3/2 mg \/9+7(%)2

So, for part b., we can write (say)

24 (E— mgy,) L

=4
(o7 () S ()

Now, suppose the skater’s speed at the bottom of the culvert (y = 0) is 11 m/s. Then
their energy is E = 3m(112) + 0, or 121 joules, where m is their mass. Then

Ys = mig = % ~ 6.2. Since the half-way height of the culvert is at height y = 3, the
skater makes it onto the ceiling of the culvert. Now the question is: did they make it all

around, or fall off the ceiling?

For this, we need to find y 4. If they go airborne on the ceiling, they fall; butif y4 > 6,
then they never lose contact with the culvert, and they go all the way around.
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<9+7(“3‘3)2)3/2 . \/9+7<VA 3>2

To simplify to a more standard form, we multiply both sides by (9 +7
ya—3

(52))
6(211928 )= ("5") (9”( 5 >2>

7797
9yA 7y5 +48ya — - 9

Now, we simplify to

Now, solving for y 4 involves solving a cubic function, which is no small task. We could
ask a computer, but we can also get an idea of its root(s) by plugging in numbers and
using the intermediate value theorem. In particular, we need to know whether y 4 is
greater than 6 (the skater makes it!) or between 3 and 6 (they fall off the ceiling).

Let f(y) = Zy° — 7y* + 48y — Z57. Note f(4) = —12331, which is negative, and
f(5) = 1434617, which is positive. So, by the intermediate value theorem, there is a root of

f(y) between y = 4 and y = 5. That is, y 4 is between 4 and 5, so the skater falls off the
ceiling somewhere between these heights, rather than making it all the way around.

S-13: (a) By Newton’s law of motion

E/(t) = % %m|v(t)|z +mgr(t) - K| = mv(t)-v(£) + mgv(t) -k
=v(t) [N(x(t)) — mgk] +mgv(t) -k
—0

since v(t) - N(x(t)) = 0. So E(t) is a constant, independent of ¢.
(b) By part (a),
E(t) = E(0) = Imlv(t)]* +mgbd(t) = mg(2nb) = |v(t)]> =2gb(2m —0(t))
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(c) We Wish to determine the time it takes to go from 6 = 27 to 6 = 0. We'll first
determine ¢ d P

dr drdé . deé
~ G- ad (—asm() acos@,b)a

— VP = [+ 7] (jf)

de w2 142 2¢b(27 — 6) ]2
= — = — _— — P ———
dt a? + b? a? + b?

We have chosen the negative sign because 8 must decrease from 27t to 0. The time
required to do so is

2, 1271/2 (0
Jdt (" e _ [” +b] J B
Jor do 2gb 21 (27'[ — 9)

(a2 + b2 1/2 o
~ | 2gb ] JO (2m — el/zde

) 211/2
— azz;bb] [227‘( 91/2}

2 2 1V/2
z{a +b n}
gb

L o &

0

Solutions to Exercises 1.8 — Jump to TABLE OF CONTENTS

S-1: The left hand sketch below contains the points, (x1, 1), (x3,y3), (x5,ys5), that are on
the axes. The right hand sketch below contains the points, (x2,y2), (x4, Y4), that are not
on the axes.

Ly @y
¢ (0,1) ’ ’

=13

(-2,0) W/ﬁ (3,0 <

X T

Recall that the polar coordinates r, 8 are related to the cartesian coordinates x, y, by
x =rcosf,y =rsinb. Sor = 4/x? + y? and tan§ = ¥ (assuming that x # 0) and

(x1,y1) = (3,00 = r; =3, tanth =0= 607 = 0as (x1,y1) is on the positive x-axis

(x0,12) = (1,1) = 1= V2, tanf =1 =— 6, = g as (x2,y2) is in the first octant

(x3,y3) = (0,1) = r3=1,cost3 =0= 03 = %T as (x3,y3) is on the positive y-axis

3
(xg,y2) = (-1,1) = ry = V2, tanfy = -1 = 6, = Tn as (x4, y4) is in the third octant

(x5,¢5) = (=2,0) = r5s =2, tanfs = 0 = 05 = 7 as (x5,y5) is on the negative x-axis
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S-2: Note that the distance from the point (rcos 8, rsin ) to the origin is

V12cos2 0 + r2sin? 0 = V2 = |r]
Thus r can be either the distance to the origin or minus the distance to the origin.
(a) The distance from (—2,0) to the origin is 2. So either r =2 or r = —2.
o If r = 2, then 0 must obey
(=2,0) = (2cosf, 2sinf) <= sinf =0, cosd = —1

<= 0 =nrm, ninteger , cost = —1
<= 0 = nm, n odd integer

o Ifr = —2, then 6 must obey

(—=2,0) = (—2cosf, —2sinh) < sinh =0, cosf =1
<= 0 = nm, ninteger, cosf =1
<= 0 = n7m, n even integer

In the figure on the left below, the blue half-line is the set of all points with polar
coordinates 6 = 77, ¥ > 0 and the pink half-line is the set of all points with polar
coordinates 8 = 7, r < 0. In the figure on the right below, the blue half-line is the set of
all points with polar coordinates 8 = 0, r > 0 and the pink half-line is the set of all points
with polar coordinates 6 = 0, r < 0.

(—2:,0) Wﬂ\ (—2,0) ?J‘

‘ ' ‘ '

(b) The distance from (1,1) to the origin is V2. So either r = v/2 orr = —+/2.
e If r = 1/2, then § must obey
(1,1) = (V2 cosf, V2 sinf) < sinf = cosd = 1/v2

< 0 = 7/4+2nm, ninteger

o If r = —+/2, then 6 must obey

(1,1) = (- v2cosf, —v2sinf) < sinf =cosf = —1/v2

< 0 =57/442nm, ninteger

In the figure on the left below, the blue half-line is the set of all points with polar
coordinates 6 = 7, r > 0 and the pink half-line is the set of all points with polar
coordinates 6 = 7, r < 0. In the figure on the right below, the blue half-line is the set of
all points with polar coordinates 6 = %”, r > 0 and the pink half-line is the set of all

points with polar coordinates 6 = 2, r < 0.
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(c) The distance from (—1, —1) to the origin is v/2. So either r = v2 or r = —/2.

e If r = /2, then 6 must obey

(-1,-1) = (\/5 cos@, 2 sinf) <= sinf = cosf = —1/v2
<= 0 =57/442nm, ninteger

o If r = —+/2, then 6 must obey

(-1,-1) = (- V2 cosf, —v2 sinf) <= sinf = cosf =1/v2
<= 0 = 7/4+ 2nm, n integer

In the figure on the left below, the blue half-line is the set of all points with polar
coordinates § = 2%, r > 0 and the pink half-line is the set of all points with polar
coordinates § = 2%, r < 0. In the figure on the right below, the blue half-line is the set of
all points with polar coordinates § = 7, 7 > 0 and the pink half-line is the set of all points
with polar coordinates 6 = 7, r < 0.

) )

[

Ll
V2 V2
(=1,-1) (=1,-1)g

S-3: (a) The lengths are

|&-(0)| = V/cos? 6 +sin26 = 1
|8g(0)| = \/(— sinf)? + cos? =1

As
é,(0) - e9(0) = (cosB)(—sinf) + (sinf)(cosh) =0

the two vectors are perpendicular and the angle between them is 7. The cross product is

k

i i k
é,(0) x éy(0) =det | cosf sinh 0
—sinf cosf® 0
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(b) Note that for 6 determined by x = rcos 0, y = rsin6,

e the vector &,(6) is a unit vector in the same direction as the vector from (0,0) to
(x,y) and

e the vector &y(6) is a unit vector that is perpendicular to &,(6).

* The y-component of &;(6) has the same sign as the x-component of &,(0). The
x-component of &(0) has opposite sign to that of the y-component of &,(6).

Here is a sketch of (x;,y;), &(6;), &(0;) for i = 1,3,5 (the points on the axes)

Q)
>
—~
ol
SN—

69(7T)

and here is a sketch (to a different scale) of (x;,y;), &-(6;), &(6;) for i = 2,4 (the points off
the axes).

er(°F) Y| ea(F) e (%)

(—1,1)> v (1,1)

]

) 4

69(

ISE

S-4: (a) Since —1 < sin(46) < 1, the coordinate r = 2 + sin(46) oscillates between r = 1
and r = 3 as 0 runs from 0 to 27t. The maximum value r = 3 is achieved when
sin(40) = 1,i.e when 40 = 7 + 2n7, i.e. when 0 = § + t. That matches figure (E).

(b) Since —1 < sin(40) < 1, the coordinate r = 1 4 2sin(46) takes its maximum value
r = 3 whensin(46) = 1,i.e. when 6 = § + “F, just as the case with (a). But now r can

also take the value 0. That matches figure (B).

(c) r = 11is completely indepedent of 6. All points on the curve r = 1 are a distance 1 from
the origin. That is, r = 1 is the circle of radius 1 centred on the origin. That’s figure (F).

(d) In this case, 6 is subject to the restriction —7 < 6 < 7, like figure (C). Figure (C) looks
like a circle. We can verify that r = 2 cos(0) is indeed a circle by converting to Cartesian
coordinates. We can convert the right hand side to exactly 2x = 2r cos(#) by multiplying
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the whole equation by r.
r=2cos(f) «— 1*>=2rcos(f) «— x*+y*=2x
— (x-1)2+1y*=1
So r = 2cos(0) is the circle of radius 1 centred on x = 1, y = 0, which indeed matches
tigure (C).
(e) When @ =0, r = ¢//10 4 ¢0/10 — 2 Ag
36( 110( 6/10 _¢=0/10) > 0 forall® >0

r = e%/10 1 ¢=9/10 increases as 6 increases for all # > 0. Furthermore the rate of increase
gets bigger and bigger as 0 gets bigger and bigger. So r starts at ¥ = 2 when 6 = 0 and
increases faster and faster as 6 increases. That matches figure (A).

(f) When6 =0,r =0 = 0. As

6/10 + 679/10)

d
@9 =1 for all 0

r = 0 increases as 0 increases for all § > 0. Furthermore the rate of increase is
independent of 6. So r starts at ¥ = 0 when 6 = 0 and increases at a constant rate as 6
increases. That matches figure (D).

S-5: Think of 6 as a time parameter and recall that k() = % The given curve has
x(0) = f(6) cosb
y(6) = () sin®
r(0) = f(0)[cos0i+sinb j]
v(0) =r(0) = f'(8)[cos0i+sinbj| + f(0) [ —sinBi+ cos b ]]
a(0) =1"(0) ={f"(0) — f(0)}[cosOi+sinbj| +2f(0)[ —sinhi+ cosbj]
The efficient way to compute |v(6)| and the cross product v(6) x a(6) is to observe that

v(0) = f'(0) &(6) + £(6) &(6)
= {f"(0) — £(0)} &(0) +2f'(0) &(0)
where &,(0) and &y(0) are the vectors of Q[3]. As &,(6) and &,(6) are mutually

perpendicular unit vectors obeying &,(6) x &q(#) = k and
&, (0) x &, (0) =&g(0) x&(8) =0,

VO = v(6) - v(6) = [f(0) & () + f(6) &(0)] -
2

V(O)| = \/f/(8)2 + £(6)?
v(0) x a(6) = [f'(6) &(0) + F(6) &(6)] x [{f"(0) — £(0)} &-(8) +2f'(0) &(0)]
= 2f/(8)%&(0) x &(0) + F(B)[f"(6) — £(8)] &(8) x &(6)




So
_ [v(®) < a(0)] _ [f(0)° +2f'(0) — f(0)1"(6)]
V()P @)+ f/(0)7*"

S-6: By the Q[5] with
f(0) =a(l—cosb)  f'(0)=asinf  f"(0) =acosb

we have
o = @27 @ )7 0)
[F(0) + f(0)2

_ |a? — 24 cos 0 + a? cos? 0 4 24 sin® § — a* cos 0 + a® cos? 6|

B (a2 — 242 cos 0 + a2 cos? O + a2 sin? §]3/2

_ 3a®>—3a%cos® 3 3

 [2a2 —2a2cos6]3/2  23/20\/1 —cosf  2+/2ar(6)
- -

Solutions to Exercises 2.1 — Jump to TABLE OF CONTENTS

S-1: The vectors are pointing to the right when x > 0, to the left when x < 0, and are
vertical when x = 0. So, at least for (x,y) shown in the sketch,

>0 when
v(x,y)-i{=0 when|x =0]
<0 when

The behaviour of the y-values is more complicated. Vectors in one vertical line seem to be
all pointing up, or all pointing down. So, the sign of v - j depends only on x, not on y
(although the magnitude of v - j depends on both). Roughly, the vectors are pointing

e Down when x < —2;

* horizontally when x = —2 (remember the vector is positioned with the base of
v(xy)at (x,y);

* upwhen -2 <x <2;
¢ horizontally when x = 2;
* up when2 < x.

Since we’re assuming there’s nothing surprising happening between the samples
pictured, at least for (x,y) shown in the sketch,

>0 when|—2<x<?2

v(x,y)-j{ =0 when|xe{-2,2}

<0 when x<—20rx>2\
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S-2: To start out, we find the places where v(x,y) -7 = 0 (vertical vectors) or v(x,y) -j = 0
(horizontal vectors). Remember the vector v(x, y) has its tail at (x,y).

(
We see the vertical vectors (those with v(x,y) -1 = 0) occur at every point along the line

i
y = —x, while horizontal vectors (those with v(x,y) - = 0) occur at every point along
the line y = x.

Indeed, below the line y = —x, vectors point to the left, while above the line y = —x they
point to the right. Similarly, vectors point down when they’re above the line y = x, and
the point up when they’re below the line y = x.

Y
RIGHT

AV T

LEFT \ UP

So, at least for (x,y) shown in the sketch,

>0 when >0 when
v(v,y)-i{=0 whenly=—x| and v(xr,y) j{=0 when[y=x]
<0 when <0 when

S-3:

Since all conveyors point towards the origin, the direction of motion of an object at
i is (=%y) i ~ — vl

location (x,y) is e Its magnitude is |y|, so v(x,y) = w(x,y).

upward, indicating that Q > 0. Moving from left to right near A, the vertical component
of the arrows is decreasing, indicating that %—% < 0. Moving vertically upwards near A,
the vertical component of the arrows is increasing, indicating that %—(5 > 0.

S-4: The arrows near the point A are pointing to the right, indicating that P > 0, and
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S-5: (a) At time 0 the velocity of the twig is v(1,1) =1+ j. So at time t = 0.01, the
position of the twig is approximately

(1,1) +0.01(1,1) = (1.01, 1.01)

(b) At time 0 the velocity of the twig is v(0,0) = 0. So at time ¢ = 0.01, the position of the
twig is
(0,0) +0.01(0,0) = (0, 0)

(c) At time 0 the velocity of the twig is v(0,0) = 0. So it is stationary and its velocity
remains zero for all time. The position of the twig at time 10, and in fact at all times, is
(0, 0).

5-6: The velocity of the fluid at all points of the y-axis is —j. So the twig will remain on
the y-axis and will consequently have velocity —j for all time. The position of the twig at
time 10 will be

(0,0) +10(0,—1) = (0, —10)

S-7: Set your face to be at the origin of our coordinate system, (0,0,0). A bee at position
(x,y,z) is a distance of 4/x? + y? + z2 from your face, heading in the direction
(—x, —y, —z). So, the unit vector indicating the direction of travel of one bee is

\/ﬁﬁ (x,y,z). Now all we need to find is the length of the velocity vector, i.e. the

speed of the bee.

The speed of the friendly bee is inversely proportional to 1/x? 4 y? + 2?2, its distance from
your face. (Bees that are closer to you are buzzing towards you more excitedly.) So, the

speed is given by —~%—— for some constant «.
p & Y

-1

The bee velocity has the direction of the unit vector (x,v,z) with length

[\ LR .
Ve for some positive constant a. That is,
_ !
v(x,y,z) = —m(x/y/—z)
5-8: Beginning as in the text, we note
>0 y>0
N >0 x#0 R

V(X,y)'1:x2{_0 xiO and v(x,y)-]:y =0 y:O,

a Bl <0 y<0

That leads to the following picture:
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This gives us a general idea to start with. Refining, we notice that when x? > |y/|, then the
vector v(x, y) will be more horizontal than vertical. As we move away from the y-axis in
a horizontal line, the difference between x? and |y| grows, so the vectors get more and
more horizontal. However, for a fixed value of x, vectors farther from the axis will be
more vertical than vectors closer to it.

Yy

/1 r/S
1 rS
7 ro
s a A
X
—— S —
— Y oSN T
N VN T
~\ VNS

59

Although ultimately we’ll sketch only unit-length vectors, we can still find the direction
of v(x,y) by finding its x- and y components.

Note v(x,y) -1 is the distance from (x,y) to the origin, while v(x,y) - j is the distance
from (x,y) to the point (1,1). Both these numbers are always nonnegative. This leads to
the following sketch:
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When (x,y) is far from the origin, its distance from (0, 0) is almost the same as its
distance from (1,0). So, we expect v(x,y) to be approximately a scalar multiple of (1,1).

At (0,0),0(0,0) -1 = 0, so our vector is horizontal; similarly, v(1,1) - j = 0 so this vector is
horizontal. Vectors very near to (0,0) are nearly horizontal, while vectors near to (1,1)
are nearly vertical.

\

NS S N NN\
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N
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I

/
e
/
/

N
NN NV

For the direction field, we normalize our vectors to have unit length.

216



\

\
N T

IV VAN

~

NN N NV VL)

DV U VN
R T VIR VN
SN N

S-10: The sign of v(x,y) -1 = x(x + y) depends on the signs of x and x + y. When they
have the same signs, v(x, y) -1 is positive, so v(x, y) points to the right; when they have
different signs, v(x, y) points to the left.

VA
L. v
>
<
\V;
<
X
<<
<
XZ
<
<2
e
y=-x

Similarly, the sign of v(x,y) - = y(y — x) depends on the signs of y and y — x.
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Refining, we notice that as we move straight up or down, |v(x,y) - i| has its minimum
along the lines y = —x and x = 0. So, the vectors become more strongly vertical as we
approach y = —x and x = 0 from above or below.

Similarly, [v(x,y) - j| has its minima along the lines y = x and y = 0, so the vectors
become more strongly horizontal as we approach y = x horizontally.
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S-11:

The field v(x, y) is the sum, scaled by 1/3, of the unit vector pointing away from the
origin and the unit vector pointing away from (1,0). This tells us about a few regions:

e Along the x axis between (0,0) and (1,0), the vectors away from these points are
pointing in opposite directions (and have the same length), so they cancel each
other out. That is, v(x,0) = 0 for all x € (0,1).

* 9(0,0) and v(1,0) are not defined.

e Along the x-axis outside of [0, 1], the vector pointing away from the point (0,0) is
the same as the vector pointing away from the point (1,0). So, v(x,0) = (—2/3,0)
for x < 0and v(x,0) = (2/3,0) for x > 1.

y

* As the distance from (x, y) to the origin grows, the vector pointing away from (0, 0)
looks more and more like the vector pointing away from (1,0). So, our vectors far
away from the origin look like vectors of length about 2/3, pointing away from the
origin.
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S-12: (a) The vector field v(x,y) = xi+ yj is the same as the radius vector. It points
radially outward and has length growing linearly with the distance from the origin.

Yy
\E\‘///
2 D

/N

(b) The vertical component of v(x,y) = 2xi —j is always —1. Its horizontal component is
2x, so that

e v(x,y) is rightward pointing when x > 0 and leftward pointing when x < 0, and
¢ the magnitude of the horizontal component grows linearly with the distance from
the y-axis.

It is sketched in the figure on the left below.
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(c) For every (x,y) the vector v(x,y) = vixj

is of length 1 and

¢ is perpendicular to the radius vector x7 4 y].

* v(x,y) is rightward pointing when y > 0 and leftward pointing when y < 0, and
v(x,y) is downward pointing when x > 0 and upward pointing when x < 0.

It is sketched in the figure on the right above.

S-13: A particle of unit mass at position (x,y) has distance D; = 4/x2 + y? from the 5kg

mass, so that mass exerts a force of magnitude xcz;fy)z on the particle. This force has

direction (—x, —y). So, the force exerted by the 5kg mass is f;(x,y) = ﬁ (x,y).

Similarly, the 3 kg mass at (2, 3) exerts a force of f,(x,y) = ((x_2)2+3((;_3)2)3/2 (2—x,3-y);

and the 7 kg mass at (4, 0) exerts a force of f3(x,y) = W@L —X,—Y).

The net force on a unit mass is therefore
f(x,y) = f1(x,y) + f2(x,y) + f3(x,y)

_ =5G(x,y) 3G(2—x,3—-y) 7G(4 —x,—y)
T (2232 T ((x—2)2+ (y—3)2)3/2 + ((x —4)2 +2)3/2

S-14:

a. Consider a point P on the pole that is a distance p away from the bottom end. Use this
point to make a smaller right triangle, as in the picture below.
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Using similar triangles:

_r
h=ZH

If P is at position (x,y), then:

A
y=h= 2H
dy _pdH _ p
de 2 dt 4
When H = 1:
dyl  __p
Therefore,

v = (

For our model, we set the domain of this function to be [0, 2].

_P i
b—2 4—-H
x=+4—H?2—-b=(1-
dx p -H dH
E‘(“E) 4_H2 dt
dx _(1_£L
dt |y, 2/) 23
dx dy _ (1_E>L P
dt’ dt )|y, 2/ 237 4

. Let’s start by seeing what we can salvage from our work on part a. As in part a.,
consider a point P on one of the poles, p metres from the bottom end.

(0,0,H)




Let P have position (x,y,z). Noting that %—IEI is now positive, not negative, if we stick
to this two-dimensional slice,

py 1 p
Vin)=((1-2)—, %
(p) (< 2)2\@’ 4)
where the second coordinate is z and the first coordinate refers to the (horizontal) line
in the direction of the vector (x,y,0).

> IN

(0,0,H)

c-(x,y,0)
So, we know % = E, and we know (%, %) = (x,y)c for some negative
constant ¢ with |(x, y)c| = (1 - ) NG Since we have the direction and the magnitude

of the vector, we can find the vector:
dx dy
dt’ dt

We want our equation to be in terms of x, y, and z, so we need to get rid of p. Using

V- f/z_Hszﬂ When H =1, thenl— = ”iz;ry So:

dx dy 1
(&), = st

_ (dx dy dz (1 1 1
Vixyz) = (dt dt’ dt)‘H_l_( 6" 6’ EZ)

Not all values of (x,y, z) are on the frame. But, for those values of (x,y, z) that are on
the frame, this equation holds.

I () I
H:l_(,y) - 2\/’ ﬁxz_i_y )

similar triangles, £

Finally:
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Solutions to Exercises 2.2 — Jump to TABLE OF CONTENTS

S-1: (a) At every point of the positive y-axis, the velocity vector v(0,y) points straight
down. So a rubber ducky placed in the water at (0, 2) just floats straight down the
positive y-axis towards the origin.

—_
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(b) At every point of the positive x-axis, the velocity vector v(x,0) points straight to the
right. So a rubber ducky placed in the water at (1,0) just floats rightward along the
positive x-axis.

(c) At every point of the first quadrant away from the axes, the velocity vector v(x, y)
points downwards and towards the right. So a rubber ducky placed in the water at (1, 2)
always floats down and to the right. The closer the ducky gets to the x—axis the more
rightward its motion becomes.

S-2: The derivatives

x'(t) = —e Tcost —e fsint = —x(t) —y(t)
—e 'sint+efcost = —y(t) + x(t)

<
<
—~
~
N—
Il

So (x(t),y(t)) is a solution of the system of differential equations

%—v(x )= —x—
ar -~ owwy =y

d
G o= 1y

So the vector field is v(x,y) = (v1(x, ), v2(x,y)) = (—x—y, x —y).
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S-3: (a) The field lines of F(x,y) = Vf = yi+ xj obey

dx dy B x2 P
7_7 «— xdx=ydy < ?—E—l—c
for any constant C.
(b) The sign data
>0 ify>0 >0 ifx>0
i-Flx,y)=y<=0 ify=0 j-Fx,y)=x1=0 ifx=0
<0 ify<0 <0 ifx<0

is visually displayed in the figure on the left below. The arrows in the figure on the left

gives us the direction of motion along the field lines "2—2 = y; + C (in red) in the figure on

the right below. Some equipotential curves xy = C are also sketched (in blue) in the
tigure on the right below.

Y

S-4: The field lines obey
— dr_ dy _d
2y x/y2 e

ifx,y#0
In particular

dx  y*dy 3 1, 1,
E_—x = xdx =2y"dy — Ex —Ey +C

Sincey = 1 whenx = 1,C = 0. So x = y? and

dy dz
x/yz—ey=>edy—dz=>z e/ +D

Since z = e when y = 1, D = 0. So the field line is
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S-5: The field lines obey

% ifx,y #0
3In|x| =In|y|+C
[ = eCly|

y= +e Cxd

y=Cx°

byyLnlE

with C" a nonzero constant. x = 0 and y = 0 are also field lines, since on the y-axis F || j
and on the x-axis F || 7.

&> <&

Solutions to Exercises 2.3 — Jump to TABLE OF CONTENTS

S-1: False, in general.

In the context of Equation 1.7.1, the only forces acting on the particle are gravity, —mgj,
and the normal force, WN.

We make no such constraints on the force in Example 2.3.3. Certainly F could arise from
gravity and the normal force of a track, but there’s nothing saying it has to. For example,
suppose @ is an equation that does not depend on m and/or g. Alternately, suppose the
y-coordinate of our three-dimensional system is not “up.”

S-2: Remember that the screening test can only rule out conservativity — it can never, by
itself, guarantee conservativity. So, A is never the case.

a.

F = xi+2j +yk
(3P3 (3F2>

VXF:(a_y_El g__

= (1-1Di+(0-0)j+(0-0)k =0

(BB (28

This field passes the screening test. That means the screening test doesn’t rule out the
possibility of F being conservative. So, we have option C.
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F = y°zi + x°2j + x%yk

on (- B (2 T (2 e

= (x* = x2)i + (y* — 2xy)j + (2xz — 2yz)k # 0

So, F fails the screening test — it’s not conservative. That’s option B.

1 .
F=(ye" +1)i+ (xe® +2)] + (E + y) k

_ (9B dh\. (0h JdBN. (0B OR\g
VXF_(&y az)1+<8z (9x>]+<8x 0y>k
=(1-1i+0-0)jf+ EY(xy+1)—e¥(xy+1))k=0

F passes the screening test, so it may or may not be conservative. That is Option C.

F = ycos(xy)i + x sin(xy)j
OF,
ox
oF,
oy
0F, OF
T

F fails the screening test, so it is not conservative. That is Option B.

= xy cos(xy) + sin(xy)

= —xysin(xy) + cos(xy)

S-3: Let ¢ be a potential for F. Define ¢ = ¢ + ax + by + cz. Then
V¢ =Vo+(a,b,c)=F+ (ab,c). So, F+ (a,b,c) is also conservative.

S-4:

a. If F 4 G is conservative for any particular F and G, then by definition, there exists a
potential p with F 4+ G = V.

Since F is conservative, there also exists a potential i with F = V.

Butnow G = (F+ G) —F = V¢ — V¢ = V(¢ — ¢). That means the function (¢ — )
is a potential for G. However, this is impossible: since G is non-conservative, no
function with this property exists.

So it is not possible that F + G is conservative. It must be non-conservative.
b. Counterexample: if F = —G, then F + G = 0 = V¢ for any constant c.

c. Since both fields are conservative, they both have potentials, say F = V¢ and
G =V¢. ThenF+ G =V + V¢ =V (¢p+¢). Thatis, (¢ + ¢) is a potential for
F + G, so F + G is conservative.
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5-5: Set ¢(x,y) = arctan £ (using the standard arctan that takes values between —% and
7)- Note that ¢(x,y) is well-defined, with all partial derivatives continuous, on D since
x > 1 there. Then

op —-5% y
Ly ==

op % X
_ x, = —

sothat F = V.

S-6: If ¢ is a potential for F, then:

. 6¢—x+y,50(p I+ xy+ i (y)

P =x—y,500=xy— 3 +()

So, for instance, ¢ = 3x2 + xy — %yz is a potential for F.

S-7: 1If ¢ is a potential for F, then:

0
e W1 Lsog=Infl-%+yi(y)

. f;—ﬁz% 50 ¢ = —y + P2(x)

So, for instance, ¢ = In|x| — y is a potential for F.

S-8: None exists: an = %x while

Theorem 2.3.9.

61;3 = 3x3 + 1, so F fails the screening test,

S-9: If ¢(x,y, z) is a potential for F(x, y, z), then:

. a—q’(x,y,z) = m, s0 ¢(x,y,z) = 3 In(x? +y? +22) + 1 (v, 2)

g—f(x,y,z) = xzﬂyﬁ, s0 ¢(x,1,z) = 3 In(x? + y? + 22) + o (x, 2)
J g—f(x, Y,z) = m, so ¢(x,y,z) = %ln(x2 +y? +22) + i (x,y)

So, for instance, ¢(x,y,z) = % In(x? + y? + z?) is a potential for F(x, y, z).

-10: (a) We shall show that F(x, y, z) is conservative by finding a potential for it.
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¢(x,y,z) is a potential for this F if and only if

a—(‘P(x,y,z) =x

ox
dg _
gywmz)——%

09 _
E(x, y,z) =3z

Integrating the first of these equations gives
x2
o(xy,2) = =+ fy.2)

Substituting this into the second equation gives
of
@(y,z) = -2y

which integrates to
fy,2) = -y’ +3(2)
Finally, substituting ¢(x,y,z) = "72 — y? + ¢(z) into the last equation gives

§'(z) =3z
which integrates to
8(z) =37 +C

with C being an arbitrary constant. So, F(x, y, z) is conservative and
p(x,y,z) = %xz — y2 + %zz is one allowed potential.

(b) The field F = F; i + F,j can be conservative only if it passes the screening test

oF _ ok
oy  ox
In this case
@_0_< Y )=
oy  Jy\x?+y? (x2 +112)?

is different from

e
ox X \2Hyr) (32 4y2)

for all (x, y) with x and y both nonzero. So F is not conservative.

S-11: By Theorem 2.4.8 in the CLP-4 text, the field F = Fii + K j + F3 k is conservative
only if it passes the screening test V x F = 0. That is, if and only if

PR _oB R _oR B 0K
oy  ox 0z  Ox 0z 0Oy
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or,

0 0

Z2
@(e( )) = 8_x<23y23) — 0=0
0 2 0 2 2 2
E(e(z )) = a(sze(Z )+ 3By*2?) — 2z¢(7) = Azel®)
g_z(szZ3) = j—y(sze(Zz) + 3By*z?) — 6Bye(®) = 6Bye®)

Hence only A = 2 works. We shall see in part (b) that any B works.
(b) When A = 2, and B is any real number.

F=c()i4+2By8j + (2xze(z2) +3By*z%) k

¢(x,y,z) is a potential for this F if and only if

(9(/) o (22)
o (x,y,z) =e

Jg _ 3
@(x,y,z) = 2Byz

al
%(x, y,z) = 2xzel®) + 3By?z?

Integrating the first of these equations gives

p(x,,2) = xe) + f(y,2)
Substituting this into the second equation gives
%(%Z) = 2Byz°
which integrates to
f(y.2) = By’z’ +8(2)
Finally, substituting ¢(x,y,z) = xe(") + By2z3 + g(z) into the last equation gives
2xzel®) + 3By*z* +¢'(z) = 2xze®) + 3By’z>  or ¢'(z)=0
which integrates to
gz)=C

with C being an arbitrary constant. So, for each real number B, ¢(x,y,z) = xe@) + By?z®
is one allowed potential.

S-12: In each second 27tm cm? of fluid crosses each circle of radius r (and hence
circumference 2777) centred on the origin. So the speed of flow at radius r is 7*. As the
direction of flow is radially outward

xi+yj

v:mx2+y2
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¢(x,y) is a potential for this F if and only if

op B X
7x oY) TR
de _ y
ay(x/y) - x2+y2

Integrating the first of these equations gives

p(x,y) = 3mIn(x* +y*) + f(y)

Substituting this into the second equation gives

y 10N ¥ (1) —
mx7-+y7- +f(y)_mx2+y2 or f(y)=0

which integrates to
fly)=c¢

with C an arbitrary constant. So one possible potential is

¢ = ymin(x*+y?)

S-13:

Following Example 2.3.3, the particle can never escape the region
{(x,y,2) : (x,y,z) = —E}. So, we should find E, then figure out the region.

The kinetic energy of the particle is 3m|v|?, so the total energy of the system (also the
kinetic energy when the potential energy is 0) is 5(10)(22) = 20].

Therefore, a region it can never escape is
{ (v y,2) | o(x,y,2z) =20}

that is,
{y) [P +y+22 <20}

So, it can never escape the sphere centred at the origin with radius +/20.

S-14: Example 2.3.3 tells us 3m|v(t)[* — ¢ (x(t),y(t),z(t)) = E is a constant quantity,
provided F is conservative with potential ¢. So, it would be nice if F were conservative.

If F = Vg, then
d
o £ =0,509=11(y,2)
d
* o =Lsog=y+y(xz)

0
¢ 0321050 = 285 4 ya(ay)
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We can choose ¢(x,1,z) = y+ 2z%/3. So, 2m|v(1)|? —
! Py YyT3 2

(x(t),y(t),z(t)) = E is a constant
quantity, as desired. Using the information that the particle has mass 1/2, and speed 1
when it is at the origin:

11, 1
E—§'§|1| —¢(0,0,0) =

4
When the particleis at (1,1,1):
1_1 ) |w2 9
W%=Vﬁ

So, at the point (1,1, 1), the particle has speed /14
S-15:

We can start with the screening test, Theorem 2.3.9

Ve (G- B (2R (F -

(8w (=) ~ g W @)+ (0-0)j+(0-0)k =0

So, it’s possible that the field is conservative. Remember, this test alone isn’t enough to

tell us it’s conservative. (Had the test come out differently, though, we’d be done.)
Suppose F = Vo(x,y,z). Then:

9% _ o
[ ] ax_

2f(x)f'(x). By inspection, we see ¢ = f2(x) + 1(y,z). (We could also find
this by evaluating {2 (x) f'(x)dx with the substitution u = f(x).)

& =8 Wh() 509 = gWh(z) + a(x,2).

¢ & =sH)I(z) 50 9 =gW)h(z) +a(x,y).

All together, we can choose ¢(x,y,z)

= f2(x) + g(y)h(z).

5-16: Following Definition 2.3.8, The curl of a vector field is defined by

vars (G (R ()8
When F = <xy, Xz, yz +Z>,

VxF=2y—-x)i+(0-0)j+(z—x)k
When the curl is 0 + 0f + 0k, we have x = 2y and x = z. That is, our points are of the

form (2c, ¢, 2c) for any constant c. So, the region in question is the line through the origin
in the direction of the vector (2,1,2)

232



L g a

Solutions to Exercises 2.4 — Jump to TABLE OF CONTENTS

S-1: The square has four sides, each of which is a line segment.

* On the first side, y = 0 and dy = 0. That is, we may parametrize the first side by
r(x) =xiwith0<x <1

* On the second side, x = 1 and dx = 0. We may parametrize the second side by
r(y) =i+yjwith0 <y <1.

* On the third side, y = 1 and dy = 0. We may parametrize the third side by
r(x) = xi+ j with x running from 1 to 0.

* On the final side, x = 0 and dx = 0. We may parametrize the fourth side by
r(y) = yj with y running from 1 to 0.

dy=0
0,1) vzt (1,1)
dz=0 dz=0
=0 Y A =1

(0,0) a0 (1,0)

So

1 1 0 0
szyzdx—i—xg’ydyzf x2><02dx+f 13><ydy+f xlezdx—kf 0% x ydy
c 0 0 1 1
1

N =
QW =

S-2: Every F in this problem is defined and has continuous first-order partial derivatives
on all of IR? or R3. The characterization in Theorem 2.4.8 tells us that our fields will be
conservative if and only if they pass the screening test, i.e. have curl 0.

a.
F=xi+zj+vyk
oFs  0F\., oF, O0F3\, ok,  O0F\ 4
F=(23_22 el _ 1
v x ((3y 02)1+<8z (9x>+<&x (9y>k
=(1-1)i+(0-0)j+(0-0k=0
This field passes the screening test. Since F is defined and has continuous first-order
partial derivatives on all of IR?, it is conservative. So, we have option A.
b.

F = y°zi + x°2j + x?yk
. 0F; _ ob\. oF B 0F3\ . ok B 0F\ 4
VXF_(&y 6z)l+(8z (?x)]-l_(&x 8y)k
= (x® — x2)i + (y* — 2xy)j + (2xz — 2yz)k # 0
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So, F fails the screening test. So, it’s not conservative. That’s option B.

C.
F=(yeV+1)i+ (xe¥+2)j+(z+y)k
_ (0F  0R\, (0F O0R\, (0F OF\4
VXF_<8y ﬁz)l+((9z 6x)+(8x §y>k
=(1-1)1+0-0)f+{Y(xy+1) —e¥(xy+1)}k=0
F passes the screening test. Since F is defined and has continuous first-order partial
derivatives on all of R3, it is conservative. So, we have option A.
d.

F = ycos(xy)i + x sin(xy)j
OF.

2 _ :
= = cos(xy) + sin(xy)
h_ —xy sin(xy) + cos(xy)
oy
jal
(/Fz ) (ZFl
ox oy

F fails the screening test, so it is not conservative. That is Option B.

S-3: Since F is conservative, {- F - dr = 0 over any closed curve C. The given curve is
closed, so the integral is simply zero.

S-4: Since F is conservative, and A and B start and end at the same points, by
path-independence {, F-dr = §, F-dr = 5.

S-5: Note F is defined and continuous on all of R?. By Theorem 2.4.7, the integral
SC F-dr =0 for all closed paths C if and only if F is conservative. Furthermore, F has
continuous first-order partial derivatives on all of R3. Using Theorem 2.4.8, F is

conservative if and only if it passes the screening test V x F = 0:

k

D
D

i
— — 0
e*siny ae*cosy+bz cx

= (0—b)i— (c—0)j+ (ae* cosy — e* cosy)k
] y y

This is the case ifand only ifa =1, b = ¢ = 0.

5-6: (a) Consider the circle C in the figure (a) on the left below, oriented clockwise. The
vector field F is in the same direction as % at every point of the curve. So F - % >0 at
every point of C and C is a closed curve with §, F - dr > 0. As a consequence F is not
conservative.

234



@ ®

y
s S N0 N N N NN
N N N0 N N NN
ST U N U U N U
ettt
_ AT A AV B,
| il Cgely
P EaCat bl
S T s
t 722277/
— ?Ls“:ﬁ — A\x

(b) Consider the square in the figure (b) on the right above, oriented counterclockwise. It
consists of the four line segments L, Ly, Lz and Ls. On all of Ly, Ly, Lz we have that
F(r(t)) - r'(t) = 0 because the vector field is perpendicular to the line segment. On Ly we
have F(r(t)) - ¥'(t) > 0. So

jEF'dr:J F-dr+f F-dr+f F‘dr+f F-dr
- Ly Ly Ly Ly

:0+0+0+J F-dr>0
Ly

So C is a closed curve with §, F - dr > 0 and F is not conservative.

(c) Consider the square in the figure (c) on the left below, oriented counterclockwise. It
consists of the four line segments Ly, Ly, Lz and Ly. On Lj and L3 we have that the dot
product F(r(t)) - '(t) = 0 because the vector field is perpendicular to the line segment.

On L, we have F(r(t)) - /() < 0 while on Ly we have F(x(t)) - ¥'(t) > 0. The vector field
F is longer on L4 than on L,. So F(r(t)) - r'(t) has a larger magnitude on L4 than L, and

ngdr:J F-dr-l—f F-dr—l—J F~dr—|—f F-dr
& Lq Ly L3 Ly

:0+f F-dr+0+f F-dr>20
L, Ly

So C is a closed curve with §C F - dr > 0 and F is not conservative.
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(d) We are told that one of the four vector fields is conservative. Only the vector field in
(d) is left, so it is conservative.

Remark: We can verify that vector field (d) is indeed conservative by observing (look at
the figure (d) on the right above) that the i component of the vector field is exactly zero
and that the j component depends only on y. So the vector field is of the form

F(x,y) =a(y)]

for some function a(y). If A(y) is any antiderivative of a(y), we have F = V A, so that F is
conservative with potential A(y).

SZ

(a) The (largest possible) domain is D = { (x,y,z) | x* 4+ y* # 0 }. That is, all of R® except
the points lying along the z-axis.

(b) As preliminary computations, let’s find

8_(x—2y)_ -2 _2y(x—2y)_—2x2~|—2y2—2xy
WA+ ) 2y (2422 (a2 442)?
o (2x+y\_ 2 2x(2x+y) _ —2x2% 4 2y% — 2xy
ax \2+y2) 2+t (2+2)2 (24 y2)?
So the curl of F is
ai g la( —2x% 42y —2xy  —2x2+2y* —2xy \ o
V xF =det| o oy oz| = — — 5 k=0
x=2y 2ty (x2 + ]/2) (xZ 4 yZ)

on the domain of F.

(c) Parametrize the circle by

r(t) =2costi+2sintj+3k  r(t) = —2sinti+2cost]
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with 0 < 6 < 27. So the integral is

x—2y 2x+y
x24y2 x24y2
A A

z r'(t)
27_[ I . N r . N N
2cost —4sint 4cost+2sint — 3
JF-dr:f { €08 1 Ll A 1_ = j+ 3 k}-{—Zsinti—l—Zcostj}dt
C 0

JZ” —4sintcost + 8sin?t + 8cos? t + 4sin tcost
0 4
27T
=2 dt =4
0

dt

(d) As the integral of F around the simple closed curve C is not zero, F cannot be
conservative. See Theorem 2.4.7 and Examples 2.3.14 and 4.3.8 in the CLP-4 text.

5-8: The point here is that F is conservative, as F = V¢ with
_ +yx—yz+ z

So, for all paths from r(ty) = (1,0, —1) tor(t;) = (0,-2,3),
[ Fdr = 9 (r(e)) — p(xtt0)) = 9(0,-2,3) ~ p(1,0,-1)

91 1 1
= [0+0+6+§] - {§+0—0+5}
1

=95

S-9: Note that:

 Along the line segment from (0,0) to (1,0), x increases from 0 to 1, while y is held
fixed at y = 0. So we may parametrize this segment by r(x) = x7,0 < x < 1.

¢ Along the line segment from (1,0) to (1, 7r), y increases from 0 to 7z, while x is held
fixed at x = 1. So we may parametrize this segmentby r(x) =1+ yj, 0 <y < 7.

 Along the line segment from (1, 77) to (0, 77), x decreases from 1 to 0, while y is held
fixed at y = 71. So we may parametrize this segment by r(x) = xi+ 7rj with x
running from 1 to 0.

Hence

1 T 0
Jvm:J V(x,O)-idx-l—J V(1,y).jdy+f V(x, 7) i dx
C 0 0 1
0

= Ll(ex—i—xz) dx+fon(y+3) dy—kf1 (—e* +x%) dx

1 T
:2J exdx—|—J (y+3)dy
0 0
2

=2(e=1)+ - +3m
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-10: (a) We may parametrize the curve by r(t) = ti+ t?j with 0 < t < 1. Then
v(t) = E(t) =i+2tjand F(x(t),y(t)) = 11— 2] so

1

LF-dr:le(x(t),y(t))-%(t) dt:fl (1 — 2] - [1+2t]] dt:J [— ] dt

0 0

(b) The path is the union of three line segments.

e On the first segment of the path y = z = 0 so F simplifies to xi — x k and dr = 7 dx
(i.e. we can parametrize the first segment of the path by r(x) = xi with0 < x < 1),
so F-dr = xdux.

e On the second segment of the path x = 1,z = 0 so F simplifies to 1 + yj — (1 + y)k
and dr = j dy (parametrize the second segment of the path by r(y) =1+ yj with
0<y<1),s0F -dr=ydy.

e On the final segment of the path x = y = 1 so F simplifies to (1 — z)i + (1 — z)j — 2k
and dr = k dz (parametrize the third segment of the path by r(z) =i +j + zk with
0<z<1),s0F-dr=-2dz.

So

1 1 1 1 1
JF-dr:deijJydy%—J(—2)dz:——1———2:—1
c 0 0 0 2 2

S-11: Parametrize the curve using y as a parameter. Then y = t, x = 2y = 2t and

z:%:%sothat:

J— 2 2 4A
r(t)_2tz—|-t]+t—2k, 1<t<2
.. 85
r’(t):21—|—]—t—3k
F(r(t)) =421 + 4Pk
F(r(t)) -r'(t) = 8t> — 32
Then

LF.dr:JZF(r(t)).r’(t) dt:J2 (82— 32) dit — [§t3—32t]2:_%

1
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S-12: (a), (b) The curls of F and G are
i j k
VxF—det| £ z )
6x2yz? 2x3z% 4+ 2y —xz 4x3yz

= (4x%z —4x%z + x) 1 — (12x%yz — 12x%yz) j + (6x°2> — z — 6x°2%) k

= xi—zk
i ] k
Vdeet[% g g]
yz 0 xy

= xi—zk

Hence the screening test for
Vx (F+AG) = (x+ Ax)i— (z+ Az) k

passes for A = —1. Furthermore
F—G = (6x%yz> —yz) i+ (2x°2% + 2y — x2) j + (4x°yz — xy) k
=V (2x%yz* — xyz + )
The potential was found by guessing. Alternatively, we can find it by using that ¢(x, y, z)

is a potential for F — G if and only if
0P (x,v,2) = 6x%yz> — yz

ox
Z—(f;(x, y,z) = 2x°2% + 2y — xz
0

a—f(x, y,z) = 4x°yz — xy

Integrating the first of these equations gives
¢(x,y,2) = 2xyz* —xyz + f(y,2)

Substituting this into the second equation gives
2x%2% — xz + %(y,z) =2x322 42y —xz  or %(y,z) =2y
which integrates to
fy,2) =y’ +3(2)
Finally, substituting ¢(x,vy,z) = 2x3yz? — xyz + y* + ¢(z) into the last equation gives
or ¢'(z)=0

4x3yz — xy + ¢'(z) = 4x%yz — xy

which integrates to
g(z) =K




with K being an arbitrary constant. Choosing K = 0 gives the potential
¢(x,y,z) = 2x3yz? — xyz + y* as in the guess above.

(c) Any point (x,y,z) on the curve must have z = x and y = ¢¥* = ¥, So we may
parametrize the curve by r(x) = xi+¢* j + xk, 0 < x < 1. Hence

JF-dr:J(F—G)-dr—FJG-dr
C C C G(x(x)) dr
(1,@,1) 1r - A\ - - A\
= [2x3y22—xyz-|—y2] [xe T+ xe® E [+2xxj k| dx
(0,1,0)
1 ) 1
:e—i-ez—l—!—J 2xe* dx:e—l—ez—1+[ex]0:ez-|—2e—2
0

-13: Parametrize the line segment by

r(t) = (0,0,1) +£{(2,1,0) = (0,0,1)} = (2t,,1—t) 0<t<1

so that r(0) = (0,0,1) is the initial point of the line segment and r(1) = (2,1,0) is the
tinal point of the segment. Then

Y(t) = (2,1,-1)
and the work is
1 1
JF-drzf F(r(t))-r’(t)dtzJ (22,1 (1- 12, (1 1) —4P) - (2,1, 1) dt

0 0

1 1

:f (4t =28 + t— 142t — 1+t+4t2)dt:f (P +8t—2)dt
0 0
1 7

=-+4-2=
3+ 3

S-14:On P,z = Inl = —In(x). So parametrize the curve P by

r(f) = cosfi+sinfj—In(cosf)k  0<6<

Ll

Then

r'(8) = —sinfi+ cosfj + tanfk
F(1(0)) = cos0i+sin@j + cos® 0k
F(r(6)) -1/(8) = sin 6 cos® 0
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so that

/4 /4 1 /4
Work = f F.dr = f F(r(9)) -x'(6) do = J sinfcos?0 df = —= cos’ 6
P 0 0 3 0
1
=1
Al

1

— m] ~ 0.2155

S-15: Hmmm. F looks suspiciously complicated. Let’s guess that F is conservative and
look for a potential for it. ¢(x,y, z) is a potential for this F if and only if

g _

a(x,y,z) = Yz COS X

op .

By (x,y,z) = zsinx + 2yz

a—('O(x,y,z) — ysinx +y> —sinz
0z
Integrating the first of these equations gives

¢(x,y,2) = yzsinx + f(y,2)

Substituting this into the second equation gives

0
zsinx+—f(y,z):zsinx+2yz or

of
oy oy (

,z) = 2yz
yy) y

which integrates to
fly,2) = v’z +38(2)
Finally, substituting ¢(x,y,z) = yzsin x + y?z + g(z) into the last equation gives

ysinx +y? +¢'(z) =ysinx +y*> —sinz  or g'(z) = —sinz
which integrates to
g(z) =cosz+C

with C being an arbitrary constant. So ¢(x,y,z) = yzsin x + y?z + cos z is one allowed
scalar potential and the specified integral is

r(rt/2) 3 2

7T 7T
r(0) N (P(TE/Z, 7'(/2, 7'(/2) o (P(0,0,0) = ? + Z -1

JCF-dr = ¢(r)

S-16: Solution 1:

We are being asked to evaluate the line integral {- F - dr with C being the specified
semi-circle and F = xyj. As V x F # 0, the vector field F is not conservative. So we’ll
evaluate the integral directly. First, using the figure,
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y (1 —cosf, sin@)

(z—102+y*=1
0
O

we parametrize C by

r(0) = (x(8),y(0)) = (1 —cosB)i+sinfj 0<6

N

s

So the integral is

7T s
f xydy = f x(0)y(0)y'(0) d6 = J (1 —cosf) sinf cos6 do
C 0 0

Making the substitution u = cos 6, du = —sin6d6, u(0) =1, u(m) = -1,

-1 1 1 13 2
fxydyzj (1—u)u(—du)=f (u—uz)duz—ZJ wdy = —2— =-=
C 1 1 0 3 3

Solution 2:
We can write x in terms of y over C in two pieces:

* Let C; be the quarter-circle x = 1 —4/1 — y2 as y goes from 0 to 1, and

¢ Let C; be the quarter-circle x = 1+ /1 — y? as y goes from 1 to 0.
Then:

r

f xydy = | xydy+ f xydy
C

J C1 Co

O e A R I

[

1

r

1 1 0 0
= ydy—fy 1—y2dy+fydy+fy 1-y2dy
JO 0 1 1

1
:—ZJ yy/1—y?dy
0

Using the substitution u = 1 —y?, du = -2y dy:

0
2
— /29y = -2
L u u 3

-17:

The line integral is {~ F - dr with F = (ye* 4 siny) 1+ (e* 4 siny + x cosy) j. We are to
show that it is independent of path. That is the case if and only if F is conservative. So
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let’s look for a potential ¢ for F. That is, let’s look for a function ¢ that obeys

op _ et s
5 () =yet +siny
g—j(x,y) =e* +siny+ xcosy

Integrating the first of these equations gives

¢(x,y) =ye* +xsiny + f(y)
Substituting this into the second equation gives
e +xcosy+ f'(y) =e* +siny+xcosy or f(y)=siny

which integrates to
f(y) = —cosy +C

So F is indeed conservative with one potential being ¢(x,y) = ye* + xsiny — cosy and
the line integral is

(0,7t/2)
L(yex +siny)dx + (e* +siny + xcosy) dy = L F.dr= (P(x,y)l(l )
x : 07/2)
= [ye + xsiny — cos y} 10)
T

=1+

S-18: Here is a sketch of C.
z
(0,0,1)
Cy %
(0.1,0)
)
(1,0,0) Cs
T

Note that

o y = 0 on the line segment from (1,0,0) to (0,0,1) so that the integral reduces to
{ zx dz on that line segment and

o x = 0 on the line segment from (0,0, 1) to (0,1,0) so that the integral reduces to
§{ yz dy on that line segment and

o z = 0 on the line segment from (0,1,0) to (1,0,0) so that the integral reduces to
{ xy dx on that line segment.
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So it looks feasible to evaluate the integral directly. Label the sides of the triangle C;, C;
and Cj as in the sketch above.

o We parametrize C; by r(t) = (1,0,0) +#[(0,0,1) — (1,0,0)] = (1 —¢, 0, ¢),
0<t<1 So

X z Z'(t)

1 A ——A— —— 1
J xydx+yzdy+zxdz:f zxdz:J (1—-t) (t) (1) dt:J (t—t?)dt
G G 0 0
_1. 1.1
2 3 6

o We parametrize C, by r(#) = (0,0,1) +¢[(0,1,0) — (0,0,1)] = (0, ¢, 1 —¢),
0<t<1 So

z (t

1/_/5/_/&,%/)& 1
fxydx+yzdy+zxdz:J yzdy:J () (1—t) (1) dt:f(t—tz)dt
G (@) 0 0
1 1_1
2 3
o We parametrize C3 by r(t) = (0,1,0) +¢[(1,0,0) — (0,1,0)] = (¢, 1 — ¢, 0),
0<t<1 So

nydx+yzdy+zxdz:f xydx:f () (1—1¢) (1) dt:J(t—tz)dt
Gs G 0 0
———
=5-3-
All together
3
1 1
fxydx—{—yzdy—i—zxdz:Zf xydx +yzdy +zxdz =3 x - = =
C =17C 6 2

S-19: We are told that F is conservative. Let’s find a potential ¢ obeying V¢ = F. That is,

e

a :y+ze"
a—q):x—i—eysinz

oy

0 x

L =z4+e*+eYcosz
0z

The first equation forces ¢(x,y,z) = xy + ze* + ¥ (y, z). Substituting this into the second
equation gives x + %J(y’ z) = x+eéeYsinzor g—f(y,z) = ¢¥ sin z which forces

YP(y,z) = e¥sinz + {(z). So far, we have ¢(x,y,z) = xy + ze* 4+ ¢¥ sinz + {(z).
Substituting this into the third equation gives e* + e¥ cosz + {'(z) = z+e* + €Y cos z or
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{'(z) = z which forces {(z) = % + C, for some constant C, which we take to be zero. So

our potential is
2

¢(x,y,2) = xy +ze* +e¥sinz + %

So the line integral

LF-dr = ¢(r(m)) — ¢(r(0)) = ¢(,€",0) — 9(0,1,0) = me”™

S-20: (a) Note F is defined and continuous on all of R3. Furthermore, F has continuous
first-order partial derivatives on all of R3. Using Theorem 2.4.8, F is conservative if and
only if it has zero curl:

0=V xF=V x (ae'i+ (xe! + pcosz)j— yysinzk)
= (—ysinz 4 Bsinz)i + (e¥ — ae¥)k
which is the case if and only if & =1, B = .
(b) We use Theorem 2.4.2: if ¢ is a potential for F, then

| F-ar =P —o(R)
where C runs from Py to P;. So, we find ¢.

Assume that « = 1, B = <. We find a potential ¢ for F by antidifferentiating.

0

Lryz =e — 9(x,y,2) = xe! +41(1,2)
g—;o(x,y,z) = xe¥ + Bcosz = ¢(x,y,z) = xe’ + By cosz + Y (x,z)
0 .

a—f(x,yIZ) = —Pysinz — ¢(x,y,z) = Bycosz + P3(x,y)

for some functions ¢ (y, z), P2(x, z) and ¢3(x, y) to be determined.

We’d like a single function ¢(x,y, z) that simultaneously obeys all three of these
equations, for some ¢;’s. An initial guess is simply the sum of all of the distinct terms,
other that the 1;’s, that appear in the three equations above. The term xe¥ appears in the
Y1 and ¢ equations and the term By cos z appears in the 1, and 3 equations. So we
guess

o(x,y,2) < xe¥ + By cos z

If we let 1(y,z) = By cosz, P2(x,z) = 0, and P3(x,y) = xe?, then we see this function
¢(x,y,z) does indeed obey all three equations and so is a potential for F.

The curve C runs from Py = (0%,¢% 71-0) = (0,1,0) to P; = (1%,¢',m-1) = (1,¢, 7).
Using Theorem 2.4.2:

LF-dr: ¢(1,e,) — ¢(0,1,0) = (¢ — Be) —p=¢"— Ble+1)
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S-21: (a) The curl of F is

A

i j k
VxF—det| & &  Z|=o0
cosx 2-+siny e*

Because F; is a function only of x, F; is a function only of y, and F;3 is a function only of z,
that all partial derivatives used in computing the curl are 0.

(b) The vector field F passes the screening test on all of R? and so is conservative by
Theorem 2.4.8 in the text. Alternatively, we can see that

F =V (sinx +2y — cosy + ¢°)

by inspection. Alternatively, f can be found by antidifferentiating its partial derivatives:

g—];(x,y,z) = Ccos X = f(x,y,z) =sinx+ ¢1(y,z)

0

é(x,y,z) =2+siny = f(x,y,z) =2y —cosy + yo(x,z)
af Z Z

Tiyz) = — floy,0) =& +is(xy)

We’d like a single function f(x,y, z) that simultaneously obeys all three of these
equations, for some ¢;’s. An initial guess is simply the sum of all of the distinct terms,
other than the ¢;’s, that appear in the three equations. The term sin x appears in the
equation, the terms 2y and — cosy appears in the ¢, equation, and the term e* appears in
the 13 equation. So we guess

f(x,y,2) L sinx + 2y —cosy + €

If welet ¥1(y,z) = 2y — cosy + €%, P (x,z) = sinx + €%, and 3(x,y) = sinx + 2y — cosy,
then we see this function f(x,y, z) is indeed a potential for F.

(c) Since F = V¥,

LF-dr — £(x(37)) - F(x(0))

= f(37,—-1,0) — f(0,1,0)
=(0-2-cos(-1)+1) - (04+2—cos1+1)

Since cosine is an even function, cos(—1) = cos 1.

=4
S-22: (a) The curl is
i j k
VxF=det| & & 2 =0

z+e¥ xe¥—e*siny 1+ x+e*cosy

246



so F passes the screening test. Since its first-order partial derivatives are continuous on
all of IR?, it is conservative by Theorem 2.4.8 in the text.

By inspection, the potential is ¢(x,y,z) = xz + xe¥ + e* cos y + z — this is another way to
verify that F is conservative. Alternatively, ¢ can be found by antidifferentiating its
partial derivatives.

g—f(x,y,z) =z+ e = ¢(x,y,z) =zx+xé¥ +¢1(y,z)
Z—i(x,y,z) = xe¥ — ¢*siny — ¢(x,y,z) = xe +e*cosy + o (x, z)
Oa—f(x,y,z) =1+x+e“cosy = @(x,y,2) =z+zx + e cosy + P3(x, )

We’d like a single function ¢(x,y, z) that simultaneously obeys all three of these
equations. An initial guess is simply the sum of the distinct terms (without the ¢;’s) that
appear in the equations above:

o(x,y,2) L zx + xe! +e“cosy +z

If welet ¥1(y,z) = e*cosy + z, P(x,z) = zx + z, and P3(x,y) = xe¥, then we see this
function ¢(x, y,z) is indeed a potential for F.

(b) Since F = V¢, with ¢ = xz + xé¥ + ¢ cosy + z,

r(7)

LF-dr = ¢(r(m)) — ¢(r(0)) = [xz + xe¥ 4 ¢ cosy+z] 0

(72,0,1)
= [xz + xe¥ + ezcosy—l—z}
(0,0,1)

= <n2+n2+e+1>—(0+0+e+1):27r2

S-23: (a) For F to be conservative, it must pass the screening test

i j k
0=V x F = det = & 2
(x —a)ye +2% byz?
= (bz? - 3z%)1 - ( —0)j+ (e + xe* — (x —a)e") k

This is the case if and only if b = 3 and a = —1
(b) Seta = —1 and b = 3. For f to be a potential for F, it must obey

T ryz) = (e e
_f X 3
ay(x,y,z) =xe* +z
P—f(x y,z) = 3yz*
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Integrating the second of these equations gives

f(x,y,2) = xye* + yz3 + g(x, 2)

Substituting this into the last equation gives

0 0
2, 98 2 g
3yz= + P (x,z) =3yz or P (x,z) =0

which forces
8(x,z) = h(x)
Finally, substituting f(x,y,z) = xye® + yz° + h(x) into the first equation gives
xye* +ye* +h(x) = (x+1)ye* or H(x)=0
So h(x) = C and hence f(x,y,z) = xye* + yz> + C works for any constant C.
(c) Since F = Vf,

| Frar= | Vedr=pem) - £(x0) = £(m1,-1) = F0,1,1)
= [me™ —1] - [1] = me™ -2

(d) Since
J F-dr= f (x 4+ 1)ye* dx + (xe* +2°) dy + 3yz* dz
C C
we have
-
I:J F-dr+ | yzdz
C JC
Yy 2? dz
Fﬂr—’Hf—/?f—’%
=me™ -2+ | (cos2t) cos“t (—sint)dt
0
Jrn
= e —2+ | (2cos?t—1)cos?t(—sint)dt
JO
r—1
=me" -2+ (2u®> —1)u*du  withu = cost, du = —sintdt
J1
-2145 u3 1
— et -4+ |2
e * ) 3 }1
4 2
— e 24+ | — =4 =
me” =2+ | -5 +3]
32
S
= e~ ¢
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S-24: (a) The vector field F is conservative if and only if it passes the screening test
V x F = 0. That is, if and only if,

D oy
|Q) ~>
SN

y2e + Axy® 2xye¥ +3x%y? Bxy?e*
= (2Bxye> — 6xye*) i — (By?e™ — 3y%e>*) j + (2ye* + 6xy* — 2ye> — 3Axy?) k

So F is conservative if and only if A = 2 and B = 3.

(b) Let A = 2 and B = 3. We find a potential ¢ for F by antidifferentiating its partial
derivatives.

ja)

%(x, y,z) = y?e + 2xy° — ¢(x,y,2) = 2y’ + Xy’ + 1 (y, 2)
g—i(x, y,z) = 2xye3Z + 3x2y2 = ¢(x,y,z) = xyze?’Z + x2y3 + Po(x, 2)
0

a—f(xr%Z) = 3xy263z = ¢(x,y,z) = xy2‘33z +P3(x,y)

Let’s guess that
9(x,y,2) = xy’e + 2%y’

(This was obtained by summing the distinct terms in the above three equations, without
the 1;’s.) If we set 1 (y,z) = ¢ (x,z) = 0 and ¥3(x,y) = x*y>, we see our choice of ¢ is
indeed a potential for F.

(c) Set A = 2 and B = 3. We are asked the evaluate SC G - dr with
G = (¥ +xy°) 1 + (2xye™ + 3x°y?) j + 3xy’e* k = F — xy°1
So

J (y2e* + xy®) dx + (2xye™ + 3x°y?) dy + 3xy?e* dz = f F.dr— J xy® dr
C C C

xy3 7 r’)(\t)

la N

L e 1
= ¢(r(1)) — ¢(r(0)) Jo e*(e7) i-<2e2tife_tj—|— 1——|—tk> dt

1
= ¢(e?,1/¢,In2) — 9(1,1,0) — f 2¢! dt
0

— {2(1/e)°3 M2 4 4 (1/e)°} — (141) —2(e — 1)
=2 4e—2-2e+2
=8—e¢
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S-25: (a) The field is conservative only if

0B R0 B 0K
oy  ox 0z  Ox 0z 0Oy

That is,

a_ i = _&_ 2 — 367 —
3 (2xsin(mty) — €*) = p (ax cos(rty) — 3e ) <= 2mxcos(my) = 2ax cos(my)

% (2xsin(rty) —€*) = _Z_x (x + by) ¢ — M
% <ax2 cos(my) — Sez> = —g—y (x + by)e* — —3¢* = —be*

Hence only a = 71, b = 3 works.
(b) Whena =7, b =3
F = (2xsin(my) — )i+ (nxz cos(my) — 3ez) j— (x+3y) etk
= V (x?*sin(mry) — xe* — 3ye* + C)

so ¢(x,y,z) = x?sin(7y) — xe? — 3ye* + C for any constant C. Here ¢ was guessed.

Alternatively, it can be found by antidifferentiating the partial derivatives of F.

g—f(x, y,z) = 2xsin(mty) — * — ¢(x,y,2) = x*sin(mty) — xe* + ¢y (v, 2)

(z—;o(x,y,z) = 71x? cos(7ty) — 3€* — ¢(x,y,2) = x*sin(7ty) — 3ye* + 1 (x, 2)

(

0

a_f(x, y,z) = —(x+3y)e = ¢(xy,2) = —xe’ = 3ye” + 3(x,y)
Summing the distinct terms on the right hand sides of the three equations above, we
guess

¢(x,y,z) = x*sin(7ry) — xe* — 3ye*

is a potential for F. Setting 1 (v, z) = —3ye?, ¥»(x,z) = —xe?, and P53(x,y) = x? sin(7y)

convinces us that our guess is indeed a valid potential.
(c) By part (b),

f F-dr = ¢(1,1,In2) — 9(0,0,0) = (sinn—e1n2 —3e1“2) ~ (sin(0) —0—0) = -8
C

(d) Observe that G = F + 3ye¢~ k, with F evaluated with a = 77, b = 3. Hence

J G-dr:J F-dr+J 3ye2f<-dr:—8+f 3ye* k- dr
C C C C

To evaluate the remaining integral, parametrize the curve by r(t) = ti + #j + In(1 + 1k
with 0 < t < 1. Then ¥'(t) =1+ j + ri7k and 3yek = 3t(1 + t)k so that
3ye? k - dr = 3t dt. Subbing in

3 13

1
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S-26: (a) The potential f must obey

)

%(x, Y,z) = —2ycos x sinx

ﬁf 2 Yz
a—y(x,y,z) =cos“x + (1 +yz)e
5_f _ 1,2,yz

T y2) = ye

Integrating the last of these equations with respect to z gives
floy z) = ye +g(x,y)
Substituting this into the second equation gives

e¥* + yzel* + Z—‘;(x,y) =cos’x+ (1+yz)e* or  —=(x,y) = cos®x

which forces

g(x,y) = ycos® x + h(x)
Finally, substituting f(x,y,z) = ye¥* + y cos x + h(x) into the first equation gives

—2ysinxcosx + H'(x) = —2ycosxsinx or h'(x)=0
So h(x) = C and hence f(x,y,z) = ye¥* + y cos? x + C works for any constant C.
(b) By part (a)

J F-dr:f Vf-dr= f(m,e",0) —f(O,l,—nz) = [yey“rycoszx]
C c
— 2~ (e 1)

(,e™,0)

(0,1,—72)

S-27: (a) The curl of F is zero because Fj is a function only of x, F, is a function only of y,
and F; is a function only of z. That is:

A

i j k
V x F = det {g_x & %] =(0-0)i+(0-0)j+(0-0)k=0
2x 2y 2z

(b) All first-order partial derivative of F are continuous on all of R>. By part (a), F passes
the screening test and is conservative by Theorem 2.4.8 in the text. By inspection, a
potential is ¢ = x? + y? + z%. Since F = V¢,

(a1,a2,a3)

F.dr = [x2+ 2—1—22] —a*+ai+adé=a-a
L Y 0,00) 1 2 3
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S-28: (a) The curl of F is

1

V x F = det g—x
e¥*  xze¥* 4 ze¥ xye¥* + ¥

(xe¥* + xyze¥® + e¥) — (xe¥* + xyze? +e¥)| i — [ye'* — ye*] j + [ze¥* — ze¥*] k

D|v~>
S

(b) F is defined on all of R? and passes the conservative field screening test V x F = 0. So
F is conservative. We find a potential ¢ for F by antidifferentiating its partial derivatives.

0

Pxyz) = e — plny,2) = x +i(y,2)
g—j(x, y,z) = xze¥* + ze¥ = ¢(x,y,z) = xeé¥* + ze¥ + (%, 2)
g—f(x,y,z) = xye¥* + ¥ = ¢(x,y,z) = xe’* + ze¥ + P3(x,y)

All together, ¢(x,y,z) = xe¥* 4 ze¥ + C works for any constant C. So the specified work
integral is

ite

LF-dr = ¢(x(nn/2)) — ¢(x(0)) = (0,1, 7/2) — ¢(1,0,0) = 5 1

S-29: (a), (b) The function f(x,y) is a potential for F(x, y) if and only if it obeys
of
ox

8—f X = sin(x?) — sin
5, (y) = sin(x?) —sin(y)

Integrating the first of these equations gives
fxy) = ysin(x*) +g(y)

Substituting this into the second equation gives

(x,y) = 2xy cos(x?)

sin(x?) + ¢'(y) = sin(x?) — sin(y) or ¢'(y)=—sin(y)

which integrates to
8(y) = cos(y) +C

with C an arbitrary constant. Hence f(x,y) = ysin(x?) + cos(y) + C is a potential for any
constant C. Because F has a potential, it is conservative.

(c) We may parametrize C by

r(t) =sin(t)1+ ]

SIS
N
N
|
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As f(x,y) = ysin(x?) + cos(y) is a potential for F

[LFedr = 7(xm) — £(x(/2) = (0,7 = £(1,772) = (~1) = (F sin(D))

= 1- gsin(l)

S-30: (a) The stated integral property is characteristic of conservative fields
(Theorem 2.4.7). Since all partial derivatives of F are defined on all of IR?, an equivalent
property is

A

i i &
0=VxF= e g—y ¢
(mxyz +z2 —ny?) (x%z —4xy) (¥%y + pxz +g2°%)

=1 (x* — x%) —j (2xy + pz — mxy — 2z) + k (2xz — 4y — mxz + 2ny).

This requires p = 2, m = 2, and n = 2, but leaves g € R completely free.

(b) Solution 1:
The choices from (a) give

F = (2xyz + 2% — 2y) i + (x%z — dxy) j + (x®y + 2%z + g2°) k.

We find a potential ¢ for F by antidifferentiating its partial derivatives.

Z—f(x, y,z) =2xyz + Z2 2y2 = ¢(x,y,2z) = xzyz + xz% — 2xy2 + 1(y,2)
0

a—j(x, y,z) = X’z — dxy — ¢(x,v,2) = x*yz — 2xy* + U (x, 2)

Jg

g(x, y,z) = xzy + 2xz + qz3 = ¢(x,y,z) = xzyz +xz% + %24 + ¥3(x,y)

All together, F = V¢ for

¢(x,v,2) = x’yz + xz° — 2xy® + leqz4 +C

where C is any constant.

Rearranging the sphere’s equation to x> + 12 + (z — 1)? = 1 reveals that its bottom is at
ro = (0,0,0), and its top is at r; = (0,0,2). Hence the work done is

W:f F-dr:J Ve -dr= ¢(0,0,2) — ¢(0,0,0) = 4q
C C

Solution 2:
Since the integral is path-independent, all paths from r( to r; produce the same result. A
simple choice is

C: r=(0,0,¢t), 0<t<2

A
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Here r'(t) = (0,0,1), so direct calculation gives

2

JF-dr:JZ F(r(t)) ¥(H)dt= | qfde= [lqtﬂz = 4q
c t=0 47 Ji=0

t=0

S-31: (a) Since the particle has mass m = 1, Newton’s law of motion ma = F simplifies to
() =j—sintk
Integrating once gives
Y'(t) =tj+costk+C

for some constant vector C. To satisfy the initial condition that r'(0) = vy = i + k, we
need

So
Y(t) =i+tj+costk

Integrating a second time, and imposing the initial condition that r(0) = j, gives

12 . 12
r(t) =ti+ Ef—l—sintk+j t1+ (1+ )]—I—smtk

(b) The particle has x(t) = w/2 when t = 71/2. So

r(r/2) = %T i+ <1 + —

(c) The work done is

7'[/2

Work = t) dt

7r/2 .
J (j —sintk) - (i4tj+ costk) dt
0

/2
=J (t—sintcost) dt
0
21 m/2
ot t}
[2 tpcos
o1
8 2
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S-32: (a) Parametrize C by x. When the tirst component of a point on the curve is x, then
the second component, i, must be x? and the third component, z, must be x3. So

r(x) =xi+x*j+x°k 0O0<x<l1
r'(x) =14 2xj+3x%k
%(x) =1/1+ 4x2 + 9x*
and

o(x )ds( ) = (8x +36x3)\/1 + 422 + 9x
des J (8x +36x°)\/1 + 4x2 + 9x* dx

Substituting u = 1+ 4x2 + 9x*, du = (8x +36x°) dx, u(0) =1, u(1) = 14,
14

fpds \fdu— u3/?
C 3"

= %[143/2 —1] ~ 34.26

1

(b) Since F(x,y,z) = Vf(x,y,z) with f(x,y,z) = xsiny + yz + %zz
J F-dr= f(1,1,1) — £(0,0,0) =sin1 +§ ~ 2.3415
C

The potential f was just guessed. Alternatively, it can be found by solving

of o
a—x(x,y,z) =siny

of _
@(x,y,z) =Xxcosy +z
f(x y2)=y+z

Integrating the first of these equations gives

flxy,z) = xsiny +g(y,2)
Substituting this into the second equation gives

o8

3y y,z) =xcosy+z or =(xz)=z

xcosy +

which forces
8(y,z) =yz+h(z)
Finally, substituting f(x,y,z) = xsiny + yz + h(z) into the last equation gives

y+h(z)=y+z or h(z)=z
So h(x) = % + C and hence f(x,y,z) = xsiny +yz + % + C for any constant C.
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S-33: First, we'll parametrize (x,y), which wraps once, counterclockwise, aroung the
circle x> + y?> = 1. So x(t) = cost, y(t) = sint, 0 < t < 27t works. As (x,y) wraps around
the circle, z has to start at 0 (when t = 0) and end at 1 (when t = 27). So z(t) = ﬁ works
and our parametrization is

t -
t) = costi+sintj+ — k
r(t) = costi+sin I+ 5
(Compare to Example 1.4.4 in the CLP-4 text.) With this parametrization

1 .
'(t) = —sinti H+-—Kk
r'(t) sint1+ cos ]+27T
2 .
F(x(t),y(t),z(t)) = —sinti+costj + ok

F(x(t),y(),2() -£(1) =1+

and

LF dr = JZHF(x(t),y(t),z(t)) Y (t) dt = fﬂ (1 + St—;) dt

S-34: (a) Let’s evaluate the integral directly using the parametrization

r(x) = xi+ (9—x2)j
with -3 < x < 3.
Since r'(x) =1 —2x},

dy
Yy dr
—N

3 —_— 3
J(x2+y)dx+xdy=J (* +9-4 +x(—2x))dx=J (9—2x%) dx
C -3 -3

3 33
zzf (9—2x2)dx:2<27—2§) =18

0

(b) In this solution, we’ll evaluate the integral directly. Label the four sides of the square
Ly, Ly, L3 and L4 as in the figure

Ls
<[y Lot—>
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The parametrization of L; by arc length is r(s) = 51,0 < s < 1. As the outward pointing
normal to L1 is —J,

LF-ﬁds = le(s,O) (=) ds = Jl(—O)ds 0

0 0

pointing normal to L, is {,

1 1
J F-ﬁds:f F(1,s)~ids=J 2ds =2
Ly 0

The parametrization of L by arc length (starting at (1,1))isr(s) = (1 —s)i+j,0<s < 1.
As the outward pointing normal to L3 is j,

1 1 1
f F-ﬁds=f F(l—s,l)-jds:f el=5ds = [—31*5} —e—1
L3 0 0 0

The parametrization of L4 by arc length (starting at (0,1))isr(s) = (1 —5)j,0<s < 1. As
the outward pointing normal to L4 is —i,

JL F.ﬁds:le(o,l—s)-(—i)ds:f(—O)ds:o

0 0

All together

JF-ﬁds:f F-ﬁds+f F-ﬁds+f F-ﬁds+f F-fds
C Ly Ly L3 Ly

=042+ (e—1)+0=e+1

S-35: (a) Since m = 1, Newton’s law of motion gives

a(t) =v/(t) = F(t) =j —sintk
Integating gives A
v(t) =tj+costk+c
for some constant vector c¢. Since v(0) = 1 + k, we have ¢ = i so that
Y'(t) =v(t) =i+tj+costk
Integating again gives )
t

r(t) = ti—i—zj—I—sintlA(—i—c

for some (new) constant vector c. Since r(0) = j, we have ¢ = j so that

2
r(t) = ti+ (1+%) j+sintk
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(b) The particle has x = 7t/2 when t = 71/2 and then

2

r1 =r(r/2) = §i+ (l—i—%) i+k

(c) The work done between time t = 0 and time t = 71/2 is

/2 /2 dr /2 ~ .
f F(t)-dr:J F(t) SH(0)dt= [ [~ sintk]- i+ tj +costR] e

0 0 0
/2 21,2 721
:Jo [t—sintcost]dt: [E—i—icos t]o zg_i

5-36: (a) We can parametrize L by
r(t) = (x(t),y(t) = (t,1),

with f running from 2 to 1. Using this parametrization,

1 1
JFdr:J F(x(t),y(t))-(x’(t),y’(t))dtzj (3t, 1) (1,1) dt
L

2 2

1
:f(4t—1)dt:—5

2

(b) First, we note that such a choice of path is even possible: if F were conservative, then

§. F - dr would be —5 for every path starting at (2,2) and ending at (1,1), because it
would be path independent. Since %—1;1 =3 and % =14+ %—1;1, by Theorem 2.4.7, F is not

path-independent.

Solution 1:

Yy

wLy) @Y

Let’s try a family of polygonal paths Cy that consist of
o the line segment L; from (2,2) to (2,Y) followed by

258



o the line segment L, from (2,Y) to (1,Y) followed by
o the line segment L3 from (1,Y) to (1,1).

This is a way of characterizing a family of alternate paths with only one parameter, Y. We
are hoping that the value of the integral SCY F - dr depends on Y and that we can choose a

specific value of Y so as to make the value of the integral SCY F - dr exactly 4.
Note that

o On Ly, x = 2is a constant (so that dx = 0) and y runs from 2 to Y.
o On Ly, y = Y is a constant (so that dy = 0) and x runs from 2 to 1.
o On L3, x = 11is a constant (so that dx = 0) and y runs from Y to 1

So,

f F.-dr = f {(Bydx + (x —1)dy} +J {(Bydx + (x —1)dy} +J {(Bydx + (x—1)dy}
Cy L3

J dy+J 3de+f 0dy

(Y—-2)4+3Y(1-2)=-2Y -2

Since we want our integral to be 4, we set 4 = —2Y — 2, and find Y = —3. That is, the
path D consisting of line segments from (2,2) to (2, —3) to (1,—3) to (1,1) gives us
SpF-dr=4.

Solution 2: Choosing three straight line segments was a convenient way to solve this,
but not the only way. To emphasize this point, we show that we also could have
considered (for example) the family of parabolas that pass through (2,2) and (1,1).

That is, we consider the family of functions y = ax? + bx + ¢ with 2 = 4a +2b + c and
1 = a + b+ c. Subtracting the equation a + b + ¢ = 1 from the equation 4a + 2b + ¢ = 2
(in order to eliminate c) gives

(da+2b+c)—(a+b+c)=(2)—(1)

= 3a+b=1
— b:1—3a
Using b =1 — 34,
a+b+c=1
— a+(1-3a)+c=1
N c=2a

So, the class of functions described by y = ax? + (1 — 3a)x + 2a for some constant a are
parabolas that pass through (1,1) and (2, 2).
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y

(2,2)

(1,1)
y=ax>+ (1-3a)x+2a

So, we consider paths of the form:

1(x) = (x, ax* + (1 - 3a)x + 2a)

)
F(r(x)) = (3ax* +3(1 —3a)x + 6a, x — 1)
(x)
F(r(x)) r'(x) = (3ax* +3(1—3a)x + 6a) + (2ax*+ (1 —3a)x —2ax + (32— 1))

(
(

= (1, 2ax+1—3a)
(

= 5ax? + (4 — 14a)x + (92 — 1)

So, if C is a portion of this parabola from (2,2) to (1,1), then

1
f F-dr :J (5ax* + (4 — 14a)x + (92 — 1)) dx
C 2

1
= [%axg' + (2 —7a)x* + (9a — 1)x
2
a
=35

Since we want our integral to have value 4, we set 4 = § — 5, which yields a = 27.

If we choose C to be the path from (2,2) to (1,1) along the parabola 27x? — 80x + 54, then
SC F-dr = 4, as desired.

S-37: Solution 1:
Let’s try a family of polygonal paths Cy (sketched below) that consist of

o the line segment L; from (0,0) to (0,Y) followed by
o the line segment L, from (0,Y) to (2,Y) followed by
o the line segment L3 from (2,Y) to (2,0).

Here Y is a parameter. We are hoping that the value of the integral SCY F - dr depends on
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(0,0)7 2,0) ¢

Y and that we can choose a specific value of Y so as to make the value of the integral
SCy F - dr exactly 8. Note that

o on Ly, x = 0 is a constant (so that dx = 0) and y runs from 0 to Y and
o on Ly, y = Y is a constant (so that dy = 0) and x runs from 0 to 2 and
o on L3, x = 2 is a constant (so that dx = 0) and y runs from Y to 0

Since F-dr = (2y +2) dx,

J F-dr:J(2y+2)dx—|—J(2y+2)dx—|—f(2y+2)dx
Cy L1 L L3

2
:0+J (2Y +2) dx + 0
0

=2(2Y +2)

SoY =1 does the job.

Solution 2:

There’s nothing magical about the form of the path from Solution 1. It’s just a path that’s
relatively easy to describe using one constant Y. To emphasize this point, we provide a
solution with an alternate path based on an ellipse.

A partial ellipse running from (0, 0) to (2,2) can be described by
r(t) = (cost+1, Asint) for a constant A, with ¢ running from 7 to 0. (To find this: we
centre a circle of radius 1 at the point (1,0), then multiply its y-coordinate by A.)

y

(2,0) )

In this case, F(r(t)) = (2Asint +2,0) and ¥'(t) = (—sint, Acost), so
F(r(t)) -¥'(t) = —sint(2Asin2 +2) = —A(2sin*t) — 2sint = —A(1 — cos 2t) — 2sin

F.-dr= O(A(COSZt—l)—Zsint)dt: A 1sin(2t)—t —|—2cost0
Jroar=] 4 (3uiian 1) 2con]

s

= Amr+4

us
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Setting At +4 =8, we find A = %. So, the half-ellipse r(t) = (cost +1, % sin t) , with ¢
running from 77 to 0, is another path that gives {- F - dr = 8.

S-38: The vector field F is conservative, with

Y
F=Vep  olny) =x+f0 73(7) dg

Consquently, for P = (x,0) and Q = (x1,0),

LFdr:sv(Q)—q)(P)—xﬁfyg dy—xo—Jyg? dy

=X1—X0

JF-dr
C

Thus
= [x(Q) — x(P)| = distance between P and Q

S-39:
o First notice that the vector field F(x, Y,z) = z2 k is conservative (with potential %23),
SO Scl F.-dr= SCZ F - dr for any two curves C; and C, from P; to P, (whether or not
they are on the surface S). Consequently, the statement ”Sq F.-dr = Scz F.-dr”is
true if and only if the statement “§. (F —F) -dr = {. (F —F) - dr” is true. So we
may replace the vector field F with the vector field
G(x,y,2) = F(x,y,2) — F(x,y,2) = (xz + axy?)i + yzj

o We are to consider only curves on the surface S. For any such curve C, say
parametrized by r(t) with a < t < b, the integral

b dr
LG-dr - J G(x(1) - S (0) i

a

depends only on the values of G on the surface S. In particular, if another vector
field H obeys H(x,y,z) = G(x,y,z), for all points (x,y,z) on S, we have

LG'dr:LbG(() ) dt = JH t) dt = JH dr

So we may replace G with

H(x,y,z) = G(x,y,2 4+ x* = 3y*) = [x(2+ x> = 3y*) + axy?]i +y(2 + x* — 3y?)j
= (2x + 2% = 3xy® + axy?)i + (2y + yx® — 3y°)j

Note that H(x, y,z) is defined on all of IR®. It just happens to not depend on z.
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o The curl of H is

i j k
V x H = det 2 & 2
2x + 2% = 3xy? + axy®> 2y +yx> -3y 0

= (2xy — [~6xy + 2axy] )k = (8 — 2a)xy k

This is zero if a = 4. As H has continuous first order partial derivatives on all of R3,
Theorem 2.4.8 of the CLP-4 text tells us that, when a4 = 4, H is conservative and that
Scl H dr = Scz H - dr for any two curves C; and C; from P; to P,

So a = 4 does the job.

S-40: (a) The curl of F is

N> =

f j
V x F = det g—x §—y
(1 + ax?)ye® — bxzcos(x2z) xe3  x2cos(x2z)
= 014 [~bx cos(x’z) + bx®zsin(x?z) — 2x cos(x*z) + 2x°zsin(x°z)] ]
+ [e?”‘2 + 6323 — (1+ ax2)e3x2] k

= [~ (b4 2)x cos(x?z) + (b + 2)x%zsin(x%z)] ] + (6 — a)xzeg”“2 k

(b) For F to be conservative it is necessary that V x F = 0. This is the case when b = -2
and a = 6.
(c) For f to be a potential, when b = —2 and a = 6, we need

af(x, y,z) = (1+ 6x2)ye3"2 + 2xz cos(x%z)

ox
%(% y,2) = xe™
Z—jzf(x, y,z) = x* cos(x%z)

Integrating the second of these equations gives
fxy,2) = xye™ + g(x,2)
Substituting this into the last equation gives

08 ) 2
e (x,z) = x“cos(x“z)

which integrates to
g(x,z) = sin(x%z) + h(x)

Finally, substituting f(x,v,z) = xye®* + sin(x2z) + h(x) into the first equation gives

(1+ 6x2)ye3x2 + 2xz cos(x%z) + M (x) = (1 + 63(2)}/e3x2 4 2xzcos(x?z) or H(x)=0
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So h(x) = C and hence f(x,y,z) = xye?”‘2 + sin(x2z) + C works for any constant C.
(d) Note that the integral is §~ (F,—gp—_2 — 6x2ye3x2i) -dr. So

f (ye3x2 + 2xz cos(xzz)> dx + xe3x2dy + x% cos(x*z)dz = f Vf-dr— 6J xzye3x dx
C C o

1
= f(1,1,1) — £(0,0,0) —6] B3t dt
0
1 3
:e3+sin1—§f ue" du with u = 3%, du = 6tdt
0
1 3
= e +sinl — 3 [ue” — e“} . integration by parts

1 1
= 5e3+sinl—5

S-41: (a) Parametrize C by x. Then

r(x) =xi+x*j+x°k  0<x<1

r'(x) =1+2xj+3x%k

(x* = x?)i+ (x +2%)j+x2k) - (i +2xj +3x° k)
xt—x? 2x? 4 2xt 3t = a2 46t

1 3 5
dr — 2 4 _ (X e 23
LF dr_JO[x +6x]dx—[3+5]0 15—153

g
—~
-
~
=
N—
~—
—}

~

~
=

SN—
I

(b) Parametrize C by x as in part (a). Then
ds |dr

D9 1142 4
Pl e +4x= +9x
o(x, x%,x%) js (8x +36x°)V/1 + 4x2 + 9x*
des J (8x +36x%)V/1 + 4x2 + 9x* dx

Using the substitution u = 1+ 4x% 4+ 9x*%, du = (8x + 36x%) dx:

1
_ %[1 +4x2 4 9347
= %[143/2 —1] ~ 34.26

(c) Since F = V£ with f = xsiny + yz + 3z°

J F.-dr= f(1,1,1) — £(0,0,0) = sin1 +g ~ 2.3415
C
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The potential f was just guessed. Alternatively, it can be found by antidifferentiating

0

a—J;(x,y,z) = siny — f(x,y,z) = xsiny+ ¢1(y,z)
%(x,y,z) =Xxcosy+z = f(x,y,z) = xsiny + yz + (%, 2)
of

1
Lwyz)=y+z — f(xy,2) =y + 57+ Ps(x)

All together, f(x,y,z) = xsiny + yz + % + C works for any constant C.

S-42: (a) This field is conservative if and only if it passes the screening test V. x F = 0
That is, if and only if,

Oh OB R _ OB B _ O

oy  ox 0z  Ox 0z 0Oy

That is,

g—y(Ax3yzz) = a—(.23 + Bx'yz)

o — 2Ax%yz = 4Bxyz

0 0

&(Ax?’yzz) = a(Syzz —x*y?) = AxPy? = —4x3y?
g—z (z° + Bxtyz) = g—y(3yz2 —x*y?) — 322 + Bxty = 322 — 2xty

Hence only A = —4, B = —2 works.
(b)) When A = —4, B= -2

F= —4x3yzzi + (23 — 2x4yz) j+ (31/22 - x4y2) k

We find a potential function ¢(x,y, z) for this F by antidifferentiating.

0

W (x,y,2) = 4y’ — plryz) = 2t i(y2)

0

a—z(x, y,z) = 22— 2x4yz = ¢(x,y,z) = yz3 — x4yzz + Po(x, 2)
dg

=, (0y,2) =8yz" = xty? — 9(xy,2) =y = xyz + P3(x,y)
All together, ¢(x,y,z) = —x*y?z + yz® + C with C being an arbitrary constant.
(©I=¢(1,-1,1)—¢(0,0,0) = -2.

(d) Note that | = {. G - dr with

G = (z — 4x%%2)i + (2 — x*y2)j + (3yz> — x*yP)k
=F+zi+x'yzj
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so that
J= f (2t +x*yzj + F) -dr = 2+J (zi + x*yzj) - dr
C C

Parametrize Cby r(x) = xi—xj+x’kwith0 <x < 1. As & =1 —j+2xk

1

f(zi+x4yzj)-dr:f (x4 —x"j) - (1—j+2xk) dx:f (x? 4+ x7) dx:1+1=E

c 0 0 38 24
11 37

(e) T is a closed path and F is conservative, so ST F-dr = 0. Let 77 be the line segment
from (1,0,0) to (0,1,0), 7, be the line segment from (0,1,0) to (0,0, 1) and 73 be the line
segment from (0,0,1) to (1,0,0).

(0,0,1)

T;
75 2

(0,1,0)

(1,0,0) 71
X

Onﬂ,z:O,sogﬂzi-dr:O. OnTz,x:O,SOi-dr:dx:0andg7azi-dr:0.

Parametrize 73 by r(t) = ti + (1 — t)k, 0 < t < 1. Then % = i — k and the z-coordinate of
the path is parametrized by 1 — ¢t. So,

z1 dr
—

L_(ziJrF)-dr:L_zi-drlem-(iR) dt
:fu_ﬂw:%

0

S-43: (a) By Newton’s law of motion
ma=F = 2v/(t)= (4, 6t%, -4t) = V/(t) = (2t, 3, -2¢)

So

t
v'(u) du = (0,0,0) +f (2u, 3u?, —2u)du = (2, £*, —1?)
0
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(b) From part (a), ¥'(t) = v(t) = (#*, £, —#?). So
t !
r(t) = r(0) +f Y (u)du = (1,2,3) +J (u?, u®, —u?) du
0 0
£ th 3

=(1,2,3) + (t3/3/ t4/41 _t3/3) = (g—f—l, Z—FZ, —§+3)

(c) From parts (a) and (b)

V()] = [£7(1,t, -1)| = /2 + 12

i j k ]
R B 2
2t 32 -2t
= (-2 +3t) i (-2 +28) 7+ (Bt —2t*) k
=tttk
— |[F(t) x " (t)| = V2t
The curvature is (see §1.5 of the CLP-4 text)

() x (b)) V2t

and

r'(t) x ¥ (t) = det

K(t)_ |I"(t)‘3 = (tzm)?,
B V2
22+ 2)?

()W ={(F -dr
o e [T dr ! 2 4 (2 B g2
LO F(t) dr—JOF(t) dt(t)dt_JO (4t, 6t°, —4t) - (t°, 7, —t7) dt

T
- J (82 +6t°) dt = 2T* + T®
0

S-44: (a) For the specified curve

r(t) = <4\Tﬁt3/2,4\7ﬁt3/2,t(2— t))

v(t) =1(t) = (2v2t1/2,2v2t1/2,2 - 2t)

V| = /8t + 8t +4— 8t + 412 = \ 41+ 2t +£2) = 2|1+ | =2(1 + 1)

So the distance travelled is
12

J: |v(t)|c1t:L22(1+t)dt:2[t+§]z =8
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(b) As
v(t) =r(t) = (2v2t/2,2v21/2,2 — 21) v(1)
a( =V/(t) = (V2t7/2, V21712, -2) a(1) =+v2(1,1,-v2)
v(1) x (1) 4(=v2,v2,0) v(1)| =4
the curvature
SUUCELL I

(c) G = Vo with ¢(x,y,z) = —Mgz, so that gravity is conservative. The work done is

¢(1(2)) — ¢(x(0)) = ¢(1/3,16/3,0) — ¢(0,0,0) = 0

Friction is not conservative, so we have to compute the work long hand
2

JozF-dr:J:F(t) f|v (1) 2w (t dt:—L ()[4 dt

2
=210 1
L(th) dt = 5(+t)‘0
156(35—1) —774.4

We know, from Theorem 1.3.3.c in the text, that

- Eor ()

(d) Solution 1:

We have also been told that, at the apeXx, N = —k and that Ols( t) =3 forallt. So 3; =0.

Ask = % at the apex
~ 1 N N
a(1) =07 + £ (3)(-k) =k

The bird follows the parametrized path
r(u) = (4;/5113/2, 4\3@u3/2, u(2 - u))

This is the same path as the plane, but the parameter u is not time. Let’s denote by R(t)
the position of the bird at time ¢. At time ¢ the bird is at some point on the parametrized

Solution 2:

path, so there is some u(t) with
R(t) =r(u(t))
We saw in part (a) that ‘ Ll = 2(1+ u). Since the bird always has speed 3,
u du
3_\ \—\ )—‘:2(1+u(t))a
d*u 3 du 9
41+ u())’

dt 2(1+u( ) a2 = 21 +u(h)Zdr




d?u

_ 9 .1 . .
@@= The bird’s acceleration is

At the apex u = 1 so that % = % and

cciiz_tlz{(t) jt(dR ) d<dr du ) d2r<du>2 dr d%u

E(t) T a(“(t))a(t) “32\%) Taae

From part (a)

d

_dz = (2v2u'/?,2v2ul’?,2 — 2u)
d?r -1/2 -1/2
W = (\/El/l ,\/il/l ,—2)

At the apex, when u =1,

dr
4, = (2v2.2v2,0)

d?r
— = (V2,v/2,-2)

du2

and the acceleration is

= Ty I (a2 ) () + 2v22v2.0) (- 5)

(023

<

Solutions to Exercises 3.1 — Jump to TABLE OF CONTENTS

S-1: This parametrization is almost trivial. We know it will have the form

r(x,y) = ¥1(x,y)i + Pa(x,y)j + ¥3(x, y)k where 1, gives the x-component (i.e. x), P>
gives the y-component (i.e. y), and ¥3 gives the z-component (i.e. e¥*! + xy). So,
r(x,y) = xi+yj+ (@ +xy)k

S-2: Our parametrization is

x(u,v) =u+v
y(u,v) = u* +o*
z(u,v) =u—ov

e Adding x(u,v) and z(u, v) gives x(u,v) + z(u,v) = 2u.

e Subtracting z(u,v) from x(u,v) gives x(u,v) — z(u,v) = 2v.
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Sou = 3(x(u,v) +z(u,v)) and v = 3 (x(u,v) — z(u,v)). So on our surface

= —(x(u,v) +z(u, v))2+%(x(u,v)—z(u,v))2

All points of our surface lie on 2y = x2 + z2. This is a parabolic bowl:

o no points have y < 0 and

o they = Y (with Y > 0) cross-section is the circle x> + 22 =2Y,y = Y
o the x = 0 cross-section is the parabola 2y = z2, x = 0

o the z = 0 cross-section is the parabola 2y = x2,z = 0

Z
' Y
T
S-3: Note that, since x? + y*> = 1 + 2z% on S, the condition z > 1 is equivalent to

¥+ y =>3,z> O So the hyperbolo1d 1s
{(vy2) | P+yP=142223<x?4+y*<9,2>0}.

(a) No Under this parametrization, the condition 3 < x? + y? < 9is 3 < u? + v*> < 9, not
2<u?+0*<9.

(b) Yes. Under this parametrization, x = usinov, y = —ucosv and z = 4/ ”72 — 3. S0

o

x>+ y? 222 =u? -2 (”72 — %) = 1, as desired.

The condition x? 4+ y? < 9 is equivalent to u < 3, since u > 0.
The condition x? 4+ y? > 3 is equivalent to u > /3, since u > 0.

O

@)

2
cz=y/§-150

¢) Yes. Under this parametrization, x = v/1 +2v2cosu, ¥y = /1 + 2v2sinu and z = v. So
p y

x? +y? — 222 =1+ 20% — 20% = 1, as desired.

The condition x? + y? < 9 is equivalent to 1 + 20? < 9, which is equivalent to v < 2,
since v > 0.

The condition x? + yz > 3is equivalent to 1 + 202 > 3, which is equivalenttoov > 1,
since v = 0.

oz=0v=0

(d) Yes. Under this parametrization, x = +/1 + usinv, y = v/1 +ucosvand z = vu /2. So

o x> +y?—222=1+u—2(u/2) =1, as desired.
o The condition x? + y? < 9 is equivalent to 1 + u < 9, which is equivalent to u < 8.

@)

O

@)
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o The condition x? + y? > 3 is equivalent to 1 + u > 3, which is equivalent to u > 2.

o z=+u/2=0
(e) No. Under this parametrization, x = y/ucosv, y = —y/usinvand z = 4/(#+1)/2. So
oxX?+y?-222=u—-2(u+1)/2=-1,not +1

S-4: (a) No. z = sin ¢ sin 6 is negative when 0 < ¢ < 7, m < 0 < 27t.

(b) Yes. Note that x*> + ( — y)z + (v/2—x2— y2)2 = 2 and that, for x> + y? < 1, we have
both x? + (—y)? < 1land /2 —x2 —y2 > 0.

(c) No. (usinf)? + (1 cosf)? = u?> > 1for 1 < u < 2. Also v/2 — u2 is not defined for
V2<u<2

(d) Yes. Note that
o (\/Esin(,bcosG)2 + (\@singbsinG)2 + (\ﬁcosgb)2 =2

o For0 < ¢ < ¥, wehavez = +/2cos¢ > 0.
o As ¢ runs from 0 to §, r(¢) = v/2sin ¢ runs from 0 to 1, so that

(x =7(¢) cosb, y = r(¢) sinb) covers all of x*> + y> < 1 as ¢ runs from 0 to F and 6
runs from 0 to 27t.

(e) Yes. Note that
o (—v2-22 sinqb)2 + (V2 — 2% cos 4))2 + (z)2 =2

o For 1 < z < v/2, we have obviously have z > 0.

o Aszruns from 1 to v/2, 7(z) = v/2 — z2 runs from 1 to 0, so that
(x = —r(z)sing, y = r(z) cos $) covers all of x*> +y* < 1 as z runs from 1 to /2
and ¢ runs from 0 to 27r.

S-5: (a) No. When u = v = 0, z = 4 is not between 0 and 1.

(b) Yes. Note that when x = 4 —u cosv,y =+v4—usinvandz=uwithO <u <1,
0<ov<2rm,

oz+x*+y? =4

ol0<z=ux<l1

o For each fixed z = u between 0 and 1, (x,y) runs once around the circle
x> +y?> =4 —z =4 —uas v runs from 0 to 27t.

(c) Yes. Note that when x = u cosv, y = u sinvand z = 4 — u?, with /3 < u < 2,
0<ov<2m

oz+x2+y*=4

0c0<z=4-u’<1

o For each fixed z = 4 — u? between 0 and 1, (x, y) runs once around the circle
x? 4+ y? =4 —z = u? as v runs from 0 to 27t.

S-6: First note that,
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o for A,Band C,r(6,¢) = x(6,¢) i +y(0,¢)j +z(68,¢) k obeys
x(0,¢)" +y(6,9)° +2(0,¢)° = 4

and so lies on S
o forD,Eand F, r(6,z) = x(6,z) i +y(6,2z)j + z(6,z) k obeys

x(0,2)% +y(0,2)* =4 —2(6,2)?

and so lies on S
o for G,Hand I, r(6,z) = x(6,z)i +y(6,2) ] +z(6, z) k obeys

x(0,2)% +y(6,2)* = z(0,2)?
and so lies on S3
o for],Kand L, r(x,y) = x(x,y)1 + y(x,y)j + z(x,y) k obeys
x(x,y)? +y(xy)? = z(x,y)®
and so lies on S3

(a) To get a part of S1, we need to use one of the parametriAzations A,B,C,D,E, F In the
cases of A, B, C, forr(6,¢) = x(0,¢)1+ y(6,¢)] + z(0, ¢) k to lie inside S, we need
(recalling that all points of S; have z(60, ¢) > 0 and hence 0 < ¢ < 7/2)

i
6

In the cases of D, E, F, for r(6,z) = x(0,2)1 + y(6,2)j + z(6, z) k to lie inside S, we need
(recalling that all points of S; have z(6,z) > 0 and hence z > 0)

x(9,4))2+y(6,4))2<1 — 4sin24,<1 — sin([)é% — 0<¢<

x(0,2)2+y(0,2)? <1 «— 4-2°<1 < z>3
So parametrizations A and F work.

(b) To get a part of S1, we need to use one of the parametriAzations A,B,C,D,E, F In the
cases of A, B, C, forr(6,¢) = x(0,¢)1+ y(6,¢)] + z(0, ¢) k to lie inside S3 we need
(recalling that all points of S; have z(6, ¢) = 0 and hence 0 < ¢ < 7/2)

x(6,9)* +y(6,¢)* <z(0,9)* «— 4sin’p <dcos’¢p «— tand <1 «— Oégbég

In the cases of D, E, F, for r(6,z) = x(0,2)1 +y(0,2)j + z(6, z) k to lie inside S3 we need
(recalling that all points of S; have z(6,z) > 0 and hence z > 0)

x(0,2)2 +y(0,2)> <z(0,2)* «— 4-2°<2* «— z>2
So parametrizations B and E work.

(c) To get a part of S3, we need to use one of the parametrizations G,H, L], K, L. In the
cases of G, H, I, for r(0,z) = x(0,2)1 +y(6,z) ] + z(6, z) k to lie inside S, we need
(recalling that all points of S3 have z > 0)

x(@,z)2+y(9,z)2<1 — 72<1 — 0<z<1
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In the cases of J, K, L, for r(x,y) = x(x,y) i + y(x,y)j + z(x,y) k to lie inside S3 we need
x(xy)+y(xy) <1 — P +y' <1
So parametrizations G and J work.

(d) To get a part of 53, we need to use one of the parametrizations G, H, L, ], K, L. In the
cases of G, H, I, for r(0,z) = x(0,z) 1+ y(6,z) ] + z(6, z) k to lie inside S; we need
(recalling that all points of S3 have z > 0)

x(0,2)2 +y(0,2)* +2(0,2)? <4 — 22°<4 «— 0<z<V2
In the cases of J, K, L, for r(x,y) = x(x,y) i + y(x,y)j + z(x,y) k to lie inside S3 we need
x(x,y)? +y(x,y)? +z(x,y)? <4 <= 2x° +2y% <4

So parametrizations H and L work.

S-7: (a) In the sketch below, the point (x,y, z) deviates from the centre (2,2,4) by sin 6

/== (i +7) direction. So,

units in the k direction, and by cos 6 units in the 7

(x,y,z) = (2+%c059, 2+%cos€, 4 4 sinf).

~
V4

(x,,2)

Yy

X
So, we can parametrize the circle as (x,y,z) = (2 + %ﬁ cosf, 2+ \sz cosf, 4+sin#),
with 0 < 6 < 2.

Remark: it’s easy to check that this equation satisfies the two properties we desire. Since
the x- and y coordinates match, it’s in the plane x = y. To check that it’s a circle centred at
(2,2,4), we note the distance from (x,y,z) to (2,2,4) is:

d= \/(x—2)2+ (y—2)°+(z—4)? = \/(\%cos())z—k (\/LECOSQ)Z—F (sin6)?

1 1
= \/Ecos7-9+§cos7-9+sin26:\/c0529+sin26:1
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So, our points all have distance one from the same point — that is, they lie on a circle of
radius 1.

(b) Consider a point (x,y,z) = (2 + f cosf, 2+ \f cos 0, 4+ sin @), rotating ¢ radians
about the line x = y = 4.

r(t) = (4,4, 1)

The new position of the point has the same height, z = 4 + sin 0. Its distance from the
line x = y = 4is also preserved: R = /(x —4)2 + (y —4)2+ (z —z)2 =

\/(%C059—2)2+ (\%COSG—Z)Z—FO) = cos O —2+/2.

The circle traced out by a point (x,y,z) = (2 + % cos 0,2+ \% cos 0,4 + sin @) on the

circle is centred at (4,4, z) with radius v/2(4 — x), so it has equation
x=4++2(2—12cos8)cosp, y =4 ++/2(2—+/2cos0) sing, z = 4sin6.

&> <&

Solutions to Exercises 3.2 — Jump to TABLE OF CONTENTS

S-1: Write F(x,y,z) = x>+ y*> + (z—1)>—~1and G(x,y,z) = x> + y*> + (z+1)> — 1. Let S
denote the surface F(x,1,z) = 0 and S, denote the surface G(x,y,z) = 0. First note that
F(0,0,0) = G(0,0,0) = 0 so that the point (0,0, 0) lies on both S; and S,. The gradients
of F and G are

V(2 = (5w, Sena), S ) = (2n, 20,2 1)

oG 0G oG
VG(y2) = (5 o), Golona), Fows) ) = (2x, 29, 20:41)
In particular,
VF(0,0,0) = (0,0,-2)  VG(0,0,0) = (0,0,2)

so that the vector k = —1VF(0,0,0) = 1VG(0,0,0) is normal to both surfaces at (0,0,0).
So the tangent plane to both Sj and Sy at (0,0,0) is

k-(x-0,y-0,z-0)=0 or z=0
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Denote by P the plane z = 0. Thus S; is tangent to P at (0,0,0) and P is tangent to S at
(0,0,0). So it is reasonable to say that S; and S, are tangent at (0,0,0).

S-2: Denote by S the surface G(x,y,z) = 0 and by C the parametrized curve
r(t) = (x(t),y(t),z(t)). To start, we’ll find the tangent plane to S at 1y and the tangent
line to C at ry.

* The tangent vector to C at rg is (x'(to), y'(to), 2'(fo)), so the parametric equations
for the tangent line to C at rj are

x —xo = tx'(tg) v —1yo = tx'(to) z—zo = tx'(tp) (E1)

* The gradient (% (x0, Y0, 20), % (x0, Y0, 20), % (x0, vo, zo)> is a normal vector
to the surface S at (xg, yo, 20). So the tangent plane to the surface S at (xo, yo, zo) is

(%(’CO’ Yo, 20) %(’COI Yo, 20), %xo, Yo, ZO)) (x—=x0, ¥y —v0,2—20) =0
or
Z—(j(xo, Yo, zo) (x —x0) + g—(y;(xo, Yo, 20) (¥ —yo) + aa—(;(xof Yo, z0) (z—20) =0
(E2)
Next, we'll show that the tangent vector (x'(t9), y'(to), z’'(to)) to C at rp and the normal

vector (% (%0, Y0, 20), % (%0, Y0, 20) , % (%0, vo, zo)> to S at rg are perpendicular to

each other. To do so, we observe that, for every ¢, the point (x(t),y(t),z(t)) lies on the
surface G(x,y,z) = 0 and so obeys

G(x(t),y(t),z(t)) =0

Differentiating this equation with respect to t gives, by the chain rule,

0= G (x(t), y(1), 2(1)

= 20, y(0), =) ¥ (1) + =

Then setting t = ¢y gives

oG oG oG
a(xol Yo, z0) ¥'(to) + a—y(xo, Yo, zo) ¥ (to) + E(xo, Yo, z0) 2 (to) =0  (E3)

Finally, we are in a position to show that if (x,y,z) is any point on the tangent line to C at
ro, then (x,y,z) is also on the tangent plane to S at ry. As (x,y, z) is on the tangent line to
C at ry then there is a t such that, by (E7),

G oG oG
g(xol Yo, Zo) {x —xo} + @(xol Yo, Zo) {vy—vot + E(xo, Yo, zo) {z —zp}
0G oG e
- (9_x(x0’ Yo, ZO) {txl(t())} + @(XO/ Yo, ZO) {ty/<t0>} =+ E(x()/ Yo, ZO) {tZ/<t0>}
0G G G
=t (a_x(xOI Yo, ZO) xl(t()) + (8_y(x0’ Yo, ZO) y/(t()) + (a—z(xol Yo, ZO) Z’(to) =0
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by (E3). Thatis, (x,y, z) obeys the equation, (E,), of the tangent plane to S at ryp and so is
on that tangent plane. So the tangent line to C at r( is contained in the tangent plane to S
at rp.

S-3: By part (b) of Theorem 3.2.1 in the CLP-4 text,
n = —fx(xo,%0) 1~ fy(xo,%0) ] + K

is normal to the surface at (xo, Yo, z9). So the parametric equations of the normal line are

(‘x_xOI ]/—y0/ Z_ZO) = t(_fx(XOIJ/O)/ _fy(xOI]/O)/ ]-) or
x =xo—tfx(xo,y0) ¥ =yo—tfy(xo,y0) z= f(x0,y0)+t

S-4: Use S to denote the surface F(x,y,z) = 0, S, to denote the surface G(x,y,z) = 0 and
C to denote the curve of intersection of S and S,.

e Since C is contained in Sy, the tangent line to C at (x, yo, z0) is contained in the
tangent plane to Sy at (xo, Yo, 20), by Q[2]. In particular, any tangent vector, t, to C at
(x0, Y0, z0) must be perpendicular to VF(xo, yo, z0), the normal vector to Sy at
('xO/ yO/ ZO) *

* Since C is contained in Sy, the tangent line to C at (x, yo, z0) is contained in the
tangent plane to S; at (xo, Yo, 20), by Q[2]. In particular, any tangent vector, t, to C at
(x0, Y0, z0) must be perpendicular to VG(xo, yo, z0), the normal vector to S, at
(x0, Yo, Z0)-

So any tangent vector to C at (xg, Yo, zo) must be perpendiular to both VF(xy, yo,zo) and
V G(x0,Y0,20). One such tangent vector is

t = VF(x0,Y0,20) x VG(x0,Y0,20)

(Because the vectors V F(x, yo,zo) and VG(xg, Yo, zg) are nonzero and not parallel, t is
nonzero.) So the normal plane in question passes through (x, o, z9) and has normal
vector n = t. Consquently, the normal plane is

n-(x—x0,y—Yo,z—20) =0 where n = t = VF(xg,y0,20) x VG(xo, Yo, 20)

S-5: Use S; to denote the surface z = f(x,y), S to denote the surface z = g(x,y) and C to
denote the curve of intersection of S; and S».

e Since C is contained in Sy, the tangent line to C at (x, o, z) is contained in the
tangent plane to Sy at (xo, Yo, 20), by Q[2]. In particular, any tangent vector, t, to C at
(x0, Yo, zo) must be perpendicular to — fy(xo, vo) 1 — fy(xo, o) j + k, the normal
vector to Sy at (xo, Yo, zo)- (See part (b) of Theorem 3.2.1 in the CLP-4 text.)

* Since C is contained in Sy, the tangent line to C at (xo, o, 20) is contained in the
tangent plane to S, at (xo, Yo, 20), by Q[2]. In particular, any tangent vector, t, to C at
(x0, Y0, Zo) must be perpendicular to —gx(xo, o) I — gy(x0, ¥0) j + k, the normal
vector to Sy at (xg, Yo, 20)-
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So any tangent vector to C at (xo, Yo, z0) must be perpendicular to both of the vectors

—fx(x0,¥0)1 — fy(x0,¥0) ] +k and —gx(x0, y0) i — gy(x0, ¥0) j + k. One such tangent vector
is

= [ = fx(x0,¥0) 3 = fy(x0,¥0) ] + K] x [ = gx(x0,40) E — gy(x0,¥0) ] + K]

i j k
= det | —fx(xo,y0) —fy(x0,50) 1

—8x(x0,y0) —&y(x0,%0) 1
= (8y(x0,y0) = fy(x0,y0) , fx(x0,y0) — &x(x0,¥0) , fx(%0,Y0)8y (%0, Y0) — fy (%0, Y0)8x(x0, Yo))
So the tangent line in question passes through (xo, Yo, z0) and has direction vector d = t.
Consquently, the tangent line is

(x—x0,Y—Yo,z—20) =td

or

x = xo + t[gy(x0,y0) — fy(x0, Yo)]
y = o+ t[fx(x0,y0) — gx(x0,0)]
z=2zy+ t[fx(xofyo)gy(XO/J/O) —fy(XOIJ/O)gx(XOIyO)}

5-6: We are going to use part (b) of Theorem 3.2.1 in the CLP-4 text. To do so, we need the
first order derivatives of f(x,y) at (x,y) = (—1,1). So we find them first.

_ 2wy x?y (4x°) 2 4 2
felory) = 22 (x4 22)’ fl D) ="3+5="5
x? 2y (4y) 1 4 1
fuly) = fL) =3 -5 =5

427 (xd 4 2y2)?

0(2/9,1/9, 1) is a normal vector to the surface at (—1,1,1/3) and the tangent plane is

2 1 1
SE+) 51+ (z-3) =0
2. 4L .2 1.1 2
0¥ T oY TET 9T 9 T3 9

or2x +y+9z = 2.

S-7: The equation of the given surface is of the form G(x,y,z) = 9 with

27 }
G(x,y,2) = N ey So, by part (c) of Theorem 3.2.1 in the CLP-4 text, a normal
vector to the surface at (2,1,1) is
VG(2,1,1) = —= 27 (2x, 2y, 2z)
o 2 (xz + y2 + z? + 3)3/2 ’ ' (xy,2)=(2,1,1)

=-(2,1,1)
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and the equation of the tangent plane is

-2,1,1) (x-2,y—1,z-1)=0 or 2x4+y+z=6

S-8: We may use G(x,y,z) = xyz? + y*z> — 3 — x? = 0 as an equation for the surface.
Note that (—1,1,2) really is on the surface since

G(-1,1,2) = (-1)(1)(2)* + (1)?(2)* -3 - (-1)>=—-4+8-3-1=0
By part (c) of Theorem 3.2.1 in the CLP-4 text, since

Gx(x,y,2z) = y22 —2x Gx(-1,1,2) =6
Gy(x,y,z) = xz* +2yz° Gy(-1,1,2) =12
G.(x,v,z) = 2xyz + 3y*z> G:(-1,1,2) =8

one normal vector to the surface at (—1,1,2) is VG(-1,1,2) = (6, 12, 8) and an
equation of the tangent plane to the surface at (—1,1,2) is

(6,12,8) (x+1,y—1,z—2)=0 or 6x+12y+8z=22

or

S-9: (a) The surface is G(x,y,z) = z — x? + 2xy — y*> = 0. When x = a and y = 24 and
(x,v,z) is on the surface, we have z = a®> — 2(a)(2a) + (2a)? = a?. So, by part (c) of
Theorem 3.2.1 in the CLP-4 text, a normal vector to this surface at (a,2a, a?) is

VG(a,2a,a%) = (—2x +2y, 2x — 2y, 1) =(2a, —2a,1)

(xy,2)=(a,2a,a%)

and the equation of the tangent plane is

(2a, —2a,1) - (x—a,y—2a,z—a*) =0 or 2ax—2ay+z=—a

(b) The two planes are parallel when their two normal vectors, namely (24, —2a, 1) and

. . . . o 1
(1, =1, 1), are parallel. This is the case if and only if 2 = 3.

S-10: A plane is determined by one point on the plane and one vector perpendicular to
the plane. We are told that (8,1,5) is on the plane, so it suffices to find a normal vector.
The given surface is parametrized by

r(u,0) = 2?1+ 0*j+ (u® +°) k

278



so the vectors

or
%(u,v) = (4u, 0, 2u)

Z—Z(u,v) = (0, 20, 302)

are tangent to S at r(#,v). Note thatr(2,1) = (8,1,5). So

or
EEQJ)—(&O,Q
or
55@@):(&2,@

are tangent to Satr(2,1) = (8,1,5) and

or or
&—u(z,]_) X 8_7](2,1) = (8,

or }8( —8,-24,16) = (1,3, —2) isnormal to S at (8,1,5). So the tangent plane is
(1,3,-2) - {(x,y,2) = (8,1,5)} =0 or x+3y—2z=1

S-11: To find the tangent plane we have to find a normal vector to the surface at (2,2,0).
Since

or

8_1,{: (1,21/[,].)
or

%: (1,2'0, —1)

a normal vector to the surface at r(u, v) is

i ]k
g—rx?:det 1 2u 1
woov 1 20 —1

= (-2u—2v,2,2v-2u)

As r(u,v) = (2,2,0) when (the x-coordinate) u + v = 2 and (the z-coordinate) u — v = 0,
i.e when u = v = 1, a normal vector to the surface at (2,2,0) = r(1,1) is

(—4,2,0)  or  (=2,1,0)
and the equation of the specified tangent plane is

—2(x—-2)+(y—-2)+0z=0 or y=2x-2
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S-12: The first order partial derivatives of f are

felry) = Y fe(-1,2) =

So, by part (b) of Theorem 3.2.1 in the CLP-4 text, a normal vector to the surface at
(x,y) =(-1,2)is (2%, —%, -1). As f(—1,2) = %, the tangent plane is

(%,—%,—1>-<x+1,y—2,z—§> =0 or %x—%y—z:—g

and the normal line is

= (122) (851

S-13: A normal vector to the surface x> 4+ 9y? + 4z2 = 17 at the point (x,y,z) is

(2x, 18y, 8z). A normal vector to the plane x —8z = 0is (1, 0, —8). So we want

(2x, 18y, 8z) to be parallel to (1, 0, —8), i.e. to be a nonzero constant times (1, 0, —8).
This is the case whenever y = 0 and z = —2x with x # 0. In addition, we want (x, Y, z) to
lie on the surface x + 9y? + 4z% = 17. So we want y = 0, z = —2x and

17 = X2+ 9y% +42° = X +4(—2%)?> = 17x* — x = +1

So the allowed points are +(1,0, —2).

S-14: The equation of S is of the form G(x,y,z) = x* + 2y?> + 2y — z = 1. So one normal
vector to S at the point (xo, Yo, zo) is

VG(Xo,yo, Zo) =2x01+ (4]/0 + 2)j —k
and the normal line to S at (xo, Yo, 2o) is
(x,y,z) = (x0,Y0,20) +t(2x0, 4yo +2, —1)

For this normal line to pass through the origin, there must be a t with

(0,0,0) = (x0,y0,20) + t(2x0, 4yp + 2, —1)

or
X0+ 2x9t =0 (E1)
yo+ (4yo+2)t =0 (E2)
zg—t = 0 (EB)
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Equation (E3) forces t = zp. Substituting this into equations (E1) and (E2) gives

XO(l + ZZO) =0 (E1)
Yo+ (4y0 +2)z0 =0 (E2)
The question specifies that xg # 0, so (E1) forces zg = —%. Substituting zg = —% into (E2)

gives
—y0—1:0 — yoz—l

Finally x is determined by the requirement that (xg, yo, zo) must lie on S and so must
obey

1 1
20=20+25+20 -1 = —5 =x+2(-1°+2(-1) -1 = x5=

So the allowed points P are (\%, -1, —%) and ( — \%, -1, —%)

S-15: Let (x0, o, 20) be a point on the hyperboloid 7% = 4x? + yz — 1 where the tangent
plane is parallel to the plane 2x — y + z = 0. A normal vector to the plane 2x —y +z = 0
is (2, —1,1). Because the hyperboloid is G(x,y,z) = 4x> + y> — z> — 1 and

VG(x,y,z) = (8x,2y,—2z), a normal vector to the hyperboloid at (xo, Yo, z0) is
VG(x0,v0,20) = (8x0,2y0, —220). So (xo, Yo, zo) satisfies the required conditions if and
only if there is a nonzero t obeying

(8x0,2y0, —229) = (2, —1,1) and 2§ = 4x% +v3 — 1

t t
(:)xo:L—L,yozzoz—iandzézélx%—{—y%—l
<:)t2—t2—|—t2—1andx—t —Z—ft

4 1% 0= g Yo=20= 75

— =42 (xO,yo,Zo) = J_r(%, -1,-1

S-16: (a) A vector perpendicular to x? + z2 = 10 at (1,1,3) is

V(x? +2%)| = (2x1 + 2zk)|

N N 1
(1,1,3) — =21+ 6kor 5(2, 0,6) = (1,0,3)

(1,13)
(b) A vector perpendicular to y? +z2 = 10 at (1,1,3) is

s At PO
V(P +2°)| 13 = @] +22K)[ ), 5 = 2j +6kor 5(0.2,6) =(0,1,3)

A vector is tangent to the specified curve at the specified point if and only if it
perpendicular to both (1,0, 3) and (0, 1,3). One such vector is

ij k
(0,1,3) x (1,0,3) =det |0 1 3| =(3,3,-1)
103
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(c) The specified tangent line passes through (1,1, 3) and has direction vector (1,1,3) and
so has vector parametric equation

r(t) = (1,1,3) + £(3,3,-1)

S-17: x(t) = (x(t), y(t), z(t)) intersects z> + xyz — 2 = 0 when
2P+ x()y()z(t) —2=0 «— (B)’+ (B)(O)(B) —-2=0 « 26 =2 « t=1
since t is required to be positive. The direction vector for the curve att = 11is
(1) =3i+j+2k
A normal vector for the surface at r(1) = (1,1,1) is

V(2 + xyz)

1) = 2+ xg + (322 + xy)kl 1) = 1+ + 4k
The angle 6 between the curve and the normal vector to the surface is determined by

(3,1,2)[](1,1,4)|cos 8 = (3,1,2) - (1,1,4) = V14V/18cosf = 12
<= /7 x36cosf =12

= cosf = —

\7
— 0 =40.89°

The angle between the curve and the surface is 90 — 40.89 = 49.11° (to two decimal
places).

S-18: Let (xo, yo, z0) be any point on the surface. A vector normal to the surface at
(x0,Y0,20) is

\Y% (xye_(x2+y2)/2 —z

(x(),yo,ZO)
— (yoe—(x%er%)/Z — yoe (FHR)/2 xe= ()12 1 20- (5 +08)/2, _1>

The tangent plane to the surface at (xo, Yo, zo) is horizontal if and only if this vector is
vertical, which is the case if and only if its x- and y-components are zero, which in turn is
the case if and only if

yo(1— x%) = 0 and x((1 —y%) =0
— {yo=0o0rxyg=1orxg=-1}and {xg =0o0ryp=1loryy = -1}
< (x0,¥0) = (0,0) or (1,1) or (1,—1) or (—1,1) or (-1,-1)

1

The values of zg at these points are 0, =1, —e~!, —e~! and e~!, respectively. So the
horizontal tangent planes are z = 0,z = ¢! and z = —¢~!. At the highest and lowest
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points of the surface, the tangent plane is horizontal. So the largest and smallest values of
zaree ! and —e !, respectively.

L o &

Solutions to Exercises 3.3 — Jump to TABLE OF CONTENTS

S-1: (a) S is the part of the plane z = y tan 6 that lies above the rectangle in the xy-plane
with vertices (0,0), (a,0), (0,b), (a,b). So S is the rectangle with vertices (0,0,0), (a,0,0),
(0,b,btan®), (a,b,btan6). So it has side lengths

(a,0,0) — (0,0,0)

|
1(0,b,btan6) — (0,0,0)| = \V/b% + b2 tan? 6

and hence area aby/1 4+ tan? 6 = ab sec6.

(b) S is the part of the surface z = f(x,y) with f(x,y) = y tan 6 and with (x,y) running
over
D={(xy)|0<x<a0<y<b}

Hence by (3.3.2) in the CLP-4 text

ds = \/1 + fx (0, ¥)? + fy(x,y)? dxdy = V/1+ 02 + tan2 0 dx dy

and

Area(S) = JJdS = Jf\/mdxdy
S D

a b

:f dxj dy V1 + tan?6
0 0

= ab\/1+ tan?6 = absect

S-2: Note that all three vertices (a,0,0), (0,b,0) and (0,0, c) lie on the plane
X+ 74 2 =1. So the triangle is part of that plane.

Method 1. S is the part of the surface z = f(x,y) with f(x,y) = ¢ (1 — £ — {) and with
(x,y) running over the triangle Ty, in the xy-plane with vertices (0,0,0) (4,0,0) and
(0,b,0). Hence by the first part of (3.3.2) in the CLP-4 text,

Area(s) = [[ /14 fulx, )2+ )2 dxdy

Tay
/ 2 2
Toy

2 2
=1+ 5+ 13 A(Ty)
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where A(Txy) is the area of Ty,. Since the triangle Ty, has base a and height b (see the
figure below), it has area 3ab. So

1 2 2 1
Area(S) = 5 1+ % + % ab = E\/aZb2 + a%c? + b2c?

Method 2. S is the part of the surface x = g(y,z) with g(y,z) =a (1 - —
(v, z) running over the triangle T, in the yz-plane with vertices (0,0,0) (0
(0,0, c). Hence by the second part of (3.3.2) in the CLP-4 text,

) and with
0,b,0) and

Z
c
7

Area(S) = Jf \/1 + 8y(v,2)* + 82(y,2)?> dy dz

Ty
/ a’> g2
Ty,

where A(Ty;) is the area of Ty;. Since T, has base b and height ¢, it has area bc. So

1 a2
Area(S) = A1+ — 72 + = —\/azb2 + a%c? + b2c?

Method 3. S is the part of the surface y = h(x,z) with h(x,z) = b (1 — £ — 2) and with
(x,z) running over the triangle Ty, in the xz-plane with vertices (0,0,0) (4,0,0) and
(0,0, c). Hence by the third part of (3.3.2) in the CLP-4 text,

Area(S) = Jf \/1 + hy(x,2)%2 + hy(x,2z)? dx dz

TXZ
Jf A/l —|— —|— dx dz
TXZ

B2 b2
=A\/14 = + — A(Txz)
a C
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where A(Ty;) is the area of T. Since Ty, has base a and height c, it has area %ac. So

2
Area(S) = ; 1~|— e x 2 b = —\/a2b2+a2c2+b2c2

(b) We have already seen in the solution to part (a) that

Area(Txy) = % Area(sz) = % Area(TyZ) = %

Hence

202 202 22
Area(S):\/a4 +a4c + 4C

= \/Area(Txy)2 + Area(Ty;)? + Area(T;)?

5-3: (a) Think of the cylinder as being a piece of paper that has been partially rolled up. If
you flatten the piece of paper out, you get a rectangle with the length of one side being h

and the length of the other side being one quarter of the circumference of a circle of

radius a, i.e. 1(27ta) = Z2. So the area of S is 72",

(b) S is parametrized by
x(0,y) =acos®  yB,y)=vy  z(0,y) =asinb
with (6, y) running over 0 < 6 < 7, 0 <y < h. Then, by (3.3.1) in the CLP-4 text,

(355) - Coimocon
ox 0y dz\ _
<6y s > = (0,1,0)
|/ 0x 8}/ 0z ox 6}/ 0z
ds = Kae 5 5) " <8y oy’ 5y)‘d9d
= |(—acos6,0, —asin )| df dy
=adfdy

So

Area(S) :JJdS:fOn/szf:dya:u<g>h
S

S-4: The surface is z = f(x,y) with f(x,y) = xy. So, by (3.3.2) in the CLP-4 text,

S=\/1+f2+ fidxdy =4/1+x*+y*dxdy
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and

.
I= J(x2+y2)d5: Jf (x* +y?) /1 + 22 +y2 dxdy

S x2412<3

r27 /3
= dOJ dr r r2\/1 + 12
0 0

We switched to polar coordinates in the last step. Making the change of variables
u=1+r%du=2rdr

4 4
- _ (250 23,57 64 16 2 2] 116
I—nfldu(u 1)\/ﬁ—n{5u 34 1—71 =3 sT3| =~

S-5: First observe that any point (x,y,z) on the paraboliod lies above the xy-plane if and
only if

2 2

0<z=a>—x*—y* — *+y*<a?

That is, if and only if (x,y) lies in the circular disk of radius a centred on the origin. The
equation of the paraboloid is of the form z = f(x,y) with f(x,y) = a®> — x> — 4. So, by
(3.3.2) in the CLP-4 text,

Surface area = JJ \/1 + fx(x,y)2 + fy(x,y)? dx dy

x2+y2<a2
= fj \/1+4x2 +4y? dx dy
x24y?<a?
Switching to polar coordinates,
a 27T
Surface area = J dr | dOrv1+4r2
0 0

a
:Zﬂf dr rv/1+ 4r2
0

14442 ds
:Zﬂf g\/g withs = 1+ 4r%, ds = 8rdr
1

S-6: First observe that any point (x,y,z) on the cone lies between the planes z = 2 and
z = 3if and only if 4 < x? + y? < 9. The equation of the cone can be rewritten in the form

z = f(x,y) with f(x,y) = \/x% + y%. Note that
fx(x,y) = \/%yz fy(xy) = \/XZLTyz
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So, by (3.3.2) in the CLP-4 text,

Cr
Surface area = \/1 + fx(x,y)? + fy(x,y)? dx dy
J
4<x2—:y2<9
rr X2 yZ
= 1+ + dxd
1 2R 2y Y
4<x2+y?<9
=2 ff dxdy
4<x24y2<9

Now the domain of integration is a circular washer with outside radius 3 and inside
radius 2 and hence of area 71(3% — 2%) = 57. So the surface area is 5v/27.

S-7: The equation of the surface is of the form z = f(x,y) with f(x,y) = 3(x3/2 4+ 3/2).
Note that

floy) =vx  fylxy) =y
So, by (3.3.2) in the CLP-4 text,

Surface area =

N
dx | dy \/1 + Fe(x,y)2 + fy(x,y)?

JO

< [y

1 rl
:J dx | dy/1+x+y
0 JO
1 ) =1
_ <1 3/2
de _3( +x+y) L .

dx [(2+ %)% — (1+x)%/?]

x=1

WIN WIN

UGN 5

(2+x)°2 = (1+x)°/?]

35/2 25/2 . 25/2 + 15/2}

x=0

m|*'>u1|*'>

5l
=[9V3-8v2+1]

S-8: (a) By (3.3.2) in the CLP-4 text, F(x, 1) \/1 + fo(,9)2 + fy (x, )2
(b) (i) The “dimple” to be painted is part of the upper sphere x> + y* + (z — 2\@)2 =4It

is on the bottom half of the sphere and so has equation z = f(x,y) = 2¢/3 — 1/4 — x2 — 2.
Note that

_ X = —y
fr(x,y) = N/ fy(xy) = oy
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The point on the dimple with the largest value of x is (1,0,4/3). (It is marked by a dot in
the figure above.) The dimple is invariant under rotations around the z—axis and so has
(x,y) running over x> + > < 1. So, by (3.3.2) in the CLP-4 text,

.
Surface area = J \/1 + fx(x,y)? + fy(x,y)? dxdy

J
x2+y2<1

1IN 2 Y 4vd
B J +4—3(2—y2+4—x2—y2 *y

(&

x2 +y2<1

==

x2+y2<1

dxdy

Switching to polar coordinates,

2y

Vi r

27T
Surface area = f dQJ dr

(b) (ii) Observe that if we flip the dimple up by reflecting it in the plane z = 1/3, as in the
tigure below, the “Death Star” becomes a perfect ball of radius 2.

z

z = \/g--‘:}}t- """ ::(:1707\/§)

The area of the pink dimple in the figure above is identical to the area of the blue cap in
that figure. So the total surface area of the Death Star is exactly the surface area of a
sphere of radius 2 and so is 412> = 167.

5-9: The equation of the half of the cone with y > 0 can be rewritten in the form
y = h(x,z) with h(x,z) = v/x2 + z2. Note that

. X I o z
hx(x,Z) = \/x2:_|_22 Z(X,Z) = \/3(;2:_’_22

The point (x,y,z) ony = h(x,z) also obeys x > 0,0 < y <2,z > 0if and only if (x,z) lies
in the quarter disk
D={(xz)|x*+2°<4,x>0,z=0}
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So, by (3.3.2) in the CLP-4 text,

Surface area = Jf \/1 + hx(x,2)?2 + hy(x,z)? dxdz

D
x2 z2
:Jf\/1+x2+zz +x2—|—22 dx dz
D

= \fZdexdz
D

Now D is a one quarter of a circular disk with radius 2. So

1
Surface area = V2 1 2% =21

S-10: We are to find the surface area of part of a hemisphere. On the hemisphere

X
z=floy) =ya? = —y*  filny) = o — fulxy) == az_yxz_yz

so that

ds = \/1 + fx(x,y)? + fy(x,y)> dxdy = \/1 T

a2
=\ zZ 2 2 — dxdy
a

In polar coordinates, this is dS = e rdr df. We are to find the surface area of the

—— dxdy

part of the hemisphere that is inside the cylinder, x> — ax + y? = 0, which in polar
coordinates becomes 12 — ar cos§ = 0 or r = a cos . The top half of the domain of
integration is sketched below.

)
r = acosf
/ x
(a/2,0)
So the
/2 acos 6 a /2 acosf
SurfaceArea:2f dé)f dr r— :Zaf do [— az—rz]
0 0 a2 — 12 0 0
/2
= ZaJ df [a — asin6]
0
/2
= 24° [9—|—c059}0 = a?[m —2]
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S-11: The upper half cone obeys f(x,y,z) = x> + y? — z2 = 0. So, by (3.3.3) in the CLP-4

text,
/%2 L 142 L 72
dxdy = a +zy R dxdy

2xi + 2yf — 2zk
-2z

dS:‘ va dxdy =

Vf k

But on the cone x? + y2 =22 and z > 0, so that

/x2 - 12 L 22 /272
ds = VX +zy Tz dx dy iz dxdy = v2dxdy

and
x4—y4—|—y222—zzx2+1=x4—y4+y2(x2+y2)—(x2+y2)x2—|—1:1

We have to integrate (x,y) over the interior of x> + y?> = 2x, or equivalently, the interior
of (x —1)? +y? = 1, which is the disk

D={(xy)|(x-1)*+y* <1}
So

=1

JJ Ex4 —yt P - 15 dS = \@ffdxdy =+V2Area(D) =27
D

S

S-12: As we saw in Example 3.1.5 of the CLP-4 text, the torus may be parametrized by

r(0,9) = (R +rcosf) cospi+ (R +rcosf)sinpj+rsinfk  0<6,p <2m

Then
or o a . or . . . o -
%:(R—l—rcos@)[—smt/JH—cost/Jﬂ %:r[—sm@coslpz—s1n951n1/)1+€os€k}
and
or Or A . . A .
2 x =5 =r(R+rcosf) [ —sinyi + cos §j| x [ —sinfcosypi—sinfsinyj + cos O k|
i j k
=r(R+rcosf)det | —siny cos 0

—sinffcosyp —sinfsiny cosb
= r(R+rcos0)[ cosyp cos 01 + sinpcos 0 + sin O k]

As [cospcosBi+sinycosfj+sinf R] is a unit vector, (we could have shortened this
computation by observing that — sin 3 + cos ¢j and — sin 6 cos ¥y — sin f sin ¢ j + cos 6 k
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are mutually perpendicular unit vectors, so that their cross product is automatically a
unit vector) and

Jor Or
_X_

oy 00

=r(R+rcosf) = dS=r(R+rcosf)dypdod
The total surface area of the torus is

27T 27T 27T
rf de dp (R+rcosf) = 2mr df (R +rcos®) = (27)*Rr
0 0 0

S-13: By symmetry, the centroid (%, 7, Z) obeys ¥ = §j = Z. Parametrize the sphere using
spherical coordinates.

(6, ¢) = asin g cos @i+ asin psinfj + acos p k

Then
or A . . r . A o
%:—as1ngosm91+asm(pc059] (Q(P:acosqocosGl—{—acosq)smG]—asm(pk
so that

or Or ¢ J k

— X =— =det | —asingsinf asin @ cosf 0

00  Jg . .
acos@cost acosg@sinf —asing

= —a®sin® p cos 01 — a? sin® psin 0§ — a® sin ¢ cos g k
81‘ 51‘ 2 .
— dS = %x% déde = a“sinpdfde

As the surface area of the part of the sphere in the first octant is %47‘(&12 = ”T‘Zz

Z

o zdS 1 /2 /2 , —
T=7=2z= SSSSS 5= naz/Zfo d()J0 dg (a®sin ¢)(acos ¢)
S
2a 7T ”/2d . 1.5 Ty
=22 gosmqocosqo—a[ism go}o =5

S-14: In cylindrical coordinates
x = rcosf y =rsinf z=1z

In these coordinates the equation, x> + y* = 2ay, of the cylinder becomes

2 = 2arsin or r = 2asinf

291



Thatis, r = f(0) with f(0) = 2asin 6. Parametrize the cylinder by
1(60,z) = x(6,2) i+ y(6,2) ] + z(6, z) k with

f(0)cosf = 2asinfcosb = asin26
( ) = f(0)sinf = 2asinfsinf = a(1 — cos20)
z

Under this parametrization,

r N ) R or - or or R : R
%—Zacos291+2asm291 pe =k = agx&——2acos29]—|—2asm291
or Or
= dS = %Xé— dédz =2ad6dz

We still have to determine the limits of integration. The figure on the left below provides
a top view of the cylinder.

Yl

2%+ y? = 2ax
(O,a)'/

r=2a sin 6

From it we see that 0 < § < 7. The cone z? = x?> + y? = 12 (i.e. z = +r) and the cylinder

r = 2asin 0 intersect at z2 = 12 = 442 sin? 6. So, for each fixed 6, z runs from —2asin @ to
z = +2asin . (See the figure on the right above. It shows a constant 8 cross-section.)
Finally,

24 sin 0 T T
Area:f ZadeZZZaJdGJ dz:8a2fd9 sin9:8a2[—c059]
|z|<2asin6 0 0

2asin 6

= 164>

S-15: (a) This right circular cone symmetric about the z-axis projects down onto a disk D
in the plane z = 0. Setting z = b gives

D={(vyz) | ¥ +y*<a’ z=0}

Since G(x,y,z) = b*>(x?> + y?) — a®z? is constant on S, the area elements dS on S are
related to area elements dxdy on D as follows:

2, 12, 2 i(x2 4,2
IVG(x,y,z)| drd 2|(b%x, b?y, az)\d dy—\/b X2+ y2) 4+ atz dxdy

= — dx
IVG(x,y,2) - K| 4 2|a%z| a2z
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by (3.3.3) in the CLP-4 text. The defining equation for S gives z = £1/x2 + 12, so

4 (2 2 212 (42
ds = YOOZ Y + a2 i) xdy = \/a2+b2dxdy
b?(x* + y?)

Hence I = —V”Z;sz 5 (2% + y?) dxdy.

(b) Or, parametrize the surface S using 6 and t as follows:

x:tCOSG,y:tsinG,z:gq/xzjtyzzgt, 0<60<2m 0<t<a. ()

Then we have, by (3.3.1) in the CLP-4 text,

or or i j Kk b b
— x — =det | cosf sinf b/a| = (——tcosh, ——tsin,t),
ot 00 ] a a

—tsinf tcosf® O

so dS = (— y —‘dtd@ — t/1+ b2/a2 dt do.

It follows that for the rectangular region R of the t0-plane described in (=),

I= H () /1 + b2 /a2 dt do.
R

(c) Using polar coordinates in (a) would give

/2
[=Y4 +b f J P2rdrdo = 2 >4 a3/ a2 + b2.
r=0

Direct integration in (b) gives the same thing, because

2
I_“ ()01 + b2 /a2 dtde = Y20 +b f J £ dt do.
t=0

S-16: (a) The surface is g(x,y,z) = x> + y? + z> — a> = 0. So, on the surface of the sphere,

Vg  xi+yj+zk

Vel /2y 22

n =

— Fﬁ — (x2+y2+22>n++171/2 _ (az)ﬂ+1/2 _ a2n+1

= JJF fidS = aanJ dS = a*"*Area(S) = 4ma®*+3

since the surface area of a sphere of radius a is 47ta?.
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(b) The box has six faces.

S1={(xyz)|0<x<a,0<y<b z=c} withoutward normal i =k
So={(xyz)|0<x<a,0<y<b z=0} withoutward normal fi = —k
S3={(xyz)|0<x<a,0<z<c y=>b} withoutward normal i =j
Ss={(xyz2)|0<x<a,0<z<c y=0} withoutward normal A = —j
Ss={(xy2)|0<y<b 0<z<c x=a} withoutward normal i =1
Se={(x,yz2)|0<y<b 0<z<c x=0} withoutward normal A = —1
7 Tﬂ:f{
| (O,b,C)
Sy
" 1 >a=j
Y
|.52
i (a,b,0)
. n=—k
For S1,i.e. the z = c face, and S,, i.e. the z = 0 face,
J_ F-ﬁdS:J_ (xi+yj+ck) kdxdy =c| dxdy=abc

face face face

because the z = c face has area ab. Similarly,

J_OF-ﬁdS=J=0F-ﬁdS:O J_ F-ﬁdSzJﬂF-ﬁdSzﬂbC

face face face face

The total flux is 3abc.

(c) The base of the coneis { (x,y,z) | x> + y* < 1, z =0 } and has (outward) normal
fi = —k. So The flux through the base is

f F-7dS = H (yi) - (—k)dxdy =0
base il

In cylindrical coordinates x = rcos 8, y = rsinf, z = z and the equation
z = 1—4/x% + y? of the top part of the cone becomes z = 1 — r. So we may parametrize
the top part of the cone by

r(r,0) =rcosfi+rsinfj+ (1-r)k  with0<0<2mr, 0<r<1
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Then

or Al wngs T
> =cosfi+sinfj—k

a—ez—rsm@l—{—rcosﬂj
i ik
Zr ?; =det | cosf sinf -1
r —rsinf rcosf 0

= —rcosfi—rsinfj+rk
or Or

= ndS——x%drdG

= (—rcosfi—rsinfj+rk) drdo

by (3.1.1) in the CLP-4 text. We have the orientation correct because the k component of
f is positive. The flux through the top, as well as the total flux, is

zZ

27T —_—— —_—— .
f F-ﬁdS:f dr | do (rsinfi+ (1—r)k)-(—rcosfi—rsinfj+rk)
top 0

1 27T
:f dr | do (—r*sinfcosf+r(1—71))
o Jo

= —{lerrz} Mznde)%sin(ze)] +2n£dr[r—r2}

~osal-) -1

-17: Let G(x,y,z) = x% + y? + 2z. Then, by (3.3.3) of the CLP-4 text,

fds = dxdy = (v +yj + k) dxdy

VG ddy_2x1+2y]+2k
VG k 2

\/%CB:\/%q/l+xz+yzdxdy:(x2+y2)dxdy
F-0dS = [xi+yj+zk] - [xi +yj + k] dxdy = [x* +y* + z] dxdy
= [1+%(x2+y2)] dxdy
sincez =1— J(x2+y2) on S.
(a)

” x2+y2 H +42) dxd 4f dxfd 24
1 1 8
4J0dx< +3)=4(3+3) =3
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(b)

ffF-ﬁdS:f dxfL dy [1+1(x2+y2)] :2><2+1><§:—
1 1 2 2 3 3
S

S-18: Let G(x,y,z) = z — xy. Then, using (3.3.3) in the CLP-4 text,

VG dxdy — —yi—xj+k
VGk

Ads = dxdy = (—yi — xj + k) dxdy

x%y
- -J 12 4 52 —
= yzd : xz " y2 + x2 4+ 1dxdy = x*y dxdy

F-AdS = [xi+yj+k| [—yi—xf+k]drdy = [1-2xy] dxdy
2 ' Lo L1
dS=JJx dxd =dejdx :de—x:—
Hm AR T

1 1 1 1 1
fJF-ﬁdSszxf dy[1—2xy]:de[1—x]:1——=—
) 0 0 0 2 2

3/2

(b)

-19: For the surface z = f(x,y) =y

3 2 9
S:4/1+f§+fy2dxdy:q/l+<§\/y> dxdy:4/1+zydxdy

by (3.3.2) in the CLP-4 text. So the area is
3/291 1 8 r,/13\3/2
f dxf dyq/1~|—4y f dx— 1+4y> ]O_L dxﬁKZ) —1]
13
T 27 [( 4 ) a 1]
S-20: The surface is a sphere of radius 2 centered on (0,0,2), The plane z = 1 intersects

the sphere on the circle x> + y? = 3. Let F(x,y,z) = x*> + y*> + (z — 2)%. Then, by (3.3.3) in
the CLP-4 text,

| VF 2x3 + 2yj + 2(z - 2)k xA+yj+(z—

dS = || dxdy = | 32 |dxdy = | Ty ‘d xdy
_Vx2+y +(z-2)?%
= z=2] dxdy = 2 dxdy
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since x> + >+ (z—2)2=40nS.0n S,z < 2,50 \2—2\ =2—zand

fjfxy, JJ 2 —z)(x? —I—y)| 2|dxdy:2 ff (x? 4+ y*) dxdy

x24+y2<3 x24+2<3

Switching to polar coordinates

V3 27 A3
fff(x,y,z) ds zzf drr de »? :2(27'()—’ =
0 0 4 1o
S

S-21: (a) Each (horizontal) constant z cross-section is a circle centred on the z-axis. The
radius varies linearly from 2, when z = 0 to 0, when z = 3. So the radius at height z is

%(3 — z) and we can use

%(3—z)sin0j—l—zf< 0<8<2m, 0<z<3

2
r(6,z) = 5(3—2) cosfi+ 3

as the parametrization.

(b) By symmetry the centre of mass will lie on the z-axis. We are only asked for the
z-coordinate anyway. The z-coordinate of the centre of mass is the weighted average of z
over the cone. Since a density has not been specified, we assume that it is a constant. We
may take the density to be 1, so the z-coordinate of the centre of mass is {§;zdS/ {{¢ dS.

Since

s (*%(3*Z)Sin9,%(3*2)C059,0)
or
0z
2 x &= (3(3-2)cosh, 3(3—-z)sind, $(3—2z))
the element of surface area for this parametrization is
dS = | x &|dodz = 2(3 —z)|(cos 8, sinf, %)|dodz
— 2y13(3 _ 7)d6dz

So the surface area, {{¢ dS, of the cone is

3 21 3
fo dzfo do @(3—2) = %ﬁnfo dz (3—2z2) = —%ﬁn@—z)z’

= 2v131

and the z-coordinate of the centre of mass is

Z = 1 szf d@zf —2)z sz 3z — 72 [ei—i]:s
2137 “9l2 "3l

=——=1
96

This is a little less than half way up the cone, which is reasonable since the cone is
“bottom heavy”.

——cos@ sm9 1
3 -3
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S-22: Each constant z cross-section of the cone is a circle. When z = 0, that circle has
radius 4. When z = a that circle has radius 0. Thus the radius decreases linearly from a to
0 as z increases from 0 to a. So the radius at height z is 2 — z and we can parametrize the
cone by

1(6,z) = (a—z)cos@i+ (a—z)sinfj+zk 0<0<2mr,0<z<a
Since
&= (—(a—z2)sinb, (a—z)cosb, 0)
% = (—cosf, —sinb, 1)
X x = ((a—z)cosh, (a—z)sinh, a—z)
the element of surface area for this parametrization is
dS = |Z x &|dfdz = (a —z)|(cos 0, sinf, 1)|dodz
= /2(a—z)dédz
by (3.3.1) in the CLP-4 text. So the surface area of the cone is

J dS:J:dz 2ﬂdefz(a—z)
S

0

= Zﬁnfa dz (a—z) = —V2n(a —Z)Z‘Z

0

= V2 a?

and the z-coordinate of the centre of mass is

ds 27T
Z:SSSZ 1 fdz d@\fa—z sz az — 7%

SSst \fﬂﬂz 0
_2[e_zp_ 2 s
a2l 2 3l0 a26 3

This is a little less than half way up the cone, which is reasonable since the cone is
“bottom heavy”.

-23: Parametrize the surface by
x(0,z) =cos®  y(0,z) =2sinf  z(6,z) =
with (6, z) running over 0 < 6 < 27, 0 < z < 1. Then, by (3.3.1) in the CLP-4 text,
(2% 2 oz
00’ 00" 06
(6x dy 0z

0z’ 0z’ az> =©0,01)
ox dy 62) y (8x dy 0z

fds == <09 00’ 00) " \oz' oz’ az>d9d
= (2cosb,sin6,0) df dz (+ for outward normal)

F(x(0,2),y(0,2),2(0,z)) = cos 0+ 2zsinf cos 0 + 16zsin* 0 k

) = (—sin#,2cos6,0)
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So

rl 27T
JfF-ﬁdS = dzf de [2c0529+2251n29c039}
JO 0

rl 27T
= | dz J do [1 + cos(20) + 2z sin” 0 cos 0]
JO 0

=, dz [9 +5 sin(26) + 37 sin® 9}0 =27

For an efficient, sneaky, way to evaluate Sgn cos? 0 db, see Example 2.4.4 in the CLP-4 text.

S-24: By (3.3.2) of the CLP-4 text, with f(x,y) = 4 — x> — y?,

fdS = +(— fr, —fy, 1)dxdy
= +(2x, 2y, 1) dxdy

To get the downward pointing normal, we want the minus sign. Set

T={(xy)|0<x<1,0<y<l-x}

Then
f_;
JJF AdS = — q (x+1,y+1,2(4—x*—y*)) - (2x, 2y, 1) dxdy
T
=— J 8 +2x + 2y) dxdy
T
1
— [ ax f y (8+2x+2y)
JO
1
= — | dx (8(1—=x)+2x(1—x)+(1-x)?)
JO
1
=— [ dx (9-8x—x?)
JO
1 14
R

S 25: First we have to parametrize S. It is natural to use spherical coordinates with
0 = /2. However if we use the standard spherical coordinates

x = /2 sin ¢ cos 6 y = /2 sin ¢sin 6 z=1+/2cos¢

12422 2 0 sinZ 0 +cod L
the condition x > /y2 + 22, i.e. Y£ = < 1, becomes Vsin’ gsin’ 0-cos g 1, which is very

sin ¢ cos 6
complicated. So let’s back up and think a bit before we compute. From the sketch below
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(2,0,0) - V2 + 22
X

Nz

we see that yTz is the tangent of the angle between the radius vector (x, y,z) and the
x-axis. The angle between the radius vector (x, y,z) and the z-axis (not the x-axis) is
exactly spherical coordinate ¢. So let’s modify spherical coordinates to make the x-axis
play the role of the z-axis. The easy way to dois tojustrenamex = Z,y = X,z =Y.
Then the integral we are to compute becomes {{; ZX? dS, and the condition

X = +/y? + z%2 becomes Z > v/ X? + Y2. Under the parametrization
X = /2 sin ¢ cos b Y = /2 sin ¢ sin 6 Z=+2cos¢

the condition Z > v X? + Y? is ¥ XZZJrYz — SM% <1, whichis turnis 0 < ¢ < . As

cos ¢
dS = 2sin ¢ d0d¢ (see Appendix F.3 in the CLP-4 text and recall that p = /2) the
specified integral is

0

/4 27
= 4\5{J de cosq)sin3q)} { de cos29}
0 0

/4 27T
:4\6{J de cosq)sin3(p}{ dGW}
0

/4 27
foyz ds = JJZXZ ds = ZJ de singoj dé (V2 cos ¢) (V2 simgocos@)2
0
S 5

0
/4
42 sin ¢ i sin(20) +Q o
4 r 2],
0
_2n
4

For an efficient, sneaky, way to evaluate Sén cos? 0 df, see Example 2.4.4 in the CLP-4 text.

S-26: Here is a sketch of the part of S that is in the first octant.
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22 + 22 =sin’y

Xz

For each fixed y, x> + z2 = sin? y is a circle of radius siny. (It’s the blue circle in the
sketch above.) So we may parametrize the surface by

r(0,y) = (siny cosf, y,sinysinf) 0<6<2m, 0<y<m

Then, by (3.3.1) in the CLP-4 text,

g—; = (—siny sinf, 0, siny cos6)
a_ cosy cosB, 1, cosy sin6
Sy y y
or Or . . . .
=5 i (—siny cosf, siny cosy, —siny sin6)
ds = 2; S; dédy = sinyy/1 + cos?y d6 dy

So the specified integral is

Jf«/l +cos?ydS = J dy d9 siny{1 + cos® y}

= 27IJ dy siny{1+ cos®y}
0
-1
= —27‘CJ du {1+u*} withu =cosy, du = —sinydy
1
1
= 47TJ du {1+ u?}
0

3 1
:4n[u+u—]
0

3
_ 16
3

S-27: The paraboloid is

S={(xyz)|z=1-22-y*z20}={(xy2)|z=1-22—y* P +y* <1}
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By (3.3.2) in the CLP-4 text, the paraboloid has

ds = \/1 + felx,y)2 + fy(x,y)2dxdy  withz= f(x,y) =1-x* -y

= 4/1+4x2 +4y? dxdy

By symmetry, the centre of mass will lie on the z-axis. By definition, the z-coordinate of
the centre of mass is the weighted average of z over S, which is

_ szp(xy,2)dS

T Wsplxy,z)ds
On S,
z 1—x2—y2
p(x,y,Z)zmzm
so that

o(x,y,z) dS = (1 — x* — y?) dxdy

So, using polar coordinates, the denominator of Z is

27T
J p(x,y,2) Jf (1—x*—y?)dxdy = J drrf de (1-r%)
S

x2+y2<1
:Zﬂf r(1—7?)dr
0
r2 il
el -]
i 2 4 1o
_
2

and the numerator of Z is

27T
szp(x,y, JJ (1-x2—1?) dxdy Jdrrf de (1-r%) 2y?
S

x2+y2<1
:Zﬂf 1’(1—1’2)2 dr
0
2 A 4641
—2n|5 -2+,
_
3
and
s /3 _ 2
/2 3

302



5-28: The equation of the planeis z = f(x,y) = 2 — x — y. So by (3.3.2) in the CLP-4 text,
AdS = [ fe(x,y)i— fy(x,y)j+ k] dxdy = [i+j+k] dxdy
A point (x,y,z) on the plane lies in the first octant if and only if
x>0 and y>0 and z=2-x—-y=>0 ¥

So the domain of integration is the triangle

T={(xy)|x=0,y>0,x+y<2} T

and T

K—JL A A
HF-ﬁdS:ﬂ [xi+yj+(2-x—y)k] - [1+]j+k] dxdy
S T

=2 Jf dxdy
T

1
=2-(2)(2) =4
2
S-29: Since
% = (02, 2uv, v)
o = (2uv, u?, u)
o &= (uv, uo?, —3u’v?)
(3.3.1) in the CLP-4 text gives
Ads = i(uzv, uv?, —3u202) dudov

We are told that fi should have a positive z-component, so

AdsS = —(u2v, uv?, —3u202) dudo = (- uw?o, —uv?, 3u202) dudv
and
F
JJF -AdS = Jf Euv2, u?v, uvs-( —u?v, —uv?, 3u202) dudo
S S
1 3 1 3
:J duJ do uP0® = du 13 J dv ¢°
0 0 0 0
13 81
44 16
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S-30: (a) We start by just sketching the curve z = €Y, considering the yz-plane as the plane
x = 0in IR3. This curve is the red curve in the figure below. Concentrate on any one point
on that curve. It is the blue dot at (0, Y, ¢¥) in the figure. When our curve is rotated

z

(0,Y,e")

x
about the y-axis, the blue dot sweeps out a circle. The circle that the blue dot sweeps out

o lies in the vertical plane y = Y and
o is centred on the y-axis and

o has radius ¢”.

We can parametrize the circle swept out in the usual way. Here is an end view of the
circle (looking down the y-axis), with the parameter, named 6, indicated.

Lo,y
(e¥ sinf,Y,e¥ cosf)

end view

The coordinates of the red dot are (eY sinf, Y, e cos 9). This also gives a
parametrization of the surface of revolution

x(Y,0) = e'sinf

y(Y,0) = Y
z(Y,0) = e¥ cos @
0<Y <1, 0<0<2m

Finally here is a sketch of the part of the surface in the first octant, x,y,z > 0.
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(b) We are using the parametrization
r(Y,0) =e'sinfi+Yj+ecosbk 0<Y<1,0<6<2n
so that

A

1 j k
0 %
ixg—det {e sinf 1 eYc050] = (—eYsinG,ezy,—eYCOSG),
0

oY o6 eY cos@ —eYgin®

and, by (3.3.1) in the CLP-4 text,

ds = ‘ x5 9‘ dYdo = /&2 + Y dY df = e¥\/1 + e2¥ dYd6

So the integral is

1 271 1 2T 3/2|1
Heyds = f dy | doe?'V1+e2Y = 2nf dY e?'/1+e2 = ?[Hezy}
0
S

0 0 0

237T [(1 +e )3/2 B 23/2]

(c) Again, we are using the parametrization
r(Y,0) =e'sinfi+Yj+ecosfk 0<Y<1,0<6<2nm

so that
or Or

VAT
and, by (3.3.1) in the CLP-4 text,

= (- e¥sin®,e?Y, —e¥ cos 0),

or or y
ndS—+—aY —anYdG_nL(—e sm@e —e cosG)deG

We choose the “+” sign so that fi points towards the y-axis. As an example, when
0<6< %, then z = ¢¥ cos6 > 0 while the z-coordinate of fi is —e¥ cos 0 < 0. So the
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integral is

X z

1 27T — —

ffF-ﬁdS:f de dG(eYsinQ,O,eYcos())-(—eYsinQ,ezy,—eYcos(J)
0 0

S

1 27 1
= —f dy do e*¥ = —27‘(J dy %Y
0 0 0

— —7-[(62 — 1) = 7‘((1 —62)

S-31: Write
V={(xyz)|1 <X 4yP 422 <4}

The boundary of V consists of two parts — the sphere, S, of radius 2, centred on the
origin, with (outward) normal i = ﬁ = 5, and the sphere S; of radius 1, centred on the
origin, with (inward) normal A = —r, So,

HF-ﬁdszﬂi-fds—Hi-rds
x| 2 x|
A% S S1

Sy Sq
= 471(2)% —4m(1)?
=127

S-32: The part of the cone that has some fixed value, Z, of z with 0 < Z < 1 is the part of
the circle { (x,y,2) | X + y* = 4Z?,z = Z } of radius 2Z thathas 0 < x < y. Hereis a
sketch of the top view of that part of that circle.

22 +y? = 42°

So we can parametrize S by

r(0,Z) = 2Zsinfi+2Zcosj + Zk 0<0< %, 0<Z<1
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So

0
a;—2Z(:0591—2Zsm€]
gz—Zsm(h—l—ZcosG]—l—k
so that
or  or f j ok ,
— x — =det |2Zcosf —2Zsin® 0| = (—2Zsinb,—2Zcosb,4Z),
00 07
2sinf 2cosf 1

and, by (3.3.1) in the CLP-4 text,

(31' or
ds = % X 77 dodZ = /2027 dedzZ
and
1 /4
szdsszdzf 07—y tl_V5m
0 0 4 4 8
S

S-33: We'll start by parametrizing S. Note that as x> + y? runs from 0 to 4, z runs from 5
to 1, and that, for each fixed 1 < Z < 5, the cross-section of S with z = Z is the circle
x?+y? =5—Z,z = Z. So we may parametrize S by

1(0,Z) =\5—-Zcos0i++5—-Zsinfj+Zk 0<0<2m, 1<Z<5

Since
%:—\/5—Zsin9i—|—v5—2c050j
or 1 1 A
—_—=—— 01 — ———sinfj+ k
0z sz VT szt
so that
i j k
%xﬁ—det —V5—=Zsinf +/5-Zcosf 0| = (v5-Zcosf, v5—Zsinb, 1/2),
1
1

1 .
25z 08t —g 7 sind
(3.3.1) in the CLP-4 text gives

ﬁdszi%xﬁded +(v5—Zcosf, v5—Zsinb,1/2) d0dZ
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Choosing the minus sign to give the downward pointing normal

|| F-sas
S

x8 xy v z?
) r27 17 - ~ - ~ —
:_J dz d9<—§[5—Z]3/2cos?’9 [5 Z]3/2c05951n9 ——[5 7)3?sin0, 72 )
1 JO
- (V5—Zcosf, v5—Zsinb, 1/2)
r5 r27 1 1 1
:—J dz d9(——[5—Z]2c0549—[5—Z]2c05298in29——[5—Z]Zsin49+—Z2)
1 Jo 2 2 2
Since , . . .
4 20 ain? - 4 2 2 \2
Ecos 0 + cos” 0 sin G—i—zsm 9:§(cos 0 4 sin 9) =5
the flux
1
HF ndS—deJ [5 Z] _EZZ —nde 5 — Z)2 zz)
S I E O TN ) S |
B 3 3/, |3 3 3

S-34: The surface is z = f(x,y) with f(x,y) = 4/2xy. Since fy = \/% and f, = \/%,
(3.3.2) in the CLP-4 text gives

_ _ _ Ly X _ 2yt yr A
S=/1+f;+ fjdxdy = 1+2x+2ydxdy—\/ 2xy dxdy

_ Xty dxdy

N/ 2xY

On the shell, z% = ny <
over the region x > 1, y

4. So the x and y components of points (x,y,z) on the shell run
> 1, xy < 2, which is sketched below

Y

xy =2
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So the mass is

H ( )dS—JZd 2/xd 3f( )x J —fzd 2/xd 3(x+v)
X, Y,z = x X, = X x
. px,y ) . y3f(xy 2y U Yy

2 1,]** 2 2 1
:3£ dx [nyrEyL :3L dx [ZJFP_X_E]

S-35: Since x = g(y,z) with ¢(x,y) = y* + 22, (3.3.2) in the CLP-4 text gives

ndS = +(1,-gy, —8z) dydz = £(1, -2y, —2z) dydz

We choose the + sign so that i -7 > 0. Furthermore

S={(xvy2)|x=y+7" x<2}
={(xy2) |x=y+2, P+ <2y}
= { (x,y,z)‘x:yh_z{ (y—1)2-|_22<1}
={ (x/y,Z)\x:szrzz, (y,z)in D }

where D = { (x,y) | (v — 1)* + z* < 1 } is a disk with radius 1. Hence

ffF -AdS = JJ(Z, z,y) - (1, -2y, —2z) dydz = JJ(Z —4yz) dydz
S D D

Since —4yz is odd under z — —z the integral of —4yz is zero and

JJF -AdS =2Area(D) =27
S

S-36: For the specified F and the surface x = f(x,y) = 1 — 1x*> — 2, by (3.3.2) in the
CLP-4 text,

)
_ 0
VXF—det ox

=j+(1-2x—6y)k
VxF-ndS = (2y+1-2x—6y)dxdy = (1 —2x — 4y) dxdy
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The domain of integration is 1 — }lxz —y>>0o0r %xz +y? < 1. This is an ellipse. Call it D.
So

JJV xF-ﬁdS:Jf(1—2x—4y)dxdy
s D

The integrals over D of x, which is odd under x — —x, and of y, which is odd under
y — —y, are both zero. As the ellipse D hasarea A = T x2 x1 =27

JJVxF-ﬁdSzJJ(l—Zx—4y)dxdy:A:27r
S D

S-37: Due to the symmetry of the surface and the vector field under reflection in the
xy-plane, i.e. under z — —z, it is sufficient to compute the integral over the upper half of
the surface, where z > 0, and then multiply the result by 2. The upper half of the surface
consists of two pieces, 51 and Sy, where S; is the part on the sphere and S; is the part on
the hyperboloid. S; and S, intersect on a circle. The circle is obtained by imposing the
two equations x% + y? + z2 = 16 and x? + y* — z> = 8 simultaneously. Thus we have

x? 4+ y? = 12 and z = 2, or in cylindrical coordinates r = 1/12, z = 1, on the circle. Here is
a sketch of a cross-section of the apple core.

z

S1

r=+v12, z=2

r

Let ¢ be the angle between z-axis and the cone formed by connecting the circle to the
origin. We have tan ¢; = V12/2 = /3. Thus ¢ =1/3.

We’ll use spherical coordinates to compute the flux integral SS51 F-fidS . As the spherical
coordinate p = 4 on all of S;, we can paramerize S; by

(6, ¢) = 4cos@sin @i +4sinfsingj+4cospk 0<0<2m, 0<¢p<m/3
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So

% = —4sinfsing@i+4cosfOsingj
g—; = 4cosfcos @i+ 4sinfcos pj—4sin gk
i j k
%xg—r:det —4sinfsing 4cosfsing 0
¢ 4cosffcosp 4sinfcose —4sing
= —16( cos 0 sin® ¢, sinfsin ¢, sin ¢ cos @)
= —4(sing) 1(6, ¢)
and, by (3.3.1) in the CLP-4 text,
or or
A = 4+ — JE— = 1
AdS g X 50 dfde = F4 (sin¢) r(6, ¢) dod g

To get the outward pointing normal, i.e. the normal point in the same direction as r(6, ¢),
we take the plus sign. As F = (6, ¢),

42
—
F-ndS =4|r(6,¢)* sinpdfde = 64sin pdfde

and

27T /3 /3
UF-ﬁdszMJ dé)f dgosinq0:64-27t[—cosq0}0 — 6471
0 0
51

The surface S, can be parametrized using the cylindrical coordinates 6 and z. Indeed, we

have
r=a/x2+1y2 = (842512

for the hyperboloid and we always have x = rcos and y = r sin 6. Thus the
hyperboloid has the following parametrization:

R(0,2) = (84 22)?cos i+ (84 22)/?sinhj+ zk

The range for the parameters of S; is 0 < 6 < 27rand 0 < z < 2. We have

Z_I; = (8 -|-zz)1/2 sinf1+ (8+ZZ)1/2C0597+0R
0;—1; =2z(8+2%) 2 cos 07+ z(8 +2%) " /?sinfj + k
and
JR OR ! J k

— x — =det | —(8+22)2sinf (8 +2%2)/2cosf 0
z z(8 +22)"1/2cos® z(8+42%)"1/2sinh 1
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Note that %—1(} X %—IZ{ is pointing downward (since z > 0) and hence outward. Since

F- <a(7_19{ X %_IZ{> - (xz%z) ) (x/% _Z) = xZ_'_yZ _ZZ =8on SZ’ we have

2 27T
JJF-ﬁdS: JJF'(Rngz)dez:f dz do 8 =321
0 0
S [

Finally, the flux integral over the whole apple core surface is

2 HF-ﬁdSJrHF.ﬁds = 2(647 +3277) = 1927
S Sy

S-38: (a) The specified surface is of the form

G(x,y,z) = x*+ 2" —cos’y =0

So one normal vector at the point (%, % %) is

=(1,1,1)

1 71 .
VG (E,Z,E) = (2x, 2sinycosy, 2z)

(359
and an equation for the tangent plane at (%, Z %) is

(1,1,1)- (x—1/2,y—m/4,2-1/2) =0 or x+y+z=1+mr/4

(b) For each fixed y, x?> + z% = cos? y is a circle of radius | cos y|. So we may parametrize
the surface by

r(0,y) = (cosy cosf, y, cosysinf)  0<6<2m 0<y<7/2

Then
or .
5 = (—cosy sinf, 0, cosy cosb)
j—; = (—siny cosf, 1, —siny sin6)
% X 2—; = (—cosy cosf, —siny cosy, —cosy sinb)
ds = % X Z—r df dy = cosyy/1 + sin? ydo dy
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So the specified integral is

/2 27T
siny dS = f d dé cos 1+ sin?y sin
JSJ y . Y . vy y y
71/2
:27IJ dy A/1 + sin®y siny cos
0 Y Y y y

2
= nf du vu withu =1+ sin’y, du = 2sinycosydy
1

)
= 7T | ———

3/2 |,
:%?pVE—ﬂ

S-39: (a) By definition F is a conservative vector field with potential f. Suppose that the
curve C starts at P, on S, and ends at P,, on S. Then f(P;) = f(P,) = ¢ and, by Theorem
2.4.2 of the CLP-4 text,

LF-dr:f(Pz)—f(Pl):c—c:O

(b) Since F = V£, F is normal to the level surfaces of f by Lemma 2.3.6 of the CLP-4 text.
So, at any point of S, F is a scalar multiple of i and F x G is perpendicular to fi. Thus

(FxG)-A=0and
”(FXG)-ﬁdszo.
S

S-40: (a) (i) Here is a sketch of the part of the plane in question.

z

(8,0,0)
T

We can use x and y as parameters. As we can rewrite the equation of the plane as
z = (16 — 2x — 4y), we have the parametrization

r(x,y) :xi+yj+%(16—2x—4y)f<
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In terms of x and y, the condition z = %(16 —2x—4y) >0is 16 —2x —4y > 0 or
x + 2y < 8. So the domain is

{(xy)|x=0,y=>0 x+2y<8}
Renaming x to u and y to v, the parametrization is also
1 .
r(u,v):(u,v,§(16—2u—4v)>k u=>0,v=>0 u+2v<8
(a) (ii) Here is a sketch of the part of the cap in the first octant.
z

2242 =1
" .y T+ Y+ z 6

/
i

The full sphere can be parametrized (using spherical coordinates with p = 4) by
(0, ) = 4cosfsinpi+4sinfsingj+4cospk 0<0<2m, 0<ep<m

In these coordinates, the condition 4/v2 < z < 4 is

—4 < 4 cos <4 — —1 < COS <1
= \4

So our parametrization is

(0, ) = 4cosfsin i +4sinfsingj+4cospk 0<0<2m, 0< ¢ < g
Renaming 6 to u and ¢ to v, the parametrization is also
r(u,v) = (4cosusinv, 4sinusinv, 4cosv) 0<u<2m 0<v< %

(a) (iii) Here is a sketch of the hyperboloid.

<
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If we use x and y as parameters, then, since z = /1 + x2 4+ y2, we have the

parametrization
r(x,y) = xi+yj+4/1+22+12k

In terms of x and y, the condition 1 <z < 10 is

1<4/1+224+2<10  or 0<x®>+1y*><99

{(x,y)]x2+y2<99}

Renaming x to u and y to v, the parametrization is also
r(u,0) = (u, v, V1+u?+0?) u? +v* <99

Alternatively, if we replace x and y with the polar coordinates r and 6, we get the
parametrization

So the domain is

1(r,0) =rcosfi+rsinfj++v1+r2k  0<0<2m, 0<r<+V99

Renaming r to u and 6 to v, the parametrization is also
r(u,v):(ucosv,usinv,\/l—l——uZ) 0<ov<2m 0<u<+v99
(b) Let’s use the parametrization
(0, ¢) = 4cosfsin i +4sinfsingj+4cospk 0<0<2m, 0<¢< %
from part (a) (ii), so that

or or i ] k
%xa—:det —4sinfsing 4cosfsin g 0
¢ 4cosfcosq 4sinfcose —4sing

= —16(cos@sin® ¢, sinfsin® ¢, sin ¢ cos ¢)

and, by (3.3.1) in the CLP-4 text,

ds = ‘% X 5—;‘ déde = 16sin qo\/cos2 0 sin? @ + sin? fsin? ¢ + cos? ¢ dfdg
= 16sin ¢ dfd¢
So the area is

/4

/4 27T t/4
Area:deS:J d(pf d916sin(p:327rf de sinq):327r[—c0sq>}0
0 0 0
S

- 32n[1 . \%}
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-41:
Solution 1 — using tweaked spherical coordinates.

First we have to parametrize S. It is natural to use spherical coordinates with p = v/2.
However if we use the standard spherical coordinates

x = /2 sin ¢ cos 6 y = /2 sin ¢ sin z=1+2cos¢

the condition y > 1 becomes sin @ sin 0 > ﬁ which is very complicated. So let’s back up

and think a bit before we compute. The condition z > 1, as opposed toy > 1,is easy to
implement in spherical coordinates. It is cos ¢ > \1f2 or 0 < ¢ < 7. So let’s modify
spherical coordinates to make the y-axis play the role of the z- ax1s, by just exchanging y

and z in the parametrization.
x = /2 sin ¢ cos 6 y =2 cos ¢ z=+/2sing@sinf

The condition y > 1 is then v/2 cos ¢ > 1, which is turn is 0 < ¢ < Z. Since we have just
exchanged y and z we could probably just guess i dS and dS from standard spherical
coordinates. (See Appendix F.3 in the CLP-4 text and recall that p = v/2.) But to be on the
safe side, let’s derive them. We are using the parametrization

(6, ¢) = V2 sinpcos i+ V2 cos ¢j + V2 sin psinf k 0<9<27r,0<q0<g
Since
or
69——\fsm(psmeﬂ—\fsmq)cosek
g;— 2 cos @ cosfi—+/2 sin@j+ V2 cos psinfk
so that
i j k
é><ﬁ—det —+/2 sin @ sin 6 0 V2 sin ¢ cos @
609 ¢ ¢

V2 cospcos® —+/2sing /2 cos@sind
= 2sin2g0c039i+251ng0cosgoj—i—ZSinz(psin91A<

(3.3.1) in the CLP-4 text gives

fdsS = i;; g(p dfdg = +2sin ¢(sin@cosf, cos ¢, sin @sinf) dode
or or
ds = 0 79 dfd¢g = 2sin ¢ dfde

Choose the plus sign to give the outward pointing normal.

316



(a) The specified integral is

3

y
/4 o —
J y3dS:2JO de i df sin¢ (V2 cos )

S
/4
= 8\f27tf dg sin ¢ cos® ¢
0

v _cos4qo /4
— T,

zzﬁn{l—ﬂ :\%7(

(b) The specified integral is

Jf (xyi+xzj+zyk) AdS
S

/4 27
:2J de de sin(p(2sin(pc05(pc059,25in2qosin9c059,251nq)cosq)sin9)-
0 0

(singcosf, cos ¢, sin @sin6)

/4 27T
=4 f de f de { sin® ¢ cos ¢ cos? 6 + sin® ¢ cos ¢ sin A cos § - sin® @ cos ¢ sin? 9}
0 0

27T
J dé (14 sin6cos0)
0

27

/4
=4 f de sin3gocosq)]
0

. /4 e
_ 4 sin q)] [9+sm 0

4 2

1 T
—4XEX(27T)—E

Solution 2 — parametrizing by x and z.

We can also parametrize S by using x and z as parameters. On S,

oy=+v2—x2-z2and
o y runs over the range 1 < y < v/2. Correspondingly, x? + z2 = 2 — y? runs over
0<x®+22<1

So we can use the parametrization

r(x,z) =xi+/2-x2-22j+zk 0<x*+z°2<1

Since
o, X A
RN =
or z .
2z el Tk
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so that

i j k
or or _ x
il det |1 N 0
o z
0 o= !
. X i z N
2—x2— 22 J 2—x2— 22
(3.3.1) in the CLP-4 text gives
or or X z
A = 4+ — J— = 1
nds +2 X pe dxdz = F (\/Z—xz—zz’ , \/2_x2_22) dxdz
or  or x2 + 72 V2
ds = a—x X E dxdz = \/1+de(12 = \/TTZZdXdZ
Choose the plus sign to give the outward pointing normal.
(a) The specified integral is
y3
3 V2 f zA 213/2
ds = ff dxdz —(2—x"—z
ij \/2—x2—zz( )
S x2+22<1
=2 fj dxdz (2 —x* - 22)
x2+22<1

Switching to polar coordinates with x = rcosf and z = rsin 6,

ny?’ ds = \@fozn de Jol drr(2—r?)

S

=2 (2n) {72_%]0:\@(271) [%} =2

(b) The specified integral is
ff (xyi+xzj+zyk) -AdS
S

= Jf dxdz (xV/2 —x% — 22, xz, 21/2 — x% — 22)-

x24+22<1

X z
<\/2—x2—22'1’\/2—x2—22>
= Jf dxdz {x* + xz + 2}

x24+22<1
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Switching to polar coordinates with x = rcos 8 and z = rsin 6,

r27 1

JJ (xyi+xzj+zyk) AdS = ] dGJ dr 7(r* cos? 8 + 1 sin 6 cos  + 1% sin” §)
0 0

S

[ ~1 277
- J dr r3] [J de (1+sin9cos9)]
0 0

27

B 74 ! 9+sin20
L4, 2,

S-42: First observe that,

o because (x +y +1)? > 0, all points on (x +y + 1)? +z? = 4 have |z| < 2 and that,
o for |zo| < 2, the surface (x + vy + 1) + z? = 4 intersects the horizontal plane z = zg

on(x+y+1)>=4—2z}ie onthetwolinesx +y = +4/4—2z3 -1,z = 2.

o Theline x +y = +4/4 — z% — 1, z = zp intersects the first octant if and only if zy > 0
and + 4—2%—1 = 0.

o Thus x +y = —4/4 — Z% — 1, z = zg never intersects the first octant and

o x+y=4/4— z% — 1, z = zp intersects the first octant if and only if 0 < zg < V/3.

o Whenzy=0,thelinex+y=,/4—2z3—1,z=zisx+y=1,2z=0.

o Whenzyp=+/3,thelinex+y=4/4—25—-1,z=z)isx+y=0,z=2.
o Soas (x,y,z) runs over S, (x,y) runs over the triangle x >0,y > 0, x +y < 1.

Let G(x,v,z) = (x + y +1)? + z2. Then

VG _ 2(x+y+1Di4+2(x+y+1)j+2zk
VG ok T 2z

dxdy

For the downward normal, we need the minus sign, so

(x+y+1)i+ (x+y+1)j+zk
Z

F-ﬁdS:—[xyi+(z—xy)j]-[ ]dxdy
= %[xy(x+y+l) + (z—xy)(x +y+1)] dxdy

1
= —E[z(x +y+1)] dxdy
=—(x+y+1)dxdy
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The domain of integrationisx >0, y >0, x +y < 1, s0

fJF AdsS = — J de1 ' y(x+y+1)= f dx 1+x)(1—x)+%(1_x)2

&> <&

Solutions to Exercises 4.1 — Jump to TABLE OF CONTENTS

S-1: (a) A. The angle between F and dr is less than 90° along the entire path. So F-dr > 0
along the entire path and the work is positive.

(b) B. F is perpendicular to dr along all of C,. So SCZ F-dr=0.
(c) C. It looks like Py = Q, =0at N.SoV-F = 0at N.

(d) A. At Q, the vertical component of F is increasing from left to right (so that Q. > 0)
and the horizontal component of F is decreasing from bottom to top (so that P, < 0). So
Qx—P,>0atN.

(e) B. At D, the horizontal component of F is increasing from left to right, so that P, > 0.

S-2: No. The vector field F(x,y,z) =1+ y k has

O@l%\t)
O
1

i
Vdeet[g—x
1

=1
has dot product 1 with F(x, y, z) (for all x, y, z) and so is not perpendicular to it.

S-3: (a) By the product rule

0 0 0
V. (fF) = a(fFl) +a—y(fF2) +&(fF3)
ox oy 0z

of  nof  of
TRy Ry HBy
= fV-F+F Vf
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(b) Again by the product rule

0 0 0
V- (FxG)= a—x(Fst - BGy) + 5—}/(1:3@1 —FGs) + E(HGz - EGy)

 OFR . 0F_. OF_. 0F_. OF. 0F
= & et oy G oy Gt 74
0G3 0G 0Gy 0G3 0Gy 0Gy

+F ox & ox +F oy h oy +h 0z b 0z

OF; 0F, OF, 0F oF, 0
- (5 2o (2o (m-5)e
_Pl(@_@)_ﬁ(ﬁ_ﬁ)_ﬁ(@_@)
oy 0z 0z ox ox oy
=G (VxF)—F-(VxG)

(c) Recall that V*(fg) = V - [V(fg)]. First

V(fg) = 5 (f8) 15, (f5) + R (f)

0x

P P
lg6x+]g6y+kgaz
08,508 L g8
+’fax+]fay+kfaz
=gVf+fVg

So by part (a), twice,

V3(fg) =V - (gVf) +V - (fVg)
=g(V-Vf)+(Vg) (Vf) +f(V-Vg) +(Vf)-(Vg)

= fV2g+2Vf -Vg+gV?f

S-4: (a) By definition
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(b) By definition

. . - 0 0 0
V - (xy? — yz%) + zx%k) = = (xy?) + @( —yz?) + p (zx?) = y* — 22 + &
A B
V x (xy*i — yz%j + zx°k) = det | & % 2 | =2yzi—2xzj—2xyk

(c) By definition

X vy oo 0 X 0 y
v _o (o x Vi oy
(vx2+yzl+ vX2+y2]> ox (vx2+y2> oy (vx2+y2>

242 - 24— P
B 2+ 22
B 1
N 2
i j k
x o, vy oo i 0 2
V x 1+ = det Fr o o
( /x2 412 /x2 + y2]> v 7 OZ

(d) By definition

y oo x o, 0 y % x
v (- P+ SR S
( VX242 «/x2+y2]> 0x ( «/x2+y2) oy («/x2+y2>

.
2+ 27 24y
i 7 k
¥ A X N 0 0 0
Vx| ———i+ %]> = det ox dy oz

_ Y X
N NEET

1 x? 1 2 .
= - + - k
( /x2_|_y2 [x2+y2]3/2 /x2+y2 [x2+y2]3/2)
x2+y2—x2+x2+yz—yzf(_ K

22+ 2 VAt 2
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xityj+zk

ﬁ (a) We are to compute the divergence of 7 = [ v Since
0 x B 1 1 x(2x) B y? + 22
ox 2+ 2+ 222 a2+ y2 42212 2 2+ 2+ 2212 224 2 + 2232
0 y B 1 1 y(2y) B x? + 72
oy 2+ 2+ 222 2y 4222 B §[x2+y2+22]3/2 224222
0 z B 1 1 z(2z) B x% + y?
0z 2+ 2+ 222 2 y2 4222 - 5[x2_|_yz+zz]3/2 2+ y2 4222

the specified divergence is
v <£> _ 202+ 224222 2r7 2
T [.X'2 + y2 + ZZ]

327 48 Ty
(b)

V x (yzi+2xzj+ eV k) = det 2 2| = (xe¥ —2x)i— (ye¥ —y)j+zk

S-6: (a) Since = (2% + Zz)k/z,
8 k k k_q AN k—
a—xr =2x§(x2+y2+22)2 =k(1‘-l)r 2
k
g_z/k =2y §<x2 +yP+2) =k (rf)
0

We want k = —3.
(b) Using the computation in part (a)
V- () = S ) + (o) + S
= 3rk + xj—xrk + yaa—yrk + z%rk
= 37" + x (kx *72) +y (ky r*72) + z(kz r*72)
= (3+k)r*
We want k = 2.
(c) Recalling that VZ=V.V,
VA(rh) =V - (V(r9)
=V (kr" 1) by part (a)
= k(3 +k—2)r"?2 by part (b), but with k replaced by k — 2
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We want k = —2.

S7: (a)
_o0x dy Oz
V'r—a—f—@—i‘&—
® 0 0 0
V(r?) = (ia —|—]A@+f<&) (x?+y*+2%) =2xi+2yj+2zk = 2r
(c) Since
i j k )
rxa=det|x y z|=1i(asy—az)+]j(amz—azx)+k(ax—ayy)
ay 4az as
we have
i j &
V x (r x a) = det 2 (% 2 = —2a11—2a,] —2a3k
aszy —arz a1z —azx ax —ay
= -2a
(d) Since
(0 0 ~ 0 2. 2 o\1/2
V(r) = (1&x +]8y+k82) (x* +y° +2%)
. X . y < X
=1 +k
(x2+y2+22)1/2 (x2+y2+22)1/2 (x2+y2+22)1/2
we have
0 x 0 y 0 z
V- (V(r) =—=— + = + 5=
ox (x2+y2+22)1/2 dy (x2+y2+zz)1/2 0z (x2+y2+22)1/2
_ 3 L1227 4222 2 2
(x2—|—y2+22)1/2 2(x2+y2+zz)3/2 (x2—|—y2—|—22)1/2 r
S-8: (a) Since
1 . ,\a A& ) 2 n—1/2
V(T) = <l&x+]8y+ka > (*+y°+2°)
. X . y « z
(2 +y2+22)°7 T2z 422 (22 22)?

324



we have g = —3.
(b) Since

0 n1/2 0
v‘(i’r):&x[( +]/+ ) ]‘i‘@
1 2x% 4 2y* +27°

2 (x2—|—y2+22)1/2

%[(x2+y2+z2)”24

=42+ 2+ =4

[(x2 +y2+z2)”zy} +

2)1/2

:3(x2—|—y2-|—z +

we have a = 4.
(c) Since
NG N NN,
V(1’3) = 1’1_ +]_+kz) (x2+y2+22)3/2
1/2 1/2

= 3x(x + 32 +22) 7 3y (2 + 2+ 2) kB2 (x4 + 2)
= 3rr
we have
V. (V(7’3)) =V (31’1‘) =3V (rr) =3 (4r) by part (b)
= 12r
so thata = 12.

S-9: (a) Since V- F = £ (1+yz) + (Zy +zx) + £ (322 + xy) = 2+ 62 # 0, F fails the
screening test and cannot have a Vector potential.

(b) The vector field A = A1 + Ajpj is a vector potential for G if and only if G =V x A,
which is the case if and only if

a[ﬁz o _ 1 2
o, TY¥E = Ay = —5yz + By (x,v)
0A 1
(9_21 =zx — A= Exz2 + Bi(x,y)
5A2 é’Al - — aBZ OBl —x
ox oy Y ox oy Y
There are infinitely many solutions to @ — @ = xy. In fact By is completely arbltrary If
one chooses B, = 0, then B; = —Exyz does the job. If one chooses By = 0, then B, = —x y

does the job. Thus two solutions are A = }(z2 — y?)xi — Jyz%j and
A = 3xz% + (2% - 22)yj.

S-10: (a) F is well-defined wherever the denominator x? 4 z2 is nonzero. So the (largest
possible) domain is

D={(xyz)|x*+22#0}
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(b) As preliminary computations, let’s find

0 -z \ -1 2z(—z)  —x*+2z?
0z \x2+22)  x2+22 (x2422) (24 22)
0 X 1 2x(x) . w42
ox \x24+22) 2422 (324222 (324 22)?
So the curl of F is
i ] k 242 242
VxF=det| & & & |=—(2F2  —FF2 )j-0
—z x (x2+22)"  (x2+22)
iz Y oE

on the domain of F.

(c) As preliminary computations, let’s find

7 —z . 2x(-z) . 2xz
x\x2+22) (24222 (224 22)
0 ( X ) o 2z(x) . “2xz

0z \ a2 + 22 (32 +22)2 (22 +22)?

2

So the divergence of F is
0 -z 0 0 x
V-F= EP (—xz +z2) + 3 (v) + pe (—x2 +z2) =1

(d) By part (b), the vector field passes the conservative field screening test V x F = 0. But
we should still be suspicious because of the similarity of F to the vector field of Examples

2.3.14 and 4.3.8 in the CLP-4 text.
So let’s compute the line integral of F around the (closed) circle y = 0, x> +z? = 1,
parametrized by

r(t) = costi+sintk  r(t) = —sinti+costk

The line integral is
2 121222
7T f_/\ﬁ N ~ - - A
JF-dr: {—sinti+ cost k}-{—sinti+costk }dt
C 0
27T

= dt =27
0

xziyz r'(t)

As the integral of F around the simple closed curve C is not zero, F cannot be
conservative on D. See Theorem 2.4.7 and Examples 2.3.14 and 4.3.8 in the CLP-4 text.
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5-11: (a) By the vector identity of Theorem 4.1.7.a in the CLP-4 text,
V-F=V-VxG=0
So we must have
0=V -F=V-((xz+xy)i +alyz —xy)j + Blyz+ x2)k) = (z+1) +alz = x) + By +x)
This is true for all (x,y,z) ifand only if & = f = —1.
(b) Since
V xG=V x (xyzi —xyzj + g(x,y,2)k) = (g +xy) i — (gx — xy) hj + (—yz — x2) k
we will have that V x G = F if and only if
(8 + )i — (g —xy)j + (—yz — x2) k = (xz+ xy)i - (yz — xy)j - (yz + x2) k

which is the case if and only if

Sy =Xz, §x =Yz
The first equation, g, = xz, is satisfied if and only if ¢ = xyz + h(x,z). The second
equation is also satisfied if and only if ¢x = yz + hy(x,z) = yz. This is the case if and only
if hyx(x,z) = 0. That is, if and only if & is independent of x. Equivalently, if and only if
h(x,z) = w(z) for some function w(z). So, in fact, any function of the form
g(x,y,z) = xyz + w(z) will work.

S-12: (a) Denote by 6 the angle between a and r. The point r is a distance ¢ = |r| sin6
from the axis of rotation. So as the body rotates, the point sweeps out a circle of radius ¢
centred on the axis of rotation. In one second the point sweeps out an arc of this circle

Q

that subtends an angle of () radians. This arc is the fraction % of a full circle and so has
length %2715 = (W = Q)r| sinf. Thus the point is moving with speed Q|r| sinf. The
velocity vector of the point must have length Q)|r| sin 6 and direction perpendicular to
both a and r. The vector () x r is perpendicular to both r and (2 = Q)4 and has length
Q) [r] sin® = Qr| sinf as desired. So the velocity vector is either ) x r or its negative.
By the right hand rule it is 2 x r.

(b) By vector identities




(which are Theorems 4.1.4(d) and 4.1.5(d) in the CLP-4 text) and the assumption that {2 is
constant
Vx(Qxr)=QV-r)— (V- Q)r+(r-V)Q-(Q-V)r=Q(V-r)— (Q-V)r
V- (Qxr)=r-(VxQ)—-Q - (Vxr)=-0Q-(Vxr)

Substituting in
_0x 0y 0z
Vr= a + 8_]/ &
0z dy\. ,O0x 0z, Oy Ox\»
Vixr= (o - )i+ (- )i+ (5, a—y)k—(’
0 0 - .
(Q V)I‘ = (Qla_ + 02@ + 035) (xi —|—yj + Zk) = Qﬁ—l— Qj)j —+ ng =0
gives

Vx(Qxr)=20 V- (Qxr)=0

(c) The students are a distance 6378 sin(90° — 49°) = 6378 cos(49°) = 4184 km from the
axis of rotation. The rate of rotation is Q) = 27 radians per hour. In each hour the
students sweep out an arc of 3 radians from a circle of radius 4184 km. Their speed is

22_3; x 4184 = 1095km/hr.

S-13: We shall show that 86—33 — a(% = F;. The other components are similar. First we have

A i j k
tF(x(t)) x %(t) = tF(tx, ty, tz) x (xi+yj+zk) = tdet [Fl b F3]
x Y oz

Reading off the k and j components of the determinant gives
1
Gs(x,y,z) = J t[F(tx, ty, tz) y — B (tx, ty, tz) x| dt
0

1
Ga(x,y,z) = Jo t[Fs(tx, ty, tz) x — Fy (tx, ty, tz) z] dt

So
aa—(;f‘ - JO 1 t[Pl (tx, ty, tz) + aa—l;l(tx, by, t2) ty — 66—1;2 (tx, ty, tz) tx} dt
% _ Jol t[% (tx, ty, tz) tx — %(tx, ty, tz) tz — Fy (tx, ty, tz)] dt
- aa_c; . % - JO 1 [2t Fy (tx, ty, t2) + tzy%—?(tx, ty, tz) + tzz%(tx, ty, t2)
— x %2 (tx, ty, tz) — Fx %i; (tx,ty, t2) ] dt
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Since, by hypothesis, V - F = 6F w3 oF 2 + 5 oF 52 = 0, the last two terms

, (B oF; o R
—t x{w(tx, ty, tz) + g(tx, ty, tz)} = —t x{ o (tx, ty, tz)}

so that
06506y
oy 0z
1
:J (2t (b, ty, 12 )+ 2r L (b, 12) + Py L (b, by, £2) + P2 (1, 1y, tz) | dt
0 ox oy 0z
1
_[drp 2 =1
_L E[t Fi(tx, ty, tz)} [t Fi(tx, ty, tz)] o = F(x,y,2)
<& g

Solutions to Exercises 4.2 — Jump to TABLE OF CONTENTS

S-1: (a) Expressing the left hand side as an iterated integral, with z as the innermost
integration variable, we have

m (1,2 dxdydz_jdxjdy[fdz W]

1 1
:J dXJ dy [f(X,}/zl)_f(x/y'O)]
0 0

by the fundamental theorem of calculus

Jf f(x,y,1) = f(x,y,0)] dxdy

:Hf(x,y,n dxdy—ﬂf(x,y,O) dx dy
R R

(b) Define the vector field F(x,y,z) = f(x,v,z) k. Then the divergence of F is
V. F(x,y,z) = a£ (x,v,z). The boundary of the cube V is the union of six faces

A

S1={(xyz)|0<x<1,0<y<1,z=1} withoutward normal i =k
S5={(xyz)|0<x<1,0<y<1,z=0} withoutward normal i = —k
S3={(xyz2)|0<x<1,0<z<1,y=1} withoutward normal i =j
Sis={(xy2)|0<x<1,0<z<1,y=0} withoutward normal i = —j
Ss={(xyz)|0<y<10<z<1l x=1} withoutwardnormal i =1
Se=1{(xyz)|0<y<1,0<z<1 x=0} withoutward normal A = —i
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|51
n=—j<—+t +——>n=)
Yy
| .So
i (1,1,0)
& A=—-k
Observe that
+f onS;
Fa=fk-a={—-f onS,

0 on 531 54/ S5/ 56

So the divergence theorem gives

JJJ%(X,%Z) dxdydz = qu “F(x,y,z) dxdydz

- 6
= (F-ﬁdszxﬂpﬁds
]':15.

Qe

14 ]
— (fas—
JS;de gfds

= ff(x,y,l) dxdy—fff(x,y,O) dx dy
R

by

S-2: (a) The divergence of pais V- (¢pa) = V¢ -a+ ¢V -a = V¢ a, since a is constant.
So, by the divergence theorem,

[[#-ne5= [0~ [[[ w00 — [H(pﬁds [[[woar

ov 14 ov Vv

a=20

This is true for all vectors a. In particular, applying this with a = ,j, k, we have that all
three components of [{{,,, ¢ dS — {f§,, V¢ dV] are zero. So

ngmds-f VodV =0

ov 14
(b) By part (a), with ¢ = x> + > + z% and V¢ = 2xi +2yj + 2z k,

g [0 3 [ 2ty -
2|V| Jf(x +y +2z7)AdS = 2V (2xi+2yj+2zk)dV = (%,7,2)
ov v
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5-3: (a) We'll parametrize the sphere using the spherical coordinates 6 and ¢.

x = sin ¢ cos 6
Yy = sin¢@sind
Z = Cos ¢

with 0 < 0 <27, 0 < ¢ < 7. Since

(Z—g, %, %) = (—singsin®, singcosf, 0)
(2_:;’ %' %) = (cos @ cos B, cos psinf, —sin¢)

(3.3.1) in the CLP-4 text yields

. ox oy 0z ox 0y 0z
—4+(=Z L = - < =
fdS *(ae’ 0" ae) 5 <a¢’ 2g’ a(p) dodg

(—sin® pcos®, —sin® psinf, —sin ¢ cos ) dddg
= Fsing(singcosf, singsind, cos ¢) dode
= Fsing(x(6,¢), y(0,¢), z(6, ¢)) dodg

= i(—sinq;sin@, sin @ cos @, O) x (cos ¢ cosB, cos psinb, —sin @) dfdg
+

To get an outward pointing normal we need the + sign, since then fi(6, ¢) is a positive

multiple, namely sin ¢, times r(6, ¢). So, on S,

F

A

~

F-AdS = sin(pzsin(pcose, sin psinf, cos® ¢) - (sin ¢ cos 6, sin psind, cos ¢) dode

= sin ¢('sin? @ cos®  + sin® ¢ sin” 0 + cos® )
and

T 27T

ffF-ﬁdS :J dqof de sinqo(sin2q0c0529+sin2gosin26+cos3 )
0 0

S

T 27T
=J d(pj dé (sin® ¢ + sin ¢ cos® @)
0 0

7T 1 s
zan dg sin® ¢ + [——cos4(p} }
0 4 0

= 27‘[J dg sin ¢(1 — cos? @) =27 {— cos ¢ + %cos3 (p}
0

_8r
e

7T

0

(b) Let V be the interior of S. Then, by the divergence theorem,

JSJF-ﬁdS:fJ V-dezgf(uuzz)dv
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By oddness under z — —z, the z integral vanishes, so that

JJF-ﬁdS = 2Jf dV = 2Volume(V) = 243—7T = 8?7[
S 1%

S-4: (a) Let’s use spherical coordinates. As S is the sphere of radius a centred on the
origin, we can parametrize it by

(6, ) = asin g cos 1 + asin psinfj + acos gk

or . . A : 2
%:—asmgosm%—l—ﬂsmq)cose]
f_:p: a.cos ¢ cos 81+ acos gsinb] —asin gk
0

or Ot
AdS =+— x — dod
nds _é’Qxﬁq) ¢

i j k
= det | —asin¢sin® asin ¢ cos6 0 dode
acos@cost) acos@sin® —asing

= i( — a?sin® g cos 01 — a® sin® psin 0 — azsin(pcoscpﬁ> dode
= ?LaZSinqo(sin(pcosGi—i—singosin@j—i—cosgof<> dode
For the outward normal, we want the + sign, so
ndsS = azsin(p(sin(pcoséi—i—singosin@j+COS(pR> dode
F-ndS =z(,¢)k -ndS = a®singcos® ¢ df de

T 27T
ffF-ﬁdS:ae‘J dgof df sin ¢ cos® ¢
0 0

S

and

7T 1 7T
= 27m3j de sin ¢ cos® ¢ = 2ma’ {—5 cos’ qo]
0 0
4 3
= §7Tﬂ

(b) Call the solid x% + y? +z% < a?, V. As
0 0 0
V. F= a(0)+—(0)+—(z) =1

the divergence theorem gives

nds = ‘ = = Volume :L—Lna
LandS_JJVFdV fﬂdv Volume(V) = = 3
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5-5:(@)On D, z =0and

A=-k dS =dxdy F-ﬁ:_yz

HF-ﬁds = —f y?dxdy
D D

Switching to polar coordinates

27T 27T
JJF AdsS = — J drr deo rsm@ {J drr} { de sinZG]
0

3 del—cos(29) 81[0  sin(20) 2”__gn
4 ), 2 4|2 4 4

For an efficient, sneaky, way to evaluate Sén sin® @ df, see Example 2.4.4 in the CLP-4 text.

so that

0

(b) Observe that V - F = x + 2. Since x is odd and V is invariant under x — —x, we have
§§§,, x dV = 0 (more details below) so that

g V.dezjﬂ(wz)dvzzg dv — 2|V

Here are two more detailed arguments showing that SSSV xdV = 0.

2_
Argument 1:  We may rewrite the equation z = 2X Y of the curved boundary of V as

m
9(1-2)
2002\ _g_ 12 _ .2 2., .2 _
zO+ x4y ) =9—x"—y" = x"+y 17>
This is the equation of the circle of radius r(z) = 9(11;;) centred on x = y = 0. So z runs

from 0 to 1, and for each fixed 0 < z < 1, y runs from —r(z) to r(z) and, for each fixed y

and z, x runs from —/7(z)2 — y? to 4/r(z)%? — y2. So

fﬂxdv szJ dyj dxx_fdzj dy0 =0

since {* x dx = 0 for any a > 0.

Argument 2:  As we have observed above, the curved boundary of V is x? + y? = 9(11;22)

which is invariant under rotations about the z—axis. By that symmetry, the centroid of V
lies on the z-axis. Recall that, for any solid V, the centroid of V is (%, 7, Z) with

X = M 7= M 5 M
55§, dv i§§, dv {ff, dv
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Jlfxdv = % Volume(V) =0 and J‘Ifydv = 7 Volume(V) =0

(c) By the divergence theorem,

JJ V-FdV:ﬂF-ﬁdSszF-ﬁdS—l—ij-ﬁdS

S D
. R 81
[[#-nas = [[[v rav [[r-nas=2vi+ 2L
S 14 D

S-6: (a) Let G(x,y,z) = x* 4 y* + z. Then the surface is G(x,y,z) = 1 and
VG(x,y,z) = 2x1+ 2yj + k is upward pointing (i.e. the coefficient of k is positive) so
that, by (3.3.3) in the CLP-4 text,

so that

ads = VVGGR dxdy = ZET2IHK G0 gy — xi+2yj + &) dxdy

F-0dS = [xi+yj+k] [2xi+2yj+k]dxdy = [2x* +2y* + 1] dxdy

Switching to polar coordinates

1 27T 2 1 1
JJF-ﬁdS:J drr do (2r* +1) =2m |Zrt + 22| =27
s 0 0 4 2 Jo

(b) Call the solid 0 < z <1 — x> — 2, V.
y

2 2 _
T rr+y =1

Let D denote the bgttom surface of V. The disk D has radius 1, area 7t, z = 0 and
outward normal —Kk, so that

Hp-ﬁdsz—”F-Rdxdy:—ﬂdxdy:—n
D D D

334



VoF = S+ 50+ () =2

the divergence theorem gives

gF.ﬁdszg v.de_gF.ﬁds:fﬂzdv_<_n):n+2fﬂdv

To evaluate the volume {f{,, dV, we slice the V into thin horizontal pancakes. Here is a
sketch of the pancake at height z.

Its cross-section is a circular disk of radius v/1 — z, and hence of area 77(1 — z). As the
pancake has thickness dz, it has volume 77(1 — z) dz. So

1 r 1
ffF-ﬁdS:n+2f dz f dxdy:n—i—Zf dz m(1-2z)
J
S

0 0
x241y2<1—2

1 '1
:7T-|—27T{Z——22 =27
2

S-7: (a) The divergence is
V.-F= a—(z +siny) + < (zy) + i(sinxcosy)
ox oy 0z
=z
(b) Let
V={(vy2) |+ +22<9}

By the divergence theorem (note that we are to find the outward flux),

gmdszwv.pdvzgfzdvzo

since z is odd.
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S-8: Call the silo V. Call the sides and top of the silo S. Call the base of the silo (namely,
xZ+y? < 1,z = 0) B. By the divergence theorem,

”v nds+ﬂv ds_ﬂvvow
Hv nds- || (v dedy- mzxyz+z

x2_|_y2<1

By oddness under Y — —y, .., »_;y dxdy = {{{, xyzdV = 0, so

x2+y

fsv-ﬁdsz ” xzdxdy+JVszv

x24y2<1

1 27T _L
:J dr d@r(rcos())z—i—fjjz dv
0 0
v

We can evaluate the volume integral by decomposing V' into thin horizontal pancakes.
See Section 1.6 in the CLP-2 text. For 0 < z < 1, the horizontal cross-section of the silo at
height z is a circle of radius 1 and hence of area 7r. For z > 1, the horizontal cross-section
of the silo at height z is again a circle. Its radius is determined by the equation

x% 4+ y? + z? = 2 of the top of the silo. The radius is v/2 — z2, so the cross-section has area
(2 — z%). The biggest that z can get is /2. Thus

rl 27T

1 V2
J V-ﬁdS:J dr d@r(rcos(?)z—i—f dz nz—i—f dz (2 —2%)z
0 0 1

27 1 1 V2
[f dew +sz7rz—|—f dz (2 — 2%)z

0

1
= J dr 7
0
1

I 0 2 0 1
A 5211 ) 47V2
EIRa IR
_T T P_ﬂ
4 2 4
=7

For an efficient, sneaky, way to evaluate Sgn cos? 0 db, see Example 2.4.4 in the CLP-4 text.

5-9: Apply the divergence theorem. The divergence of F is

. _d 0 0 B _
\Y F_ﬁx(x) y(xy) (3z yz) =3+3x—y
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So

JSJF-ﬁdS:JBJ vmv:fi (3+3x—y)dV

To evaluate the integrals of x and y we use that, for any solid V in R?,

_ rdv fhydv fzdv
fi dV = Volume(V) = Vohfme(V) y= Vohlljme(V) 2= Vohrme(V)

where (%, 7, Z) is the centroid of V. Our ball has volume V and centroid
(f, Y, Z) = (XO, yo,Zo). So

HF-ﬁdszv[3+3x—y—] — B+3% -]V

S-10: Let
V={(vyz2) |+ <l-z}0<z<1}

Then the boundary, 0V, of V, with the orientation that is used in the divergence theorem,
consists of two parts

¢ the surface S, but with the upward pointing normal, and
o thedisk D = { (x,y,2) | ¥* +¥* <1, z = 0 }, with normal —k.

So the divergence theorem gives

f”v FdV = HF fidS = — HF nds+ﬂ (-k)d

AsV -F=0and F(x,y,0) = (1,1, 1)

HF nds—” (-k)d 5:—£ dS = -m

S-11: Let V be the solid x? -|— y? -|— 22: < 2,z = 0. The surface of V consists of the
half-ellipsoid S = { (x,y,z ) | x4+ y*+222 =2, 2> 0 }, on top with upward pointing
normal, and the disk D = {(x,1,z)}z = 0, x> + 1> < 2, on the bottom with normal —k.
Call the vector field F. By the divergence theorem

”F nds+ﬂ dS_HVFdV mz;dv
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The ellipsoid has a = v/2, b = v/2, ¢ = 1 and volume 3tabc = §7. So

JJJAL dV =4 x %(Volume of the ellipsoid) = 1677[

On D,z =0and {{,xdS = ({, ydS = 0 because x and y are odd. So

H ds_ﬂ i+ yj+0K) - (—k)dS =0

and the desired flux is
[[r-nas= [[[4av =5x
S 1%

-12: (a) If (x,y,z) # 0

V-F(xyz)—a— a +i s +i -
" ox [x2+y2+22]3/2 oy [x2+y2+22}3/2 0z 2 +12 + 2]

[+ 2 +22] —x3(2x) [P+ y2 422 —y3(2y)  [x®+ P +22] —z3(22)

3/2

[x2 4 y2 + 2] [x2 4 y2 + 2]/ (2 + 2 +22]”
3[x? + y* + z%] — 3x* — 3y? — 372
[x2+y2+22]5/2

If (x,y,z) = 0, F(x,y, z) is not defined and hence V - F(x, y, z) is also not defined.

(b) Leta > 0. Write 0, = { (x,y,2z) | x> + y* + z> = 4 }. The outward unit normal to o, is
= ‘—;| so that

r r 1 1 1
F-ﬁdszf —-—dS:f —dsz—f ds = = (47a?
La iej=a T[> 1| itj=a [T[? % )i¢j=a 612( )
=47 #0

(c) No, the results of (a) and (b) do not contradict the divergence theorem. One
hypothesis of the divergence theorem is that V - F (in fact all first order derivatives of F)
be defined and continuous throughout the solid that V - F is to be integrated over. That
hypothesis is violated in this case.

(d) Let’s first figure out what the surface z2> — x> — y?> + 1 = 0, i.e. the surface

2+ =1 + z2, looks like. For each zj, the z = z( cross-section of this surface is the
circle x> + y? = 1 + z0 The radius of this circle is 1 when zp = 0 and grows as |z|
increases. So the solid region E looks like an hourglass drum, as sketched in the figure on
the left below.
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o

E,

i o
We are going to use the divergence theorem to compute the flux of F out through the
surface ¢ of E. However we cannot apply the divergence theorem using E as the solid,

because F is not defined at the origin, (0,0,0), which is a point in E. So we pick any
0 < a <1, and define the auxiliary solid

Ea:{(xf%z)\szrszrzz)az, x2+y2<1+zz, —1<z<1}

The solid E, is constructed from the solid E by removing the ball x> + > + z? < a? from
it. A side view of E, is sketched in the figure on the right above. As in part (b), denote by
0, the surface x2 + y? + z2 = a? with outward pointing normal. Then the boundary of E,
is 0E; = 0 — 0,4, meaning that it consists of two parts. One part is the boundary, o, of E,
with outward pointing normal. The other part is the surface x* + y? + z> = a2, but with
normal pointing into the sphere, opposite to the normals for ;. Consequently the
divergence theorem gives

OZJJ V‘FdV:ffF-ﬁdS:JJF-ﬁdS—JJF-ﬁdS
E, o Oa

0E,

|[F-nas = [[Fnas -4

o oA

so that, by part (b)

2

(e) The equation z? — x? — y? + 4y — 3 = 0 can be rewritten as

4 (y-2=1+2°
As is part (d), for each zp, the z = z( cross-section of this surface is a circle

x? + (y—2)? = 1+ 23 of radius 4 /1 + z3. But this circle is centred at (0,2, zy), whereas the

corresponding circle in part (d) was centred at (0,0, z9). The solid R again has the shape
of an hourglass drum. But while the origin (0,0,0) was in E, it is not in

R={(xyz)|¥®+{y-22<1+2% -1<z<1}
So V - F = 0 throughout all of R and the divergence theorem gives

|[F-nds=[[Faas = [[[v-Fav -0
z R R
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S-13: (a) If the surface were the sphere x> + y? + z2 = 1, we could parametrize it using
the spherical coordinates 6 and ¢ (with the radial spherical coordinate p = 1).

x = sin ¢ cos 6
Yy = sin@sind
Z = Cos ¢

with 0 < 6 < 27, 0 < ¢ < 7. Our surface is not a sphere, but the equation looks like the
equation of the sphere with the units of the y- and z-coordinates changed. In particular, if
we define 7 = y/2 and Z = z/2, so that y = 2 and z = 2Z, then on our surface
2 2 2 ~)2 ( 22)2
D I AN S S -
X+ 4 + 1 X"+ 4 + 1

=x2+ P +2
and we can parametrize

x = sin ¢ cos 8
7 = singsind

Z = cos ¢
and then
x = sin ¢ cos 6
Yy =2 =2singsin®
z=2Z=2cos¢
or

(6, ¢) = sin@cosfi+2singsinfj+2cospk 0<0<2m, 0<@<m

(b) Considering part (c) in this question, we are presumably to evaluate the flux integral
directly. Since

(2—;, Z_Z’ %) = (—singsin®, 2singcosf, 0)
<2—;, %, 2—5) = (cos ¢ cos @, 2cos ¢sinf, —2sin ¢)

(3.3.1) in the CLP-4 text yields
. ox oy o0z ox o0y 0z
=4(=, <, = —, ==, —
fidS —<ae’ae’ae>><(a¢’a¢’a¢>cwd¢
= +(—singsinf, 2singcosh, 0) x (cos pcosf, 2cos ¢sinf, —2sin ) dodg
=+

(—4 sin® ¢ cos@, —2sin® psinf, —2sin ¢ cos qo) dode
= F2sin@(2sin @ cosf, sin @sin @, cos ded
¢ ' ¢ ¢ ¢

To get an outward pointing normal we need the + sign. For example, with the + sign,
the z-component is 2 sin ¢ cos ¢ = sin(2¢) so that the normal is pointing upward when
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0 < ¢ < 7, i.e. in the northern hemisphere, and is pointing downward when 7 < ¢ < 7,
i.e. in the southern hemisphere. So

F-AdS = {(sin ¢ cos 0) (4 sin® ¢ cos ) + (2sin @ sin 0) (2sin® ¢ sin §)
+ (2cos @) (2sin ¢ cos @) }dfd ¢
= {4sin’ ¢ cos? 6 + 4sin’ g sin® 0 + 4 sin ¢ cos? ¢ }dod g
= 4sin ¢ (sin® ¢ + cos® ¢)dod g
= 4sin ¢ dode
and the flux is

ys 27T >
JfF-ﬁdS:f dq)J d94sin(p:87'cf de sing = 167
0 0 0

(c) Set
2
V:{(x,y,z)\xz—l—yz—l—%él}

Since V - F = 3, the divergence theorem gives

gF -AdS = JJJV -F dV = 3Volume(V)

. . g2 22 ) )
The volume contained in the ellipsoid, ;‘—2 + Z—z + i—z =1, of semiaxes a, b and c is %ﬂabc.
Inourcasea=1,b=c=2,s0

HF -£1dS = 3Volume(V) = 3 x gn(l)(Z)(Z) -
S

which is exactly what we found in part (b).
The volume of the ellipsoid V can also be found by observing that, in V,

¢ x runs from —1 to 1 and
e for each fixed —1 < x < 1, (y, z) runs over the disk y? + z> < 4(1 — x?), which has
area 477(1 — x?).
That is
V={(xyz2)| -1<x<1 y+22<4(1-x%)}
so that

1
Volume(V) = J dx Jf dy dz
! y2+z2<4(1-x2)
1 1 1
:J dx47t(1—x2):2><47rf dx(l—xz):Sn{l—gl
-1 0
_ lom
3
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S-14: Set
V={(xyz)| ¥ +y*<2,0<z<2x+3}

Let’s try the divergence theorem. Since
V. F= a—(x3 + cos(y?)) + < (y° +ze¥) + i(z2 + arctan(xy))
ox oy 0z
= 3x% 4+ 3y> + 2z

the divergence theorem (Theorem 4.2.2 of the CLP-4 text) gives

fsjp.ﬁdszg V.Fdv

2x+3
- J dxdy J dz (3x% + 3y* + 22)
x24y2<2 0
_ f dxdy {3(: + ) (2x +3) + (2x +3)}
x2+]/2<2
_ J dxdy {9+ 12x +13x% + 92 + 6x° + 621}
x2+y2<2

=9(27) + f dxdy {13x* + 9y*}
x24+y2<2

because 12x, 6x> and 6xy? are all odd under x — —x. To evaluate the final remaining
integral, let’s switch to polar coordinates.

2 9,2 (" 2 2 )2
{13x* + 9y~ } dxdy = drr| df {13(rcosf)” +9(rsin6)}
2422 ° °

V2 27
:J dr r3f de {13c0529+9sin29}
0 0

Since
27T 27T . 27
J cos2 0 do = f M do = sin(26) + Q =7
0 0 2 4 2]o
27T 27T 1 : 2r
f sinzé)d@:f 1-cos(20) 4o _ [0 sin(20))7 _
0 0 2 2 4 0

we finally have

HF AdS =187 +(\F) {1349} = (18 4+ 22)7r = 407

For an efficient, sneaky, way to evaluate S(Z)n cos? 6 df and SS” sin? 0 d6, see Example 2.4.4
in the CLP-4 text.
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S-15: Solution 1 (divergence theorem): SetF = (x +y,x+z,y+z). Then V - F = 2. That’s
really simple. So let’s try using the divergence theorem.

o SetS={(xyz)] x>+22=4,0<y<3 }. We are to compute §s F-AdS, with A
denoting the outward normal to S. S is not the boundary of a solid, so we cannot
compute {{; F- i dS by applying the divergence theorem directly. The figure on the
left below shows the part of S that is in the first octant.

y=3

o On the other hand S, is “almost” the boundary of
V:{(x,y,z)|x2+zz<4, 0<y<3}
The boundary, dV of V consists of three pieces — S and the two disks
D={(xyz)|x*+22<4,y=0} D, ={(vyz2)|[x¥*+2"<4y=3}

The figure on the right above shows the parts of S, V, D; and D, that are in the first
octant.

The outward normal to D; is j and the outward normal to D; is —j, to the divergence

theorem gives
|[[v-Eav = [[F-as
1% ov
= JfF-ﬁdS—l—JfFde—FffF-(—j)dS
S D, D
SinceV-F=2andF-j=x+z,
fJF.ﬁdS:fJJZdV— Jf (x +z)dxdz — Jf (—x —z)dxdz
S 14 x2+z72<4 x2+z72<4
oo
14

= 2 volume(V) = 2(712%)3 = 247

Solution 2 (direct evaluation): Let’s parametrize the surface by

r(0,y) =2cosfi+yj+2sinfk 0<0<2m, 0<y<3
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Then

(7r

(—2sin6, 0, 2cosb)
= (0, )
=+

a—r dOdy +(—2cosf, 0, —2sinf)dody

ndS

To get the outward normal, we want the minus sign. So
AdS = (2cosf, 0, 2sinf)dody

and, since
F(r(6,y)) = (2cos0+y, 2cos0 +2sinb, y +2sinb)
the specitied flux is

r27T r3
ffF-ﬁdS:J df | dy (2cosf +y, 2cosf +2sinf, y +2sinf) - (2cosb, 0, 2sinb)
0 Jo

27T r3
= | do | dy (4cos?0 + 2y cosd + 2ysin 6 + 4sin’0)
0 JO

r27T r3

= dé | dy (4+2ycosf +2ysinb)

0 JO

Since Séﬂ dé cosb = S(z)ﬂ dé sinf =0,

27T 3

fJF-ﬁdSzélj dQJ dy = 4(2m)3 = 24n
0 0

S

S-16: The question highlights that the vector field has divergence 0. That strongly
suggests that we use the divergence theorem. Set n

S
V:{(x,y,z)]0<z<1—(x2+y2)2}

D
n

Then the boundary, dV, of V consists of two parts, namely S (with normal pointing
upwards) and the disk

D={(xy0)|x¥+y*<1}

(with normal pointing downwards). The divergence theorem (Theorem 4.2.2 of the

CLP-4 text) gives
UF ndS-JfJV FdV - U (—k)d
= Jf(x + %) dxdy
D
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Switching to polar coordinates, the flux is

1 27 1

JfF-ﬁdS:f drr d9r2:27rj drr3:27'(}I:E
0 0 0

S

N

S-17: As F looks complicated, we will probably want to avoid evaluating the flux integral
directly. Let’s first compute the divergence of F, to see if it looks wise to use the
divergence theorem instead.

P ) 0, 2 0
Vo= S(tnyEdsing?) + (e + () = 1

Looks good! We cannot yet apply the divergence theorem, since S is not the boundary of
a solid region V. To help us choose a solid V whose boundary at least includes S, here is
a sketch. S is the top of the “ice cream cone”

z:\/ﬁy2

Note that the paraboloid z = 2 — x? — y? and the cone z = 1/x2 + 2 intersect along the
circle x> + y?> = 1, z = 1. Probably the simplest solid whose boundary includes S is

V={(vy2)|l<z<2-22—y* 2 +y* <1}
The boundary 0V of V consists of S (with upward pointing normal) and the disk
D = { (x,y,z)\xz—i-yzél, z=1}

with normal —k. So the divergence theorem gives

ads= [[[w. (5. -k
gF ds @Jvmv LF(k)dS

~

V-F Fk=z

C [ —— [ ——
:Jj 1 dV + J 1 ds
VJ J

D

As D is a disk of radius 1, SSD dS = 7. To compute the volume of V, we'll slice it into a
stack of horizontal “pancakes”. Since z = 2 — x> — y? is equivalent to ,/x2 + y2 = /2 — z,
the pancake at height z is a circular disk of radius v/2 — z and hence of cross-sectional
area 77(2 — z). So the volume of V is

fﬂdv _ f m(2—z)dz = _g(z_z)z‘j _ g
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and the flux

S-18: As F looks complicated, we will probably want to avoid evaluating the flux integral
directly. Let’s first compute the divergence of F, to see if it looks wise to use the
divergence theorem instead.

(xe™?) + i(sin]/ +x%z) = y* + 2?

V-F:a—(cosz+xy2)+a =

ox oy

Looks promising. Furthermore S is the boundary of the solid region

V={(vyz2) |+ <z<4}

So the divergence theorem gives

[frass— fjo-rav—[ffc 101

To compute the triple integral, we’ll use the cylindrical coordinates (r,0,z). The
z-coordinate runs from 0 to 4. For each fixed 0 < z < 4 (see the blue disk in the figure
below — which shows the part of V in the first octant), (x,y) runs over 0 < x> + % < z,

z
|
l
1
l
l
l

x
which in cylindrical coordinates is 0 < 2 < z or 0 < r < 4/z. So the flux and the triple
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integral are

HF-ﬁds = fﬂ(xz +y?) dV
S %4

4 Az 27T
=J dzJ drr do 2
0
—Zﬂf dzf dr
—27'L'J dz—=

3

S-19: If we were to evaluate this integral directly using, for example, spherical
coordinates, our integrand would contain

sin(x) = sin (2sin ¢ cos )

That’s not very friendly looking. So let’s consider using the divergence theorem instead.
To start,

i(22—1) =4z

0 0
.F= — (&Y — i
V.-F 5 (e¥ + xz) + 5 (zy + sin(x)) + e

X

That’s nice and simple. So let’s move on to consideration of S. The part of S in the first
octant is outlined in red in the figure on the left below.

Z z

T T

The surface S is not closed, and so is not the boundary of a solid, so we cannot apply the
divergence theorem directly. But we can easily come up with a solid whose boundary
contains S. Let

V={(xyz) | P+ +22<40<z<1}
The boundary 0V of V consists of three parts — S, the bottom disk

Dy={(xyz)|x*+y*<4,z=0}
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and the top disk
D ={ (x,y,2) }xz—l—y2 <3,z=1}

The outward normal to D is k and the outward normal to Dy is —k. So the divergence
theorem gives

fl V.FdV:!VJF-ﬁdS:f!F-ﬁdS+£fF.f<dS+ibJF.(_f()ds

On Dy, z=0sothatF-(-k) = —(02~1) =1landon D;,z = 1sothat F-k =12 -1 = 0.

f[r-nis- w{’?dv IE

The constant z cross-section of V is a disk of radius v4 — z2 and hence of area 7t(4 — z?)
and Dy, is a disk of radius 2 and hence of area 47t. So

4

1 Z4q1
HF-ﬁdS:J (42) 7r(4—zz)dz—4n:47r[222——} —dn=3n
0 4 1o
S

5-20: The divergence of F, namely,

V F= a—x(x22+COS7Ty) +§—y(yz+sin7rz) + —(x—v?)

0
=2xz+2z

is a lot simpler than F itself. So let’s use the divergence theorem (Theorem 4.2.2 of the

CLP-4 text).
JJF -AdS = J}!JV -FdV = J!f(sz—f-z) dv

As B is invariant under x — —x while 2xz is odd under x — —x, the integral {{{, 2xzdV
is zero. To help set up the limits of integration for {{{, zdV, note that, in B,

o (x,y) runs over the rectangle -1 < x <1,0 <y <2and
o for each fixed (x,y),zrunsover0 <z <3 —y.
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So

1 2 3—y
ij-ﬁdS:J dxj dyf dz z
-1 0 0
S
1 1 2
:—J dxj dy (3—y)?
2)0 U

1
dxj du u? withu =3 -y, du = —dy
3
1

ESN

3 3

S-21: The vector field F looks very complicated. That strongly suggests that we not
evaluate the integral directly. So let’s start by computing

_ J 2 J 2 5 J 2 2
V.-F= a—(x~|—cos(z ))+@<y+ln(x +z)>+g(q/x + ¥?)
=2

That’s really simple, which suggest that we use the divergence theorem. But the surface
S is not closed, and so is not the boundary of a solid. So we cannot apply the divergence

theorem directly. But we can easily come up with a solid whose boundary contains S. Let
n

S

D

V:{(x,y,z)\0<z<m, <1}
n

Then the boundary, 0V, of V consists of two parts, namely S (with normal pointing
upwards) and the disk

D={(xy0)|x¥+y*<1}
(with normal —k). The divergence theorem (Theorem 4.2.2 of the CLP-4 text) gives

HF nds_ﬂ V. FdV - ﬂ
mZdVJrH\/mdxdy :2% n13+£J\/mdxdy

Switching to polar coordinates, the flux is

4 1 2r 4 1 4 1
JfF-ﬁdS:—n+f drrf dGr:—n+2nJ drr’ = Zm4+27= =271
3 0 0 3 0 3 3
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S-22: (a) By the divergence theorem (Theorem 4.2.2 of the CLP-4 text), the outward flux
of F through the boundary of E is

HF nds_ﬂ v FdV
[

To evaluate this integral we switch to cylindrical coordinates. In cylindrical coordinates

E={(rcosf,rsinf,z) |0<z<4 r’ <z}

4 \z 271
JfF-ﬁdS:f dzf drrf do (—r*+4)
0 0 0

OF
—Zﬂf dzf 4r—r

2

= ZNJO dz (22—%)
2ol - B]: = 2nfie- 4] = S

So

(b) The boundary of S consists of two parts — S, but with downward pointing normal,
on the bottom and the disk

D={(xyz)|z=4 P*+1y* <4}

with normal k, on top.

—— e e - S Y—

So, by part (a),

Fk
~ —N
—H—JJF nds = — ff ndS+JJF-de:—JfF-ﬁdS+ff 4z dS
D S D
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Since z = 4 on D, and D is a disk of radius 2,

JfF-ﬁdS = —63—47r+16j ds = —63—47r+16(47r) = 1327[

0 x _ 1 3 x(2x) 2P+ yP 422
ox 2+ 2+ 22172 2+ y2 4222 2 242+ 222 224 2 + 222
0 y B 1 3 y(2y) x4+ 2P
Wit 2+ 2? 22+ 22P? 2p2p 212 [ty
7 z B 1 3 z(2z) x4yt -27?
0Z(x2 412+ 222 24124222 22+ 2+ 222 2242 + 222

the specified divergence is

v po AP+ + (P -2+ + (PP -228)
N [ + 2 + 222 -
if (x,y,z) # 0 and is not defined if (x,y,z) = 0.

(b), (c) Set
Vi={(xyz) |+ ({y-2)7+22<
Vo={(xyz2) |+ ({y—-272+2" <

Here are side views of both V; and V5. Both V; and V; are spherical balls centred on

z z

S,
S,
(0,2,0) L
\ y y Vs Yy
1

(0,2,0). The difference between them is that V; has radius 3 while V, has radius 1. In
particular (0,0,0) is not in V,. So V - F is well-defined and zero throughout V, and, by
the divergence theorem (Theorem 4.2.2 of the CLP-4 text),

On the other hand, (0,0,0) is in V;. We cannot blindly apply the divergence theorem to
— V -F(x,y,z) is not defined at the point (x,y,z) = (0,0,0) in V;. We can work
around this obstruction by
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o choosing a number p > 0 that is small enough that the sphere

Sp={(vy2) ¥ +y +2 ="}

is completely contained inside V; (for example, p = % is fine)
o and then removing the interior of S, from V7.

This produces
Vi={(oy) |+ @y-22+2<9, P+ +2>p"}

whose side view is sketched below.
z

The boundary of V3 consists of two parts

o the sphere S1, with outward normal and

o the sphere S, with inward normal fi = —|—;‘

The divergence V - F is well-defined and zero throughout V3 so that, by the divergence

theorem,
o:JHv.FdV:HF-ﬁdHHF
Vs S Sp

So

[ e Goos= [ G ()on= [ s [

=—47‘C =47
p P

since S,, is a sphere of radius p and hence of surface area 477p°.

(d) The flux integrals {f; F-fidS and {f; F-fdS are different, because the one point,

(0,0,0), where V - F fails to be well-defined and zero, is contained inside S; but is not
contained inside S»,.
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S-24: The vector field F looks pretty complicated. But its divergence
V- F=2+3+1=6
is very simple. So let’s use the divergence theorem (Theorem 4.2.9 of the CLP-4 text). It

says
JJF -AdS = JJJV -FdV = Jf 6 dV = 6 Volume(E)
S E E

For any fixed 0 < X < 2, the cross-section of E with x = X has side view

z z=2+y

That cross-section has area 2 x 2f* = 6. Consequently the volume of Eis 2 x 6 = 12 and

JJF~ﬁdS:6><12=72
S

S-25: (a) The divergence is

0

y

7

G 2
V.F— a(z arctan(y”)) + 0z

(Z2In(x* +1)) + = (32z) =3

(b) The complexity of F and the simplicity of V - F strongly suggest that we use the
divergence theorem to evaluate {{; F - fidS. However, S is not a closed surface and is not
the boundary of a solid. The figure on the left below is a sketch of the part of S in the first
octant.

On the other hand S is part of the surface of the solid
V={(vyz) | P+ +2"<4z>1}
which is sketched on the right above. The boundary of V consists of two parts:
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o the original surface S, but with upward, rather than downward, normal and
o thedisk D = { (x,y,2) | x>+ y*> <3, z = 1 } with normal —k.

So the divergence theorem (Theorem 4.2.9 in the CLP-4 text) gives

ﬂpﬁdszg V-FdV:3JdeV

— _Hp.ﬁds+ﬂp(—f<) dS = 3 Volume(V)

S D
Thus

—Fk

—N
JJF -AdS = —3Volume(V) + Jf -3 dSs
S D

= —3Volume(V) — 3 Area(D)
= —3 Volume(V) — 97

since D is a circular disk of radius v/3. To compute the volume of V, we slice V into thin
horizontal pancakes each of thinkness dz. The pancake at height z has cross-section the
circular disk x? + y? < 4 — z2. As this disk has area 77(4 — z?), the pancake has volume
7t(4 — z%) dz. All together

2 3
Volume(V) = J dzm(4—-2%) =nm {42 — %] =7 [4— Z] _ T
1 1

and
JJF nds = —3? — 97 =-14rm

S-26: Let’s try the divergence theorem. Set

V={(vy2) |+ +22<3}

Then the boundary of V is S, but with outward pointing normal. Since
0 0 0
F= 2 (v 4 40 2, .4 9,2 4 _ 2 .2 .2
\Y ax(xy +yz)+ay(yz +xz)+az(zx +xyt) =y +z"+x

and because S is oriented inward, the divergence theorem (Theorem 4.2.2 of the CLP-4

text) gives
”F-ﬁdsz—ﬂ V.dez—fﬂ(x%y%zz)dv
S v 14

354



Switching to spherical coordinates (see Appendix F.3 in the CLP-4 text)

V3 T 277
JJF-ﬁdS:—f dpf dgof d6p4sinqo
0 0 0
S
- N
= 27 J dp p4] U de sinqo}
0 0

=27 :%}0 [—cosq)]:

36v/3

S-27: (a) The divergence of F is

0 0 . 0
V- F= a—x(—ny) +@(y2+sm(xz)) —|—E(x2—|—y2) =-2y+2y+0=0

(b) Call the specified surface S and set
V={(xy2)|+y¥+(z-12)><13%, z>0}

The boundary, 0V, of V consists of two parts — S, with outward normal, and the disk
D={(xyz) |+ <132 -122=5%, z=0}

with normal —k. By the divergence theorem, the desired flux is

[fras v rav- [frc
moclw”x + y?)dxdy

—0+J drr dGr
0 0

54 625
—ogl 2
1 27

S-28: The boundary of the solid V enclosed by S and z = +1 consists of three pieces: S,
the top disk

Si={(xyz2)|¥+y¥*<2z=1}
and the bottom disk




2 =xy—2

A

On S;, A = kand
FaA=Fk=xy—-z-z

z=1

so that, denoting D = { (x,y) | x* +y*> <2},

!!F -AdS = [J(xy —2)dxdy = -2 Area(D) = —4rn

Here we have used that the integral {{, xy dxdy = 0 because xy is odd under x — —x.

On Sy, i = —k and
= —xy

z=-1

Fa=-F k=—(xy—z—2%)

so that
JJF -AdS = ff(—xy) dxdy =0
S D

By the divergence theorem (Theorem 4.2.2 in the CLP-4 text),

JfF-ﬁdSZJJV-FdV—fJF-ﬁdS—fJF-ﬁdS:O—(—47'C)—0:47'C
S Vv 51 S2

since
V.-F= a—(x +e¥%) + a—(2L1/;z—i—sir1(xz)) 4+ —(xy —z — 2%)
ox 0 0z
=1+2z-1-2z
=0

S-29: Direct Solution. The surface is given by the implicit equation f(x,y,z) = 0 with
f(x,y,z) = x> + y* + 222 — 1. Hence, by (3.3.3) in the CLP-4 text,
_2xi+2y] + 4dexdy

nds = VfAdxdy—
V£ -k 4z

This fi has positive k component. Assume that it is the desired f, though this was not

specified in the question. Since

A

j
V x F = det g—y
x> —y—1 Y23 2xz+2°

S

3221 -2zj + k
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we have

JJVXF fidS = Jf —3z(x,y) I—ZZ(x,y)f+A)'ZXI+2ZZ](;CF;4/§(XIy)kdXdy

x2 +y2<1

= JJ (— gxz(x,y) —y+ 1) dxdy
x2+y2<1

Since y is an odd function of y and x z(x,y) = x\/ 2(1—x2 — y?) is an odd function of x,
they both integrate to zero. Hence

JJVXF nds = Jf ldxdy =m

x2+y2<1

Tricky Solution. Let V be the solid x> + y? + 222 < 1, z > 0. The surface of V consists of S
with upward pointing normal and the disk D = { (x,y,z) [z =0, x>+ y* <1 } with
normal —k. By the divergence theorem, Theorem 4.2.2 in the CLP-4 text,

JfoF-ﬁdSJrJ vxF-(_f()ds:H v-vdevzHJOdvzo
S D 14 \%4
HVxF-ﬁdS:HVxF-Rdszﬂdszn
S D D

S-30: Let S’ be the disk x* + %> <3, z =0 (With f the downward pointing normal) and
let V be the portion of the ball x2 + 12 + (z — 1) < 4 with z > 0. Then, by the divergence

B O A
m 2x + 2y) dv+U4+5x dxdy

Because x is odd under x — —x and y is odd under y — —vy,

[[frav = Jffsav - [Jxosas—

JJF.ﬁdS = 4J dxdy = 4 Area(S’) = 4 x n(\@)z =121

Hence

so that
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S-31: Call the hemisphere 0 < z < /4 — x2 — y?, H. Call the bottom surface of the
hemisphere D and the top surface S. The disk D has radius 2, area 471, z = 0 and the
outward normal —k, so that

HF Ads = — UF kdxdy = — dedy——

0 0 0
VF=—(xy) + —y(xzy) + (1) = x4y
the divergence theorem (Theorem 4.2.2 of the CLP-4 text) gives

HF nds_HVde HF ndS—JfijLy ) dV — (—47)

To evaluate the remaining integral, let’s switch to the cylindrical coordinates (7,6, z). In
cylindrical coordinates, the equation x? + y? + z2 = 4 becomes r? + z2 = 4. So

2 A/4—272 27T 2
JfF-ﬁdSzéLﬂ—kJ dzj drr d0r2=47r+27rj dzjz(\/4—zz)4
0 0 0
S

As

0

2
1 2
:4n+§f dz (16 — 822 + 2% :4n+§[16z—§z3+—z5]
0

3 5 1lo
188
= — 7
157‘[ 39.3

S-32: Let S¢, Sp and S. denote the top, bottom and curved surfaces of D respectively. On
the top surface, z = 5 and the outward normal to D is k, so that

JJF nds = JJ (15 — 5ye°) dxdy = 15 f dxdy = 157

x24y2<1 x24+y2<1
The integral over y was zero because y 1s odd under y — —y. On the bottom surface,
z = 0 and the outward normal to D is —k, so that
JJF AdsS = — Jf (3x0—0xye’)dxdy =0
x2+y2 <1

Again, the integral over y was zero because y is odd under y — —y. As
V.F= %(x + xye®) + (fy (y ze®) + ((; (3z —yze®) = (14 ye®) +yze® + (3 —yze* —ye*) =

the divergence theorem gives
|[F-aas = [[[v-Fav- [[F-ads- [[F-ads
S D St Sp

:HledV—wn—ozzLxn12x5—15n:5n
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S33:LetV={(x,y,2) | x24+12+22<a®>,x>0,y=>0,2>0"}.
s Y y y

z

22+ y? 4 22 = a?

Then 0V consists of

o the x =0 face { (x,y,2) | y¥* +2*> <a?,x =0,y >0, z > 0 } withnormal i = —,
e they = 0 face { (x,,2) \x2+22 <a?,x >0,y =0, z> 0} withnormal i = —j,
o thez =0face { (x,y,z) |x*+y*<a®>,x>0,y>0,z=0

¢ and the first octant part of the sphere. Call it S.

} with normal A = —Kk,

Then

fj V- -FdV = ffj [z+1+z-2z]dV = J]f dV—égnag':%mﬁ
2 2613
k)dxdy = 2x+0)dxdy—2 drr d9rcos9—2 rPdr =" 3

0

face face

L F-(—j)dxdz = —fj(O—i—Oz) dxdz =0
y=0 y=0
face face

a /2 a aS
JFF- (—1)dydz = Jf—(y—ka) dydz = —J drrf df rsinf = —J r2dr = ~3
J 0 0 0
x=0

face face

By the divergence theorem

gp.ﬁdxdy— HV FdV — H dydz—ﬂ () dxdz—ﬂ ) dx dy

face face face

S-34: (a) On the cylindrical surface Sy, use (surprise!) cylindrical coordinates. Since the
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cylinder has radius v/2, we may parametrize it by

r(6,z) = V2cos0i++/2sinfj +zk

Z—;(G,Z):—\@Sin()iJr\/icost
or
E(GIZ) k
or or
fgg 4 OF or
AdS =+ G(Q,Z)Xaz(é,z) dé dz
i j k
— +det | —+/2sinfi +2cosf 0| dodz
0 0 1

= +(V2cosfi+v2sin6j) do dz
To get the inward pointing normal, choose the minus sign. So

F-fdS = [v2(cosf —zsin0)i+ v2(sind +zcos0)j+ (---)k]| - [ —v2cos0i—+v2sin6j] dodz
= —2[(cos@ — zsin6) cos 0 + (sin6 + zcos f) sin 6] df dz
= —-2d0dz

On the intersection of the sphere and cylinder

=42y =4-2=2

so z runs from —+/2 to v/2 (see the figure below) and

V2 27
HF-ﬁdsz—zj dz | do=-82m
: V2 0
1

(b) Observe that V - F = 3. So

JJJVTdV:JJ 3dV

The horizontal cross-section of V at height z is a washer with outer radius v'4 — z2
(determined by the equation of the sphere) and inner radius /2 (determined by the
equation of the cylinder).
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(0,v/2,v/2)

(0,vV4 — 22, 2)
/

1

_ y

2 4y2=2

z 2?4+ y? 22 =4

So the cross-section has area 77 (v4 — 22)2 — n(ﬁ)z = 71(2-2%) and

V2 V2 23/2
H V-FdV:3U dV:3Jf7t(2—zz)dz:67tJ (2—z2)dz:6n(2\f2—7)
—V2 0
14 14

= 8V2m1

(c) By the divergence theorem

gF.ﬁds :JJJV-FdV-ﬁF-ﬁdS:Mﬁn

S-35: By the divergence theorem

|[E-aas=|[[[v-Eav
v 14
So by Gauss’ law

Jf V-Ede4ﬂjf pdV = fff[V-E—élnp}dV:O

This is true for all solids V for which the divergence theorem applies. If there were some
point in IR? for which V - E — 47tp were, say, strictly bigger than zero, then, by continuity,
we could find a ball B, centered on that point with V - E — 47rp > 0 everywhere on Be.
This would force {{f; [V - E —4mp] dV > 0, which violates {ff, [V - E —47mp] dV =0
with V set equal to Be. Hence V - E — 471p must be zero everywhere.

S-36: By the divergence theorem

!Vfr.ﬁds = JJ V. rdV = JJJV.(xi—Fyf—i-zlA() dV = JJJ?)dV = 3 Volume(V)
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Our gemetric explanation starts with the observation that the volume of the cone with
vertex (0,0,0) and base a tiny piece of surface dS is % times the area of the base times the
height of the cone. The height of the cone is |fi - r|, where r is a point in dS. So the volume
of the cone is %|ﬁ -r|dS.
n
ds

(0,0,0)

First assume that (0,0,0) is in V and V is convex. Then

e fi-r > 0, and the volume is %ﬁ -rdS.
¢ the cone is contained in V and
* V is the union of all the tiny conical pieces with dS running over oV

So ,
Volume(V) = gjfrﬁdS
ov

To generalise to the case that V is not convex or (0,0,0) is not in V, write V as the
difference between a large convex solid and one or more smaller convex solids.

S-37: (a) We'll parametrize the sphere using the spherical coordinates  and ¢.

x = 3sin ¢ cosf
y = 3singsin®
z =3cos ¢

with 0 <0 <27, 0 < ¢ < 7. Since

)
<g—g, ;—g, %) = (—3singsinf, 3singcos, 0)
(Z;, Z—Z), %) = (3cos ¢ cosB, 3cos ¢sinf, —3sin @)

(3.3.1) in the CLP-4 text yields

= +(—3singsinf, 3singcosf, 0) x (3cos ¢ cosh, 3cos @sinb, —3sin ) dfde
= +(—9sin® ¢ cosf, —9sin psind, —9sinq)cosqo> dode

= F9sin¢(sinpcosh, sinpsinb, cos go) dodg
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To get an outward pointing normal we need the + sign. For example, with the + sign,
the z-component is 9 sin ¢ cos ¢ = % sin(2¢) so that the normal is pointing upward when
0 < ¢ < 7, i.e. in the northern hemisphere, and is pointing downward when 7 < ¢ < 7,
i.e. in the southern hemisphere. (As a further consistency check, note that Ai(6, ¢) is

parallel to r(6, ¢).) So

27T T

fJF.ﬁdS = 9J dé)f dg sin¢ (0,0,3sin ¢ cosf + 3 cos ¢)- (sin g cosf, sin gsinb, cosgo)
o Jo

S

27T T
— 27J do | dg (sin® ¢ cos ¢ cosd + sin ¢ cos® ¢)
0 0

T 27T
= 547Tf dg sin ¢ cos® ¢ since f cosf0dfd =0
0 0
= —187[cos® | ]
= 367

(b) Set
V={(vy2)eR |+ +22 <9}

Since

0
V-Fzg(erz) =1

the divergence theorem (Theorem 4.2.2 of the CLP-4 text) gives

HF-ﬁdS = H V FdV = mclvz §n33 =367
S 1% 1%

S-38: Denote by V' the cube specified in the problem. Then 0V consists of S together with
the face F in the plane z = 0, oriented with the normal being —k.

“ Tﬁ:f(
——(0,1,1)
I )
(1,1,0)
T
As
_a_ 2 . @_ Z i 22
VF= S lveost) 2 -1) + 5 (g ) + )
0 2
Za—(xye )
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the divergence theorem (Theorem 4.2.2 of the CLP-4 text) gives

HF nds_mv FdV - H

1 p ) 1 1 )
J dx [ dyj dz — (xye™) +f dx | dy xye®
0 o O 0

1 a s=1 1 1 ,
= L dx | dy xye . +JO dx | dy xye?

1 a ,
= J dx | dy xye?
0

S-39: (a) The equation of the surface is G(x,y,z) = z — xy = 0. So one normal to the
surface at (1,1,1) is (VG)(1,1,1) = (—y, —x )}( J2)=(11 1) = (-1,-1,1) and a unit

upward pointing normal at (1,1,1) is M—H %( ,1).

(b) For the surface G(x,y,z) = z — xy, so that, by (3.3.3) in the CLP-4 text,
VG(x,y,z)

VG(x,y,z) -k

ndsS =+

d xdy = +(—y, —x,1)dxdy
The “+” sign gives the upward normal, so the specified upward flux is

JJF Ads = JJ (y,x,3) - (—y—x,1)dxdy = J (3 — x* — y*) dxdy

x24y2<9 x2+y2<9

Switching to polar coordinates, the flux is

3 27T 3
ij-ﬁdS:f drr dé (3—r2):27rf dr (3r—r°) = 27(
0
S

0 0

NIw
(O8]
N
|
=
(O]
15N
N—
I
N
N
B

(c) by direct evaluation: Parametrize the specified surface using the cylindrical
coordinates 6 and z.

X = 3cosf
y = 3sin6
zZ=2z

364



with 0 < 6 < 27 and 9sinf cosf < z < 10. Then, using (3.3.1) in the CLP-4 text,

%:(—351n0,3c0s0,0)
or
S =(0,0,1)
or oOr
% % 7 =3(cosf, sinf, 0)
A or Or
dS—%XEdeZ—?)(COSQ sin6, 0) df dz

(We have taken the + signin idS = i% X %d@ dz to give the outward pointing
normal.) So the specified flux is

) (yx3)

7T

JJF ndS—3J dGJ dz 3sm9 3cosf, 3)-(cosb, sinf, 0)
cos@smG

27T
—18J dGJ dz sinf cosf
9 cosfsinf

=18 d@ [10 = 9 cos fsin 6] sin 6 cos 6
0
27T
= -9 x18 do sin?0 cos? 6
0
27T 1 27T
sinceJ sinfcosf df = EJ sin(20) d6 =0
0 0
1 27T
=-9x18x | df sin?(26)
0

_ 8 ”del—cos(49)
2 Jo 2
81 [0 sin(46)]*"
2 [E_T]o
81

For an efficient, sneaky, way to evaluate Sgn df sin?(20) see Example 2.4.4 in the CLP-4
text.

(c) using the divergence theorem: Note that if x> + y? < 9, then |x| < 3 and y < 3 so that
lxy| <9 < 10. Set

S={(xyz)|*+y* =9, xy<z<
V={(vy2) | ¥+ <9 xy<z<
Note that the boundary, 0V, of V consists of three parts:

o the side S, with outward pointing normal (which is the surface and the normal
specified in part (c) of the question)
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o the bottom, which is the surface S of part (b), with downward pointing normal
(which is opposite the normal specified in part (b)) and

o the top, which is the surface St = { (x,,z) | x> + y* <9, z = 10 }, with normal
fi = k.

Here is a sketch of the part of 0V that is in the first octant.

jp -
T
@y

X

Note that V - F = 0. So the divergence theorem yields

-
0= J V.-FdV

-
= JF-ﬁdS
= JF nds — JJF ndS—I—ffF kds

This implies

HF nds_HF fds - HF kds
7 [ sas

x24+y2<9

277‘[ 37T32 . 81T7T

S-40: (a) The divergence of F is

V F= G(x+siny) + 5z +y) + &)
=2+2z
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(b) Set

V:{xy, ‘x2+y2<25 0<z< /25_x2_y2}

Sr={(xy2) | ¥ +y¥*+22=252z>0}
Sp={(xyz \x + 1 <25 z=0}

Note that the bgundary, 0V, of V consists ot two parts — St with upward normal, and Sg
with normal —k. We are to find the flux through St with upward normal. By the
divergence theorem, it is

UF ndS—JfJV FdV — U (-k)d
:fvﬂ(zmz)dv

since F -k = z2 = 0 on S. We'll compute the volume integral by expressing it as an
iterated integral, with the z integration on the outside. In V, z ranges for 0 to 5. The set of
points at exactly height zin Vis { (x,y,z) | x* + y*> < 25 -2 }. So

JJF ndS—f dz f dxdy (2 +2z) fdz (2+22) J dxdy

x2+y2<25—22 x2+y2<25—22
= f dz (25 — 2%)(2 + 22)
0

since {2 2_ps ,» dxdy is the area of a disk of radius v/25 — z2

xZ4y

5
= nJ dz (50 — 222 + 50z — 22°)
0

R e T o B R
— 53 o
6 6

(c) To start, consider any closed surface S that is the boundary of a solid V. Use

o the outward pointing normal for S,

o |V] to denote the volume of V, and

0 Z= |17| §§§,, z dV to denote the z-component of the centroid (i.e. centre of mass with
constant density) of V.

Then, by the divergence theorem

gp.ﬁdszg v.FdV:fﬂ(uzz)dvzzg dv+zfﬂzdv

= 2[V|+2|V]z
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This takes the value —9 if and only if

9

2V|z=-9-2 7= - —
|V|z 9-_2V| < z 2V

1

One surface which obeys this condition is the unit cube (with outward normal) centred
on (0,0, —4).

S-41: (a) The constant z cross-section of the cone at height 0 < z < 1 is a circle of radius
2z. So we may parametrize the cone by

r(6,z) =2zcosfi+2zsinfj+zk 0<0<2m 0<z<1
Since

% = (—2zsinf, 2zcosh, 0)
% = (2cos @, 2sinf, 1)

2 x &£ = (2zcosf, 2zsinf, —4z)
(3.3.1) in the CLP-4 text yields that the element of surface area for this parametrization is

ds = }% X %!d@dz = 2z|(cos, sinf, —2)|dodz
= 2+/5z2d6dz

In our parametrization the condition x < y becomes 2z cos 8 < 2zsin 6, which, for z > 0,
is equivalent to tan# > 1. So the specified integral is

1 n/2 1
ffzzdS:Z\fSJ dzf d9z3:@J dzz?’:@
S 0 /4 2 0 8

(b) Let’s first do some strategizing. We have to compute a flux integral over a surface that
is not closed. There are two potential sneaky attacks that come to mind.

o The first uses Stokes’ theorem. But the flux integral in Stokes’ theorem is of the
form {{, V x A - A dS. So to be able to apply Stokes’ theorem in the current
problem, F has to be of the form V x A. That is, F has to have a vector potential. We
know that in order for F to have a vector potential, it must pass the screening test
V -F = 0. Our F = zk fails this screening test. So we can’t use Stokes’ theorem.

o The second uses the divergence theorem. But the flux integral in the divergence
theorem is over the boundary of a solid. That is not the case for our S. So in order to
apply the divergence theorem in the current problem, we have to enlarge S to the
boundary of a solid. There are many ways to do this. But they all appear fairly
complicated. So it does not seem wise to use the divergence theorem.

So it looks like we have to evaluate the flux integral directly. To do so, we have to
determine i dS for the specified rectangle. Look at the sketch of S below. It is part of a
plane, and that plane is invariant under translations parallel to the x axis. As the plane
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(5,0,4)

(5,2,0)
does not pass through the origin, the equation of the plane has to be of the form
by + cz = 1. For (0,0, 4) to be on the plane, we need ¢ = %. For (0,2,0) to be on the plane,
weneed b = 1. So S is contained in the plane G(x,,z) = § + % = 1 and equation (3.3.3)
in the CLP-4 text gives that

1/21
VG(x,y,2) _dxdy = + (0,1/2,1/1)

ndsS =+
" VG(x,y,2) -k 1/4

dxdy = +(0,2,1) dxdy

The problem specifies that the normal is to be upward, i.e. is to have a positive
z-component. So
ndS = (0,2,1) dxdy

Again looking at the sketch of S above we see, as (x,y,z) runs over S, (x,y) runs over
R={(xy)|0<x<50<y<2}
Thus our flux integral is
nds

S 2 5
ij-ﬁdS:Jf (4—2y)k-(0,2,1)dxdy:f dyf dx (4 —2y)
o ~Jo
S R

= 2ol 5(4—2 —54—22—20
= | dy54-2y)=5|4y—y°| =
0 0

(c) The divergence of the given vector field is V - F = 2z, which is pretty simple. So let’s
use the divergence theorem. If V = { (x,1,2) | 0<x<1,0<y <2,0<z <3}, the
divergence theorem says that

JJF-ﬁdS:JJ v.pdvzzwzdv

This integral would be easy enough to evaluate directly, but we don’t need to. The
average value of z (i.e. the z-coordinate of the centre of mass with constant density) is %,
by symmetry. Since V has volume 6, that average value of z is also

_ 1 3
z—gfffzdv—z
\%
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So {f, zdV =9

gp.ﬁdszzwzdvzm

S-42: (a) For the surface z = f(x,y) = 1 — x> — y?, with an upwards pointing normal,

fdS = [ fu(x,y)dx — fy(x,y) + k]dxdy = [2x1+2yj + k] dxdy

by (3.3.2) in the CLP-4 text. So the specified upward flux is

Up.ﬁds
01

- ﬂ {la(y* + 22) + bxz]i + [c(x? + 22) + dyz] ] + x* Kk}
x2+4y2<1
{2xi+2yj +k} 2 dxdy

z=1—x2—

= Jf {[2ax(y*+2%) + 2bx%z] + [2cy(x*+2%) + 2dy*z] + xz}z:17x2fy2 dxdy

x2+y2<1

Now
{2ax(y* + ZZ)}Z:1—x2—y2 dxdy =0
x24+y2<1
because the integrand is odd under x — —x and
{2cy(x* + Zz)}z:1_x2_y2 dxdy =0

x2+12<1

because the integrand is odd under y — —y. So that leaves

f J F-ndS = J f {202z +2dy%z + %%} ), dxdy
01 x2+12<1

We’ll switch to polar coordinates to evaluate the remaining integral.

Now

1 27T
Jf F-AadsS = J dr rf do {Zbrzz cos? 0 4 2dr?z sin? 6 + 12 cos? G}Zzl_rz
0 0

(%1

27T 27T . o
f cos?0do = f M do — 511’1(26) + Q _
0 0 2 4 2 0
27T 27T . ) o
f sinzedezf 1-cos(20) Lo [0 _sin(20)]*" _
0 0 2 2 4 0
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For an efficient, sneaky, way to evaluate Sg” cos? 0 df and SS” sin? 0 do, see Example 2.4.4
in the CLP-4 text. So, we finally have

1

JJF -AidS = J dr {276 (1 — r?) + 27tdr® (1 — %) + 7}
0

01

:2nb[i—a+2nd[ 1}+7{ = —+

1_ 1 mlb+d)
4 6 4 4 6
(b), (c) Here is a side view of ¢y, 03 and o3.

o, z=1—a%—?

03

oy, z=a>+y* -1

Set

x,y,Z)‘O<Z<1—x2—y2, x2+y2<1}

V= {(
V. {(x,y,z)‘x2+y2—1<z<1—x2—y2, x2—|—y2<1}

Then 0V}, = 01 U 03 and 0V, = 07 U 07, all with outward pointing normals. Since the
divergence of F is

RV R O (2.2 02 _
\Y% F_ax[a(y +z )+bxz]+ay[c(x +z )+dyz]+az[x]—(b+d)z

the divergence theorem gives

H F-ﬁdszgjv.lzdv:(bw)wzdv

Ui[ZF-ﬁdS:ng-FdV:(b+d)f‘£fzdv

Now on V, z > 0 and z > 0 except on 03. So {ff, zdV > 0and {{, ., F-idS is zero if
and only if d = —b. That’s the answer to part (b).

On the other hand, V. is even under z — —z so that SSSVC zdV = 0. Consequently
Sgglu o FoR dS is zero for all a, b, ¢, d. That's the answer to part (c).

371



S-43: We will be using the divergence theorem in both parts (a) and b. So as a prelimary
calculation, let’s find the divergence of H(x,y,z) = (xy,2)—(@be)
[(x=a)?+(y=b)*+(2—b)?]

(a,b,c). If (x,y,z) # (a,b,c),

577 for any

V -H(x,y,z)
_ 0 x—a +(3_ y—>b
OX[(x a2+ (y—b2+(z—c)2?  W[(x—a)2+(y—b)2+(z—c)2*"?

0 zZ—¢
Tt (- bP+ (2 o2
[(x—a)?+ (y—b)*+ (z—¢)*] — (x—a)3(2(x—a))
[(x—a)2+ (y— b2+ (z— )2
=2+ =02+ (E-0)’] - (y-b) 32)
[(x—a)2+ (y—b)>+(z —0)2]5/2
[(x—a) +(y—b)?+2°] — (z—c) 3(2(z—¢))
[(x—a)2+ (y—b)2+ (z—c)z}5
3[(x—a)®>+ (y—b)>+(z—c)?] = 3(x—a)>—3(y—b)*>—3(z—c)?
[(x=2)2+ (y— b2+ (z— )2

_|_

If (x,y,z) = (a,b,c), H(x,y, z) is not defined and hence V - H(x, y, z) is also not defined.

(b) By the above preliminary computation with (a,b,¢) = (3,2,2), V - G is defined and
zero for all (x,y,z) # (3,2,2), and, in particular for all (x,y,z) in

V={(vyz)|x¥+2/°+322< 16}

So, by the divergence theorem,
Hc.ﬁdszﬂ V.GdV =0
S 14

(a) Because (1,1,2) is inside V, we cannot use the argument of part (b), to conclude that
the integral is zero. Let ¢ > 0 be small enough that

Se={(xy2) | (x-22+(y-1)2+(z-1)*=¢}

is completely contained inside V, as in the sketch below.
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Set
Ve={(xyz) | P+2/2+322<16, (x -2+ (y— 1)+ (z— 1) = &}

The boundary, 0V;, of V consists of two parts — S and S, with the normals as in the
tigure above. The divergence V - F of F is well-defined and zero throughout V.
Consequently, the divergence theorem gives

O:ff V~FdV:fJF-ﬁdS+fJF-ﬁdS
1 S Se
|[F-nas = [|Fonas
S Se

The unit normal to S, at the point (x,y,z) on S; is

1

ﬁ:—E[(x—2)2+(y—1)j+(z—1)12]

(Recall that [(2 - 1)1+ (y—1)j+ (z—1)k| =eon S.. So, on S,

x,y,z)—(2,1,1 N R N
F-ﬁ:—z<[<x_2)2(+}éyjl)(2+(Z)_l)zf/z>'[(x—2)1+(y—1)]+(z—1)k}

( (x =22+ (y — 1>+ (z— 1) )
[(x=2)2+ (y— 12+ (z—1)2]*"

Hence

JfF-ﬁdS = —Jf (—é) ds = :—2(47182) =4
s Se

S-44: This was part of Theorem 4.2.9 in the CLP-4 text. To prove it apply the divergence
theorem, but with F replaced by a x F, where a is any constant vector.

HaxF nds_ﬂfv (a xF)
f” (Vxa)-a-(V <F)]dv
fﬂ V:—a~beV><FdV

To get the second line we used the vector identity Theorem 4.1.4.d in the CLP-4 text. To
get the third line, we used that a is a constant, so that all of its derivatives are zero. For all
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vectorsa- (b x ¢) = (a x b) - ¢ (in case you don’t remember this, it was Lemma 4.1.8.a in
the CLP-4 text) so that
(axF)-A=a-(Fxn)

prnds_—a H V x FdV
—a. {JfondSnLJJ vdev}_o

In particular, choosing a = i, j and k, we see that all three components of the vector
.0 F xndS + {§§,V x FdV are zero. So

JffoFdV:—JfondS:ffﬁdeS
Q oQ) o0

which is what we wanted show.

and

S-45: Pressure is force per unit surface area acting normally into a surface. So the force
per unit surface area is —pf. The total force acting on S is

_gpﬁds:_g Vpdv

We are assuming that p is a constant, so that Vp = 0 and the total force is zero.

S-46: Let S, denote the sphere X2+ yz + z2 = 4% and V, denote the solid inside it, which is
the ball x2 + y2 + 22 < a?. Then, by the divergence theorem, Theorem 4.2.2 in the CLP-4

text,
a +2a JJF ndS—fJfV FdV

Now, for very small a, V - F is almost equal to V - F(0,0,0) on all of V;, and the integral
SSSVH V -FdV will be

V -F(0,0,0)Volume(V,) + O(a*) = %mﬁv -F(0,0,0) + O(a*)

Here O(a*) is an error term that is bounded by a constant times a*. This is consistent with
the above equation if and only if V - F(0,0,0) = 3.

S-47: Note that, since z? — 2az = (z —a)? — a?,

S={(xyz|+y¥+(z—a)*=4a%,2z>0}
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Let V be the solid
V={(vy2) |+ +(z—a)*<4d® z>0}

It is the interior of the sphere of radius 2a centred on (0,0, a). The surface of V (with

outward normal) is the union of S (with normal pointing away from the origin) and the
disk
B={(xy,0)| x? +y? < 3a° }

with normal —k. Hence, by the Divergence Theorem

gF.ﬁdsszn FdV - ﬂ
Jff2x+2y+1 V—U(—g—x)ds

B

Both V and B are invariant under x — —x and under y — —y, so

8§y xdV = {f§,ydV = [{; xdS = 0 and

ﬂp.ﬁdszg dV+3JB ds

To evaluate the integral over V, we note that z runs from 0 to 32 and that the cross section
of

V:{(x,y,z)]0<z<3a,x2+y2<4 —(z—a)?, >0}

with fixed z is the circular disk x? + y? < 4a® — (z — a)? = 3a® + 2az — z2, which has area
7t(v/3a2 4 2az — 22 )2. So

3a
JJF fidS = J (/302 + 2az —zZ)Zdz + 3 Area(B)
0

3a
= nf (3a% 4 2az — 2%) dz + 37(3a?)
0

9 27
(Sa x 3a + 2a x %_Ta) + 971a?

= 97a® + 9ma®
S-48: (a) Let S denote the boundary of R. Then “the total flux of F = Vu out through the

boundary of R” is given by the integral

1= [|F-aas
S
Thanks to the divergence theorem,

I_HVFdV ﬂvw[dv Hf ot Z;>dv_o
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(b) Similarly, “the total flux of G = uVu out through the boundary of R” equals

]zﬂc-ﬁdszﬂ V-GdV
S R

Here G = uF (using the notation from part (a)), so by the vector identity of Theorem
4.1.4.c in the CLP-4 text,

V-G=V-(uF)=(Vu) -F+u(V-F)
But F = Vu,so V- F = Au = 0 as in part (a), giving
V-G =|VuP+0

= J[f o= [IJIGE)+ (G (2]

In conclusion,

S-49: (a) This is a classic case for the divergence theorem. The flux we want equals

Ing.ﬁdszg v.dezjﬂ(zﬁz_z)dvzzwxdv

The solid R clearly has reflection symmetry across the plane x = 0. So the x-coordinate
of the centre of mass of R, i.e. the average value of x over R, i.e.

W xdV _ {ffgxdv
((lzdV _ Vol(R)

X =

is zero. Hence
I =2xVol(R) =0

Alternatively, here is a direct evaluation of 2 {{{, x dV. The base region x* + (y — 1) < 1
is the circular disk of radius 1 centred on (0, 1). In polar coordinates it is
r?cos?0 + (rsinf — 1) < 1 or r?—2rsinf4+1<1 or r < 2sinf

Because the disk is contained in the upper half plane, the polar angle  is restricted to
0 < 0 < 7. So, in cylindrical coordinates, the solid R is described by

0<O<m 0<r<2sinf, 0<z<r’sin’0
Hence
~TT 2sin@ ,r2sin?6
=2 J J (rcosf)dzrdrdf

Jo=0Jr=0 Jz=0
r7T 2sin 6

=2 J r*sin? 0 cos 0 dr d6
JO=0 Jr=0
(7 25sin® @ 64 (7 64 rsin® 977

=2 Sil’lZQCOSQ[ St }d@z— sin79c059d9:—[sm }
Jo=0 5 5 Jo—o 5L 8 le=0
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(b) using part (a): We have

JJF nds = Jf F- ndS—I—ffF ndS+JJF nds

bottorn 51de

On Spottom, 2 = 0 and the outward unit normal is fi = —k, so F-fi = 0. Hence
v nds_ﬂc,ds_o
bottom

On Siop, z = y%,s0 F = (2x,2y, —2y?) and, by (3.3.2) of the CLP-4 text,
AdS = (0, —2y,1) dxdy

Hence (by the Hint)

Jf F-AdS = Jf[—élyz —2y%] dxdy
Sbot
251n9
:—6J J r sin? 9 rdrdé
9 0

57 4 53 (7 .,
= _6Z sin®0df = —246 sin"0df = —24—1 sin- 60 df

=0 =0 64 Jo—o
531 (7 531 15
— 24222 | de=-24[222n] = -2
642J9:0 [642 ] 2

The conclusion is

HFnds_HFnds HFnds ﬂ Ads =7

51de

(b) by direct evaluation: Use the polar equation r = 2sin 6 to parametrize Sgjqe:
r(0,t) = (rcosf,rsinf,t) = (ZSiHQCOSH,ZSinZ 0,t), 0<0<m0<t< yz = 4sin*6

Then using (3.3.1) in the CLP-4 text,

4sin’ 6 cos? @ 4sin’ 6 —2t
N or oOr 5 . 5 i
F-AdS=F. (— )dedt det |2(cos?0 —sin?f) 4sinfcos® 0 | dOdt
00 " ot . 0 X

_ det { 4sin? 6 cos? 0 4sin’ 6
2(cos? @ —sin®f) 4sinfcosf

= [16sin® 0 cos® 6 — 8sin? 0 ( cos? O — sin” )] do dt

= [16sin® (1 — sin”0) cos @ — 8sin? (1 — 2sin? 0)] dO dt

= 8[2sin® 0 cos 0 — 2sin” 0 cos @ — sin” 0 + 2sin* 0] dO dt

] do dt
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SO

7T 4sin* 9
JfF-ﬁdS:8J J [25in39c089—ZSin59c059—sin29—|—251n49] dtde
=0 Jt

=0
Sside
7T
:32J [2sin79c0s9—ZSin99c059—sin69—|—251n89}d9
0=0
: 89 . 106 T T T
=32[2sm _pn ] —32f sin69d9+64f sin® 6 do
531 7531 .
= _3284_157[ + 6456157-( (by the Hint as above)
B 157T
= 5.

(b) Offset polar alternative: We can also parametrize S using cylindrical coordinates
translated so that the centre of the base of the cylinder, namely (0,1,0), plays the role of
the origin. Then, looking at the figure

we see that

x = rcosf y=14rsind z=1z

In these coordinates, the base region, xZ 4+ (y — 1)2 <1,z =0,of thecylinderis 0 <r <1,
z = 0. So we can parametrize S by

x =cosf, y=1-+sinb, z =t, 0<0<2m, 0<t<(1+sinf)?

By (3.3.1) in the CLP-4 text,

or or f ]k .
— = det 0 0 1| =(—cosf,—sind,0),

X — —
ot b —sinf cosf 0

2dS =~ «  4do = (cosb,sin6,0)dt do
= oF 20 = (C0SsU,s ,
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where we have chosen the sign to give the outward pointing normal. So

r2mt ~(1+sind)
JfF-ﬁdS = J [cos® 0 +2(1 + sin0) sin 6] dt do
0=0 Jt=0

r27T
J [(1+5sin8)? cos® 0 + 2(1 + sin §)® sin 0] 6
0

27T

J [2sin6 cos® § + 6sin? 0 + 2 sin* 6] do

0

1 427 T2 T
:——cos 9‘ +12f sin 9d9+4j sin* 6 df
0 0
3t 15

To get the third line, we used that the integral over 0 < 6 < 27t of any odd power of sin ¢
or cos 0 is zero.

-50: The circle x? + y? = 4y, or equivalently, x*> + (y —2)? = 4, has radius 2 and centre
0,2). On the bottom surface, z = 0 and the outward normal is —k, so that

UF.ﬁds = —HF-Rdxdy: —H(zx+3y)dxdy
D D D

By symmetry, the centre of mass, (X, ), of the circle is (0,2). Here ¥ and i are the average
values

7= §p xdxdy 7= §ip y dxdy
$§p dxdy §§p dxdy
of x and y over D. As the disk D has area 47,

ffxdxdyzélrrf:O J ydxdy =4y = 8n
D
and

JJF'ﬁdS = —4m(2%+37) = —4m(2x0+3x2) = —24n

As

-~

_9 20+ Lyt + _ _
V-F—ax(x+xy)+ay(}/ xy”) + = (z+ 20+ 3y) = (1+2xy) + (1-2xy) + (1)
=3

the divergence theorem gives

HF nds_ﬂ V.FdV- HF Ads

Hf3 dV — (—247) = 3Vol(R) + 247 = 3 x 10 + 247

= 30+247T

379



A 4

Solutions to Exercises 4.3

3 — Jump to TABLE OF CONTENTS

S-1: (a) Expressing the left hand side as an iterated integral, with y as the inner

integration variable, we have

g%w) dxdy —

1 1 af
J, o [Jo a @“"y)]

1
[ dx [f(x,1) - f(x,0)]

by the fundamental theorem of calculus

1 1
( f(x,1) dx—f f(x,0) dx
0

J

(b) Define Fi(x,y) = f(x,y) and F,(x,y) = 0. Then. by Green'’s theorem

JJ 3y (x,y) dxdy = J [%(3@}/) — é;—yl(x,y)} dxdy

R
r

= — . [Fi(x,y) dx + Fx(x,y) dy]

r

=—| flyy)dx
JOR

The boundary of R, oriented counterclockwise, is the union of four line segments.

Y

0,0)to (1,0) 4 ) Cs (1,1)

1,0) to (1,1)

1,1) to (0,1) Cif R 4Gy

0,1) to (0,0) K
1 (1,0

Now x is constant on C, and C4 so that

floypdr = | flry)ds=
C, G

So, using —Cj3 to denote the line segment from (0,1) to (1,1)

£ [ avay—-| [ femaxs [ oy ]

= f(x y)dx - f(x y)dx

fol dx—ffxO
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S-2: Letr(s) = x(s)1 +
Then T(s) = x'(s
r(s) and fi(s) = r'(s) x k
y'(s)i=x'(s)]

e has the same length, namely 1, as r(s) (recall that r(s) is a parametrization by arc

length),

¢ lies in the xy-plane and

e is perpendicular to r'(s). (Check that r'(s) - [y/(s)i — x'(s)j] =0.)

e Use the right hand rule to check that r'(s) x k is fi rather than —#.

n(s)

be a counterclockwise parametrization of C by arc length.
y'(s)] is the forward pointing unit tangent vector to C at
y'(s)1—x'(s)j. To see that ¥'(s) x k really is fi(s), note that

r'(s)

So, by Green’s theorem,

d dx 0 0
%F-ﬁds = jg [Fld_Z_PZ E} ds = jg[—dex—l—Pldy] = ff [alﬁ— @(—Fz) dxdy
C R

= JJV-Fdxdy
R

5-3: (a) Parametrize the circle by x = acos0, y = asin6, 0 < 6 < 27t. Then
dx = —asinf df and dy = acos 0 d6 so that

1 jgxdy—ydx_ 1 J2”a2c0s26d9+azsin26d0 1 ("

= = — do =1
21 x2 + 12 271 Jo a2 cos? 0 + a2 sin” 0 27 Jo

(b) The boundary of the square has four sides — one with y = —1, one with x = 1, one
with y = 1 and one with x = —1.

dz=0 dx=0
r=-—1 Y 0 =1

(=1,-1) g0 (1,—1)

To evaluate the integrals over the four sides
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A

parametrize the y = —1 part by x so that r(x) = xi —j, r'(x) = i, with x running
from —1to1,

parametrize the x = +1 part by y so that r(y) =1+ yj, r'(y) = j, with y running
from -1to1,

parametrize the y = +1 part by x so that r(x) = xi+j, ¥'(x) = i, with x running
from 1 to —1, and

parametrize the x = —1 part by y so thatr(y) = -1+ yj, ¥'(y) = j, with y running
from 1 to —1,

o

@)

O

@)

so that the integral

y=-1 part x=-+1 part y=-+1 part x=-1 part
—

L§xdy—ydx_LJ1 —(—1)dx+ijl MJrziJlﬂJriJl (-1)dy
7T

2 ) x2+y?2 2m )y x2+1 0 2m ) 1442 x24+1 2m )i 1+y2
C

1
250

1
=4— arctan x
27 1

(c) As in part (a) with a = v/2, but with 6 running from 0 to 7, the outer semicircle gives

1 (™ 42 cos?0do + a2 sin? 0do _
. d9 _
27 Jo a2 cos2 0 + a2 sin? 0

Y

N

As in part (a) with a = 1, but with 6 running from 7 to 0, the inner semicircle gives

1Ly

Y Y
dy dy

1 0a2c0529d9+azsin29d9_ifodg__l
27 ) a2cos26 + a2sin? 6

The two flat pieces each give zero, since on them y = 0 and dy = 0. So

1 (xdy—ydx 1 1
—¢—F5—=-+0--4+0=0
2n x2 + 12 R

C
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S-4: The two partial derivatives

6_( x )_ (¥ +y4) -x2y) P -AP
ox\x2+y2/) (x2 + y2)2 (24 y2)?
5_( —y ): (P +y?) - (y)2y) _ -
oy \x? 4 y? (x2 + 12)? (x2 + y2)?

are well-defined and equal everywhere except at the origin (0,0).

Short discussion: Were it not for the singularity at (0,0), the vector field of the last
problem would be conservative and the integral { F - dr around any closed curve would
be zero. But as we saw in parts (a) and (b) of Q[3], this is not the case. On the other hand,
by Green’s theorem (Theorem 4.3.2 in the CLP-4 text), the integral around the boundary
of any region that does not contain (0, 0) is zero, as happened in part (c) of Q[3].

Long discussion: First consider part (c) of Q[3]. The curve C is the boundary of the region

R={(xy)[l<x*+y*<2,y>0}

The partial derivatives g—x (%W) and g_y (x;?/y ) are well-defined and equal everywhere

in R. So by Green’s theorem

1 [xdy-—ydx ydx 0 -y B
2713g x2 + 2 Jf {(%c x2+y 6y<x2+y2>] dxdy =0
C

which is the answer we got before.

We cannot apply Green’s theorem in this way for parts (a) and (b) of Q[3] because the
singularity at (0,0) is inside the curve C for both parts (a) and (b). On the other hand
suppose, for simplicity, that 0 < a < 1. Denote by C,, C;, the curves of parts (a) and (b),
respectively. Define R to be the set of points that are inside C;, and outside C,. That is,

R={(vy)|-1<x<1, —1<y<1,x2+y2>a2}

Then the boundary, JR, of R consists of two parts. One part is Cp,. The other part is Cg,
but oriented clockwise rather than counterclockwise. We’ll call it —C,,.

Y

R L C)

\/

e
\ x
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Again the partial derivatives g—x (ﬁ) and g—y (xz_——l—yy2> are well-defined and equal
everywhere in R. So by Green’s theorem

1 [xdy—ydx 1 a x 0 Y B
Ejg x2+y2  2m ff [&x<x2+y2> 6y<x2+y2>} dxdy =0
R R

Consequently

_ijgxdy—ydx_iﬂgxdy—ydx_i_i § xdy —ydx

21 x2 + 12 2 x2 + 2 21 x2 + 2
R Cp —Cq

1 [xdy—-ydx 1 (xdy-—ydx

T2 ) 242 _E§ x2 412

Cy Ca

and we conclude that the answers to parts (a) and (b) should be the same.We did indeed
see that in QI[3].

S-5: Solution 1 (direct evaluation): Here is a sketch of C.
(0,3) 2% (3,3)

=0y Az=3

L
>

(0,0) 4= (3,0)

The square consists of four line segments.

* The bottom line segment may be parametrized r(x) = (x,0), 0 < x < 3. So the line
integral along this segment is

3 dr 3

f F(r(x)) - ¥ dx — J (0,0)- (1,0) dx = 0

0 dx 0

* The second line segment may be parametrized r(y) = (3,y), 0 <y < 3. So the line
integral along this segment is

3 dr 3 3

| B av= | @60 01 dy = | eydy =27

0 dy 0 0

e The third line segment may be parametrized r(t) = (3 —,3), 0 < t < 3. So the line
integral along this segment is

3

J3F(r(t))-$dt:f3 (93— 12, 6(3-1)-(-1,0) dt:—f 9(3— )2 dt — —81

0 0 0

* The final line segment may be parametrized r(¢) = (0,3 — ), 0 <t < 3. So the line
integral along this segment is

3 dr 3
LF(r(t))-adt:fo(0,0)~(O,—1) dt =0
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The full line integral is

jEF-dr:0+27—81+0=—54
C

Solution 2 (Green'’s theorem): We apply Green’s Theorem.

r3 3 0 0
2 2 _ o _ 0 202
jgx Yy dx+2xydy—J0 deO dy {ax(ny) 8y(x )
C

r3 3
= | dx J dy [2y — 2x?y]
0

Jo
r3
= [ dx [9—9x7]
Jo
33
=27-9— = -54
9 3 5
S-6: Call the trapezoid T.
Y
(0,2),
(1,1)
T
_‘ I’
(17 _1>
(07 _2>‘

By Green’s theorem,

§(x siny® — y?) dx + (x%y cos y* + 3x) dy
C

[ (0 0
{a—x(xzycosy2 +3x) — @(x sin 2 —yz)} dx dy

r

(2xy cosy* + 3 — 2xy cos y* + 2y) dx dy

L
L

r

(3+2y) dxdy

(-

T

The integral {§,(2y) dx dy vanishes because 2y changes sign under y — —y while the
domain of integration is invariant under y — —y. The integral {3 dx dy is 3 times the
area of the trapezoid, which is its width (1) times the average of its heights
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(3[2+4]) =3.S0
§(xsiny2—y2)dx+ (x*ycosy? +3x)dy =3x1x3=9

C

S-7: (Using Green'’s theorem:) By Green’s theorem (Theorem 4.3.2 in the CLP-4 text), using
denote the half-disk 0 < y < V4 — x2,

D to
4, .3 0 (o3 4
2@( dx+(xy +x°y?) dy = Jf (xy* + x°y?) — @<§xy —x y)]dxdy

= Jf (x* 4+ 2x%y* +y*) dxdy = Jf (x* + y2)2 dxdy
D D

Switching to polar coordinates

1 2 T 76 2
§ <—x2y3 — x4y> dx + (xy* + x°y?) dy = J dr rf dort = m—
J 3 0 0 6y

_3zn
3

(Using direct evaluation:) Write C as the union of Cy, the straight line from (—2,0) to (2,0),
and C,, the half-circle r(9) x(60 ) +y(0)] =2cos0i+2sinfj,0<0<m Asy=0at
every point of C1, §, (33%° — x*y) dx + (xy* + x’y*) dy = 0 and

I= Lz (%x2y3 — x4y> dx + (xy* + x°y?) dy

= Lﬂ [(%X(G)zwa - x(9)4y(9)) ¥ (0) + (x(0)y(0)* + x(9)3y(9)2)y’(9)]d9

7T
J [(%25 cos? 0sin’ 6 — 2° cos* 6 sin 9) (—2sinb)
0

+ (2% cosOsin* 0 + 2° cos® O'sin” ) (2 cos 9)] do

R 4o 2
2 (gcos 0sin™® 0 + 4 cos™ 0 sin 9)d9
0

T
:25f sin (29)(35m 0 + cos”0) do
0

— ¢ Lﬂ sin®(26) <%[1 —cos(20)] + [1+ cos(26)]> de

since cos(20) =2cos?f —1=1—2sin’6

25 7
=3 sin?(26) [2 + cos(20)] d@

0

25 T

=3 [1 - cos(40) + sin?(20) cos(26)] d
0

2 1 1 . 4 T 32

=3 [9 ~1 sin(460) + ¢ sin (29)}0 =37




S-8: Let’s use Green's theorem. The rectangle, which we shall denote R, is

N
—_

R={(xy)}1<x<3,0<y

y

So Green’s theorem gives

§ (3y* + 2xey2) dx + (2yxzey2) dy = JJ s_x (Zyxzeyz) — (g (3y* + 2xey2)] dxdy
c R Y
= JJ -4xyey2 — 6y — 4xyey2} dxdy
1)L
3 1 31
= -6 ( dxf dyy = —6f dx =
J 0 1 2
— 6

5-9: (a) The curves y = x? +4x + 4 and y = 4 — x*> meet when
P rdx4+4=4-—x* — 2> +4x=2x(x+2)=0

So the curves intersect at (0,4) and (—2,0). Here is a sketch.

y )y =2 +4r+4

(b) Let
R={(x,y)eR?|x*+4x+4<y<4-x* -2<x<0}
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By Green'’s theorem (Theorem 4.3.2 in the CLP-4 text)

§xy dx + (e¥ + x*)dy = q {%(ey +x?) — g—y(xy)} dxdy
C R
0 4—x2
= ( dxf dy x
J-2 24+4x+4
0
= ( dx (—2x% — 4x)x
J-2
[ o)
Sl 2 3 ],
_ 8
-3

S-10: The integral that would be used for direct evaluation looks very complicated. So
let’s try Green’s theorem. The curve C is the boundary of the triangle

T={(xy)|0<x<10<y<2x}

Y (1,2)

(0,0) (1,0) *
So

(y* - eV +sin x)dx + (nye_y2 + x)dy}

JF-dr: (
C JC

{
{2 (2xye ™ +x) — g—y (> — e ¥ +sinx) }dxdy

X

T
= J{(Zyey2 +1) - 2y + Zye’yz) tdxdy
T
1 2x
= E dxf dy {1 -2y}
1
= | dx{2x—4x?}
JO
4 1
17373
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-11: Here is a sketch of the two curves in question.

W
‘.‘ y:3—.’1;2+2:1:
(0,3)
R
(37 0) :"'
X
y=x>—4z+3 “‘,

Note that the curves y = x> — 4x + 3 and y = 3 — x? + 2x intersect when
x> —4x+3=3—-x>+2xor2x> —6x =2x(x —3) =0orx =0, 3.

The integrand for direct evaluation looks complicated. So let’s use Green’s theorem with

Fi(x,y) =2xeV +V2 + 22, K(x,y) = x>(2+¢) and
R={(xy)|x*—4x+3<y<3-x"+2x, 0<x<3}
By Green’s theorem, which is Theorem 4.3.2 in the CLP-4 text,

J (2xe! + /24 x2) dx + ¥*(2 + ¢) dy = fj{@—@} dxdy
:f {2x(2 4+ €¥) — 2xe¥} dxdy

3 3—x242x
=4 | dx J dy x
Jo x2—4x+3

r3
=4 | dx (6x—2x*)x
JO

r 3
=4 (223 lxﬂ
2 0

=54

S-12: Direct evaluation will lead to three integrals, one for each side of the triangle. The
integral from (0,0) and (1, —2) and the integral from (1,2) to (0,0) will each contain six
(nonconstant) terms. This does not look very efficient. So let’s try Green’s theorem.
Denote by T, the triangle Yy (1,2)

T={(xy)|0<x<1l —2xr<y<2x} (0, 0]
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It has boundary 0T = C, oriented counterclockwise as desired. So, by Green’s theorem,

JF-dr: [ {By* +e¥ +sinx)dx + (322 4+ x — xe¥)dy}
C JoT

= T{g—x(%xz +x—xe V) - g—y(%yz +e7Y +sinx) }dxdy

J

T
r
= J{(x +1-e¥)— (By—eY)}dxdy
T
-
= J{x — 3y + 1}dxdy
T
Now
J dxdy — Area(T) = %(4)(1) —2
T
f ydxdy =0 since y is odd under y — —y
T
1 2x 1 4
fodxdyzf dxf dyx:J 4x*dx = =
A 0 Joox 0 3
> 4 10
JCF-dr: 5—3X0+2: ?
S-13: Set

F =

2]
(a) Green’s theorem must be applied to a curve that is closed, so that it is the boundary of

a region in R2. The given curve C is not closed. But it is part of the boundary of

2

R={(xy)| —2<x<2 3 +1<y<2}

Here is a sketch of R.
Yy
(~2,2) L < (2,2)
\ R
o y=2+1
T
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The boundary of R consists of two parts — C on the bottom and the line segment L from
(2,2) to (—2,2) on the top. Note that F is well-defined on all of R and that

Op i x iy

ox' 2 oyt T oxxal 42 dyx2+ 2

_ () —x(20) (24w —y(2y)
(2 +y2)° (22 +y2)*

=0

on all of R. So, by Green’s theorem (Theorem 4.3.2 in the CLP-4 text),

Y * = ([(ZF, -2 [
L x2+y2dx+x2+y2dy_g(axlrz ay&)dxdy JLF dr

2 2
2
= F-dr = Fidx = — dx sincey =2onlL
JL Jz ! Jz X2 +4 /

1
4
- _ - - ithx =2 =2
Jl 2 dx with x u, dx du

1 7T
= —arctan u)

-1 2
In the second line, we used the notation —L for the line segment from (—2,2) to (2,2).

(b) This question looks a lot like that of part (a). But there is a critical difference. Again C
is not closed and again it is part of the boundary of a simple region in the xy-plane,
namely

R={(xy)| —2<x<2, x¥*-2<y<2}

This R is sketched below.

(_27 2)

(2,2)

A

X

2 f!
y =T
C

We cannot continue as in part (a), using this R, because g—sz - g—yFl is not zero througout

R. In fact, it is not even defined throughout R — it is not defined at (0,0), which is a point
of R. We can work around this obstruction by

o choosing a number p > 0 that is small enough that the circle C, parametrized by
r(f) =pcosfi+psinfj 0<60<2m

is completely contained inside R (ror example, p = 1 is fine)
o and then removing from R the interior of C,.
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This produces the “deformed washer”
W={(xy) | -2<x<2, x¥*-2<y<2 X*+y*=p*}

that is sketched below.

ah

.\
‘/ T

2
y:x —2
C

The boundary of W consists the three parts — the curve of interest C on the bottom, the
line segment L from (2,2) to (—2,2) on the top, and the circle —C,, (that is C, but oriented
clockwise, rather than counter-clockwise) around the hole in the middle. Now

g—sz - %Fl is well-defined and zero throughout W. So, by Green’s theorem (Theorem

4.3.2 in the CLP-4 text),

d ——F dxd F.-dr— F-d
Lx2+y T T H Fa— g1 )dxdy - J ' fcp '

:J F-dr+f F.-dr
—L C

0

We have already found, in part (a), that {_ [ F-dr = —7. So it remains only to use

r(0) = pcosfi+psinfj
¥ (0) = —psinfi+ pcosbj

to evaluate

Lder: JZHF(r(Q)) ¥ (0) o

0

F(x(6) 0

27T 1 1 o A - 27T
:J <——sin9i+—cos€j)-(—psin9i+pcos(9j)d9: de
0 p p 0
=27

All together

-y X T 371
dx + d :f F-d +J F.dr=—-—+2n=—
fcx2_|_y2 : X%+ y? N Cp ' 2 2

(c) No, F is not conservative. We found, in parts (a) and (b), two different values for the
integrals along two paths, both of which start at (—2,2) and end at (2,2). So F does not
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have the “path independence” property of Theorem 2.4.7.c in the CLP-4 text and cannot
be conservative.

S-14: The given integral is of the form {- F - dr with

F=(2xey +v2+x%)i+x*(2+¢€)j

If we were to try to evaluate this integral directly, then on the y = x? — 4x + 3 part of C,

the integrand would contain x%e¥ = x2e** ~4x+3_That looks hard to integrate, so let’s try
Green’s theorem. The parabolas y = x?> — 4x + 3 and y = 3 — x> + 2x intersect at (x,y)
with

X2 —4x+3=3-x242x «— 2> —6x=0 < 2x(x—3) =0
< x=0o0rx=3

The curve C is the boundary of
R={(xy)|0<x<3, x2—4x+3<y<3—x2—|—2x}

It is sketched below.

y=a>—4r+3

y=3—2a%+ 2

By Green’s theorem (Theorem 4.3.2 in the CLP-4 text),
J (2xe¥ + V2 + x)dx + 2% (2 + ¢¥)dy
C

— Jf [s_x(xZ(erey)) — %(ery + \f2+x2)}dxdy
R
= JJ (2x(2+€¥) — 2xe¥) dxdy

R

3 3—x242x 3

:4f dxf dyx:4f dx x[(3 — x* 4 2x) — (x* — 4x + 3)]
0 x2—4x+3 0

3
:4f dx (6x* —2x%) = 4(2 ><33—%34) =54
0

S-15: (a) Denote by
Ro={(xy)|(x-2+y* <1}
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the interior of the circle C;. Note that (0,0) is not in Rp. Consequently, Qy — P, = 0
everywhere in Ry and, by Green’s theorem (Theorem 4.3.2 in the CLP-4 text),

IzzL F-dr:JJ(Qx—Py)dxdyzo
2 %

Y Y

—C,
(20) .\ (2,0)
/.

(b) We cannot blindly apply Green’s theorem to I3 = SC3 F - drbecause (0,0) is in the
interior of Cs, so that Qy — P, is not identically zero in the interior of C3 — it is not even
defined throughout the interior of C3. We can work around this obstruction by
considering the interior of C3 with the interior of C; removed. That is, by considering

Ra={ (xy) |2+ (y-27 <9, 2 412>1)
It is sketched on the right above. The boundary of R3 consists of two parts

o the circle Cs, oriented counterclockwise, and
o the circle —Cj. That is, the circle C; but oriented clockwise, rather than
counterclockwise.

Then Q. — Py is well-defined and zero throughout R3 and, by Green’s theorem,

~
Cs —C

3
~

= F-dr—J F.dr
JC3 C1

r
= F-dr—
JC3

So §, F-dr =7

(c) Again, we cannot blindly apply Green’s theorem to Iy = SC4 F - dr because (0,0) is in
the interior of C4. This time we cannot remove the interior of C; from the interior of Cy,
because C; is not contained in the interior of Cy4. Instead we pick a number p > 0 which is
small enough that the positively oriented circle

Co={(uy | +y*=p"}
is completely inside C4. Then we can define

Re={(y)|(x-27+(y-27?<9 2 +y* >0}
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It is sketched on the left below. We can now argue as in part (b). The boundary of Ry
consists of two parts

o the circle Cy4, oriented counterclockwise, and

o the circle —C,. That is, the circle C, but oriented clockwise, rather than
counterclockwise.

Then Qy — P, is well-defined and zero throughout R4 and, by Green’s theorem,

0= J:[ (Qx — Py) dxdy

:f F-dr+f F-dr
Cy —C

)

:J F-dr—f F-dr
Cy C

0
SOSQF-dr:SCPF-dr.

To complete our computation, we have to determine SCP F - dr. We can do so by repeating
the same “removing a small disk containing (0,0)” argument for the third time. Set

Rs ={ (xy) | +y* <1, 2 +y* > p*}

Then the boundary of Rs consists of C; and —C,, and, as Qx — P, is well-defined and zero
throughout Rs,

0= Jf (Qx — P,) dxdy

Rs
:f F-dr—l—f F-dr
C -C,
:n—f F-dr
CP
Sofc,F-dr={c F-dr=r.
Y Y
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S-16: (a) If (x,y) # (0,0), we have
Qr— P, = i(ﬂ) _a_<u)

ox\x2+y2/)  Oy\x2+4y?
P+ -y -0)2x) (P +y?) - (x+y)(2y)
(a2 +2)* (32 +y2)°
=0
(b) Parametrize Cg by
r(f) = Rcosfi+ Rsinfj 0<6<2m
So
F(r(6
L (x(9)) . v (6)
1 \a : . e 2
J F-dr:J ﬁ{(cosf)—i—sm())l—l—(smf)—cos@)]}( —Rsinfi+ Rcosf])df
c 0
‘ 27T
:f (1) 4o
0
=27

(c) If F were conservative, the line integral {- F - dr would be 0 for any closed curve C, by
Theorem 2.4.7.b in the CLP-4 text. So F is not conservative. Note that F is not defined at
(x,y) = (0,0) and so fails the screening test V x F = 0 at (x,y) = (0,0).

(d) Denote by R the interior of the triangle C. It is the grey region in the figure

Yy
(0,1) (1,1)
C
A (1,0) @

Note that (0,0) is not in R. So Qy — P, is defined and zero throughout R. So, by Green's
theorem (Theorem 4.3.2 in the CLP-4 text),

JF dr—JJ —P,)dxdy =0

(e) Note that (0,0) is in the interior of triangle C specified for this part. So Q, — P, is not
defined in that interior and we cannot apply Green’s theorem precisely as we did in part
(d). We can work around this obstruction by

o picking a number r > 0 that is small enough that the circle C;, of radius r centred on
(0,0), is completely contained in the interior of the triangle C.
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o Then we work with the region R defined by removing the interior of the circle C,
from the interior of the triangle C. It is the grey region sketched below.
Y

(0,1)

(1,1)
The boundary of R consists of two parts

o the triangle C, oriented counterclockwise, and
o the circle —C,. That is, the circle C,, but oriented clockwise, rather than
counterclockwise.

Then Q, — Py is well-defined and zero throughout R and, by Green’s theorem,

.
J
R
r
= F-dr—i—J F-dr
JC -G,
-
= F-dr—f F-dr
Jc 8

So (- F-dr = SC, F - dr. By part (b), withR =7, SCr F.dr=-2m,s0(-F-dr= 27

S-17: (a) The given integral is of the form {- F;(x,y) dx + F»(x,y) dy with

oF, OF

Fi(x,y) =v1+4+x8 B (x,y) = 2xy* +v? &_;_&_yl = 2y°

As C is 0R with
R={(xy)|x*+y* <1}

Green’s theorem (Theorem 4.3.2 in the CLP-4 text) gives

3 2, .2 oF, O0F

V14+x3dx+ 2xy° +y°)dy = | F(x,y)dx+ F(x,y)dy = (— — —) dxdy
C C ox oy
R

=2 ff y? dxdy
R
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Switching to polar coordinates

27 1
f\/1+x3dx+(2xy2+y2)dyzzf dOJ drr(rsin9)2
C 0 0
27T 1 1 T
_ ) 3| 1_n
—2[() dé sin 9] [Ldrr]—2n4 >

To do the 6 integral, we have used

2 27 11 — cos(26) 0 — sin(20) /2727
sin29d9:f )= |— 5| =7
) , ()=,

For an efficient, sneaky, way to evaluate Sgn sin® 0 df, see Example 2.4.4 in the CLP-4 text.

(b) It is again natural to use Green’s theorem. But Green’s theorem must be applied to a
curve that is closed, so that it is the boundary of a region in IR?. The given curve C is not
closed. But it is part of the boundary of

R={(xy) |« +y <1, x>0}

Here is a sketch of R.

Yy
(0,1)
C
Ly B
T
LC2 + ,y2 — 1
<O7 _1)

The boundary of R consists of two parts — C on the right and the line segment L from
(0,1) to (0, —1) on the left. Note that F = F; 1 + F, ] is well-defined on all of R and that we
still have, from part (a),

=2 =2
ox oy
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on all of R. So, by Green’s theorem (Theorem 4.3.2 in the CLP-4 text),

f\/1+x3dx+(2xy2+y2)dy:fj @—@ dx dy—fF-dr
C

= Jf 217 dxdy—kf F dy
-L

2+y2<1
x=0

1
= H yzdxdy+J vy dy
-1

x¥2+y2<1
by symmetry for the first integral and

since x = 0 and dx = 0 in the second integral
2

T2
4 3

In the second line, we used the notation —L for the line segment from (0, —1) to (0,1).

S-18: First, here is a sketch of the curve C.

We’ll evaluate this integral in three different ways.

(1) Direct evaluation: To evaluate the integral directly, we'll parametrize C using y as the
parameter. That is, we’ll make y(t) = t:

N[
N
N

N[

r(t) =x(t)i+y(t)j = costi+t] -
r(t) =x'()i+y(t)] =

= —sinti+]
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So the integral is

J (x* +ye*)dx + (xcosy + €*) dy
o

r7t/2 dx 4
= B2 +y(8)e O] () + [x(t x5 Y
Jm{[x( P2+ (e ] S(0) + [x(8) cos(y () + V] (1) ot
rrt/2
- {_ [cos® t + te®Sf] sint + [coszt-l—ecosq}dt
J—m/2
r7t/2
= { — cos? tsint + cos? t — te®*t sin t + eCOSf}dt
J—mt/2
(72 d rcos®t
= COS t
JH/Z{COS +df[ 3 +te ]}dt
(/2 2)+1 d feos’t
— {M _|:COS +teCOSti| }dt
J—m/2 2 drl 3
sin(2t) t cost ,
— t COS
[ 4 2 3 + te ]n/z
_3r
2

For an efficient, sneaky, way to evaluate Sﬁfrz/z cos? t dt see Example 2.4.4 in the CLP-4
text.

(2) Green's (or Stokes’) theorem: The curve C is not closed so we cannot apply Green'’s
theorem directly. However the boundary of the region

R={(xy)|0<x<cosy —7/2<y<7/2}

(sketched below) consists of two parts, one of which is C. The other is the line L from

(0,7/2) to (0, ~7/2).
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So Green’s theorem gives

f (x* +ye*)dx + (xcosy +€*) dy
C

= f{a—(xcosy—i-ex)a—(xz—l—yex)}dxdyff(xz—i—yex)dx—l—(xcosy—l—ex)dy
- ox oy L

.
= Jcosydxdy—f dy sincex = 0and dx =0on L
J L

R
rt/2 cosy —rt/2
= dyJ dx cosy — dy
J—m/2 0 /2

/2

= dy cos’>y+

—7t/2

(™% cos(2y) +1 dy+ 7
J—m/2 2
_[sin(2y) |y
N 5 T2

(-

+ 7T

/2
}—7'(/2

(3) (Sort of) conservative fields: The given integral is {- F - dr with
F = (x® + ye*)i+ (xcosy + €¥) j. The curl of this field is

j
3
oy
x? +ye* xcosy+ e

2

V x F = det = cosy k

o RP R

So F violates our screening test and consequently is not conservative. But it violates
the screening test only because of the term x cos yj. This suggests that we split up

F=G+H with G=(x*>+ye")i+e’j, H=xcosyj

Then G is conservative with potential g = % -+ ye* and H is pretty simple, so that it is
not hard to evaluate §- H - dr directly. Using the parametrization r(t) = cos t1+ t},
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B

<t< % as above,

fF-dr:JG-dr—i—JH-dr
C C C
:JVg-dr—i—fH-dr
C C
7w/2 dy

= g(x(v/2) = g(e(=/2) + | xle)costy(e) (1)
/2

= 8(0,7/2) —g(0,—7/2) + f cos? t dt

—7t/2

/2 2t) +1
:E_<_E)+f cos(2t) +1 .,
2 2 /2 2

B [sin(2t) n 1?]”/2
B 4 2l _n/2

S-19: Call the region enclosed by the curve R. By Green’s theorem, Theorem 4.3.2 in the

CLP-4 text,
jgxdy ydx = = f —x— = )> dxdy = = JJdedy A

as desired. The curve x¥%/3 + y?/3 = 1 may be parametrized in the counterclockwise
orientation by x(#) = cos® 0, y(#) = sin>, 0 < § < 27. Then

Azéﬁxdy—ydx

C
1 27 1 27T
= QJ (x(0)y'(0) —y(6)x'(0)) do = EJ (3 cos* @sin” 0 + 3sin* 0 cos? §) df
0 0
3 27 3 27T
=_ J sin? 0 cos? 0 df = = J sin?(26) d6
2 ), s,
3 (%" 3 1. 2t 37
- Efo (1—cos(46)) do = — 6 — sm(49)}0 ==

S-20: If we use D to denote the disk inside the circle C then we want

fﬁ dr— A fﬁG dr—ng AG) dr—H (F - AGz—g—y(F AG)}dxdy

to vanish for all disks D. We used Green’s theorem, which is Theorem 4.3.2 in the CLP-4
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text, in the last step. This is the case if and only if

g—x(F—AG)z = %(F_AG)l

= Cllxrty) - A2x-3y)] = j—y[<x+3y> —A(x+y)
—1-2A=3—-—A

= A=-2

S-21: (a) Parametrize the circle r(6) = (cos6,sin ). Then

F(r(0)) = sin® 07 — cosOsin” 0]
%(6) = —sinfi+cosf]

F(r(0)) - %(9) = —sin*f — cos?fsin®f = —sin’ 0

R R L

— do
0 0 2
C

. 27
_[g_si—ze)}o -

For an efficient, sneaky, way to evaluate S(z)n sin? 6 df see Example 2.4.4 in the CLP-4 text.

(b) Denote by W the washer shaped region between the circle x> + 4> = 1 and the ellipse
% + % = 1. It is sketched below. By Green’s theorem

F 9
ng-dr—fﬁF-dr_ﬂ [a—sz—@Fl dxdy
Co C 4%

For the specified F
0 0 o xy? 0 y?
xRy T T 2 W (e )
yA)© V(P +y?)
v, w2y 3y y>(2y)
(2+y2)° (24D (@)’ (P +y?)]
—A(* +y?) +4%% - 3y (x? +37) + 4y
(a2 +y2)°
=0
Consequently

ﬁF-dr—%F-drzO — §F-dr:§1~"-dr:—7(
C




~xC |G

LN

S-22: Observe that

ok _oh _ i(L) 0_<—_y)

ox dy  ox\x2+y?/) Oy\xZ2+y?

_ Py —x(2) (P 4yt) —y(2y)
(22 +2)? (22 +32)°

except at (0,0), where F is not defined. Hence by Green’s theorem (Theorem 4.3.2 in the
CLP-4 text), §, F - dr = 0 for any closed curve that does not contain (0,0) in its interior. In
particular, (§C1 F - dr = 0. On the other hand, (0, 0) is contained in the interior of C;, so we

cannot use Green’s theorem to conclude that gﬁ}cz F-dr=0.

Let C3 be the circle of radius one centred on (0,0) and denote by W the washer shaped
region between the circle C; and the circle C3. It is sketched below.

dh
\ |

By Green’s theorem (Theorem 4.3.2 in the CLP-4 text),

0 0
Cy Cs W

So §c, F-dr = § F-dr. Parameterize C3 by x = cosf, y = sinf. Then

) = cos0i+sinb] 0<0<2m
= —sinfi+ cosf]
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so that

27T
ﬁF-drzﬂgF-dr: dé1=2mr

0
C Cs

-23: (a) Let C; be the line segment from (0, 1) to (0,0), C, be the line segment from (0, 0)
to (1,0) and C; be the curve y = 1 — x? from (1,0) to (0,1).

Yyl y=1-—2?

CIR
T

Co

Then

J xds:J 0ds=0
Cy C1

1 1
J xds:f xdx = =
C, 0 2

On C3,y = 1— 2 so that 3 = —2x and

ds dxz—i—dy2 = /1 dx =/1+4x2dx

and
1
f xds = f xV 1+ 4x2dx
Cs 0
1 3210 1 a0
[12(1+4x) ]0_12[5 1]
All together

1 1.4,
= -+ = [52-1] ~ 1.3484
Lxds 5+ 3515 | ~1.348

(b) By either Stokes’ theorem or Green’s theorem

J F.-dr= fj (x? + cos(y?)) — g—y(sin(xz) — xy)] dxdy = fj?;x dxdy
R

1—x2 1 1 1 3
— — — 2 == _— — = —
—BL dxfO dyx—3f0 dx (1—x%)x 3[2 4} 1
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S-24: (a) If (x,y,z) is on the curve, it must obey both z = x + y and z = x? + y? and hence
it must also obey x2 + y?> = x + y or (x —1/2)2 + (y — 1/2)2 = 1/2. That’s a circle. We can
parametrize the curve by

x(0) = %+\—ﬁc039
y(0) = %—F\/—Esinf)
z(0) =x+y= 1+\%[c059+sin9]

with 0 < 6 < 27t. As 0 runs from 0 to 277, (x(6),y(#)) runs once around the circle without
crossing itself so that (x(6),y(6),z(6)) runs once around the curve without crossing
itself. As (x(2m),y(2m),z(2m)) = (x(0),y(0),z(0)), C is a simple closed curve.

(b) (i) The vector field F = x2i + 12 + 3¢% k is conservative (with potential
103+ 32 +3¢%). So §-F - dr = 0.

(b) (ii) Note that the question did not specify the orientation of C. It should have. We'll
stick with the most commonly used orientation — counterclockwise when viewed from
high on the z-axis. The vector field G = 3¢* k is conservative (with potential 3¢%). So

§c G - dr = 0 and, using the parametrization

r(0) = [l—i—icosé]i—i— [1+Lsin9}j+ [1+isin9—|—icos€]f<

2 V2 2 42 V2 V2
r(0) = —\%sin@i+%cos€j+ [\%cos@—%sine]f(
of part (a), we have
ﬂQF-dr:jp(F—G)-dr
C C
r27T ) )
=), [y(6)"x'(0) + x(0)7y' ()] do
(27 1 1 . 9121 . 1 1 2 1
= .Jo {— [§+\—ﬁsm9} \—ﬁsme—i— [54—\/—2(:039} \—ﬁcosf)}de

Because the integral of any odd power of sin 8 or cos § over 0 < 6 < 27t is zero (see
Example 4.4.6 in the text),

27T
_ I .o, 1 5
%F-dr—ﬁ) {—Zsm 9+2cos G}d()

=0

[

since (see Example 2.4.4 in the text)

27T 27T
f cos20 do = f sin20 do = 7
0 0
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By Green’s Theorem

0
jgy—y ydx —2x3dy = Jf 8x —2x%) Py(y —y)} dxdy = Jf 1—6x 3y]dxdy
C

where R is the region in the xy-plane whose boundary is C. Observe that the integrand
1 — 6x% — 3y is positive in the elliptical region 6x? + 3y? < 1 and negative outside of it.
To maximize the integral {{, [1 — 6x* — 3y*] dx dy we should choose R to contain all

points (x,y) with the integrand 1 — 6x% — 3y? > 0 and to exclude all points (x,) with the
integrand 1 — 6x2 — 3y* < 0. So we choose

R={(xy)|6x*+3y* <1}

The corresponding C is 6x% + 3y* = 1.

&> <&

Solutions to Exercises 4.4 — Jump to TABLE OF CONTENTS

S-1: One approach is to first consider

D

oS
The correct normal to this surface is sketched in
n
oS

It is correct because

¢ if you walk along 0§ in the direction of the arrow on ¢S,
¢ with the vector from your feet to your head having direction fi
¢ then S is on your left hand side.

Now pretend that the surface S is made of rubber and that fi is glued to S. We can push
on this S to deform it to the S of part (a) or to the S of part (b). This gives the solutions to

parts (a) and (b).

(a) n
: N
S

oS

To deal with part (c), we can first rotate the flat disk that we considered above to get
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=>

oS

We can push on this S to deform it to the S of part (c). This gives the solution to part (c).
(©)

oS

S-2: Think of the xy-plane as being the plane z = 0 in R>.

z

xz

We are going to apply Stokes’ theorem (Theorem 4.4.1 in the CLP-4 text) with S being the
given region R in the xy-plane and with F(x,y,z) = Fi(x,y)1+ F(x,y)j. Then

o the unit normal vector to S specified in Stokes theorem is k (if you walk along
0S = C in the direction of the arrow on C with the vector from your feet to your
head having direction k then S = R is on your left hand side) and

o dS =dxdyand

o the curl of F is

: J k oF, OF
_ 2 0 o | — (22 91§
V x F = det = % £ _<5x 8y>k
F(xy) hBxy) 0
So Stokes” theorem gives
B B . ([(0FR 0R
§ [Fi(x,y)dx + B (x,y) dy] = %F dr = JJV xF-AidS= fj (8_x - 6_y> dxdy
C 08 S R

408



S-3: We are to show that §-[¢pV ¢ + ¢V ¢] - dr = 0. Suppose that C = 0S. Then, by Stokes’
theorem

jg[qbvkb + V] -dr= HV x [V + pVe] -2 dS
S

C

We will show below that V x [¢V ¢ + pV ¢] = 0. This will imply that
§c[¢Vip + PV ¢] - dr = 0. One way to see that V x [V + V] = 01is

V x [V + 9V =V x [V(¢pyp)] (by part (c) of Theorem 4.1.3 in the CLP-4 text)
=0 (by part (b) of Theorem 4.1.7 in the CLP-4 text)

Another way to see that V x [¢Vyp + V] = 0is

V x [V + pV¢] = V¢ x Vi + ¢V x (V) + Vi x Vo + ¢V x (Vo)
=V¢oxVyp+VyxV¢  since ¢V x (Vy) = ¢V x (V) =0
=0

S-4: (a) Observe that x(t) = cost and y(t) = sint obey x(t)? + y(¢)> = 1. Then
z(t) = y(t)*> = sin’ t. So we may parametrize the curve by r(t) = (cost,sint,sin’ t) with
0 <t <2m. Then

Y'(t) = (—sint, cost, 2sintcost)
F(r(t)) = (cos®t —sint, sin®t +cost, 1)
F(r(t)) -¥'(t) = —sintcos®t + sin’ t + sin® t cos t + cos”  + 2sin t cos ¢

g td 53 ,
=1+ ga[cos t 4 sin” t] 4 sin(2t)

27T 1d

j€F~dr = f {1 + = —[cos® t + sin> {] +sin(2t)} dt
0 3dt

C

= |t + =[cos®t + sin® ] — = cos(2t)
3 2 .
=21

(b) Let S be the surface z = f(x,y) with f(x,y) = y? and x* + y? < 1. Since C is oriented
counter clockwise when viewed from high on the z-axis, Stokes” theorem requires that
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we use the normal fi to S with positive z component. Hence

V xF-1dS =2dxdy
jg dr—JJVxF ndsS =2 J dxdy

x2+y2<1

=27

S-5: We apply Stokes’ theorem. First,

A

i
k

D~

V xF=det| < 5 =(1+e' —e") k=
ye* x+e*

Mol &

Note that r(t) = x(t)i + y(t)j + z(t) k obeys x(t) + y(t) + z(t) = 3, for every t, and that

x(t)1+y(t)j = (14 cost)i+ (14 sint)j runs counterclockwise around the circle of

radius 1 centered on (1,1). So we choose S to be the part of the plane
(x,y,z) = x +y +z = 3with (x — 1)2+ (y — 1)2 < 1. Then, by Stokes’ Theorem,

jQF-dr:”vxF-ﬁdszﬂlz-ﬁds
C S S

with
ndsS =+ _dxdy = +(1+7+ k) dxd
VG k 4 ( ] ) 4

As (14 cost)i+ (14 sint)jruns counterclockwise around the circle
(y — 1) < 1, Stokes’ theorem specifies the plus sign and

§F‘dr— Jf dxdy =m
C

(x=1)2+(y-1)*<1

(x —1)%2+

5-6: The boundary of S is
S={(xyz)|z=0x+y* =4}

and can be parametrized
r(f) =2cosfi+2sinfj 0<0<2m
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=

0S

So, by Stokes’ theorem (Theorem 4.4.1 in the CLP-4 text)

fJVxF-ﬁdSzﬁF-dr
S

oS
F(x(6)) v (0)

27 - -~ A r N ~N
:J (—2sinfi+2cosfj—2cosbk) - (—2sinfi+2cosfj)do
0

27T

=4 de
0

=8

S-7: Solution 1: The boundary of S is the circle x2 + yz =4,z = 0. Let C be this circle,
oriented by the parametrization x(f) = 2cost, y(t) = 2sint, z(t) = 0. By Stokes’ theorem

r 27T dr
JJV xF-AdS= | F-dr =J F(2cost,2sint,0) - —(t) dt
J
S

c 0 dt
r27T .
(01 +2cost(3+2sint)j+2sintk] - [ —2sinti+ 2cos ] dt
Jo
r27
[12cos? t + 8 cos? tsint| dt
Jo
r27
[6 4+ 6 cos(2t) + 8 cos? tsint] dt
0

. 8 3 21
6t + 3sin(2t) — 3 08 t} . = 127

27T

For an efficient, sneaky, way to evaluate {;" cos? t dt, see Example 2.4.4 in the CLP-4 text.

Solution 2: Let

o S be the surface specified in the question, with upward pointing normal, and
o Dbe the disk { (x,y,z) | ¥* +y*> <4, z =0}, withnormal A = k, and
o Cbe thecircle { (x,y,z) | x> + y*> = 4, z = 0 }, oriented as in the figure below.
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=>

C

Note that C is the boundary curve for both § and D. So, by Stokes” theorem, twice

f VxF~ﬁdS:JF-dr:f ¥ x F-7dS
C
D

S
:ffoF-RdS
D

Now the k component of V x F is
N 0 0
VxEk=o[xG+y)] -5, xin(t+2)] =3+y

As y is odd under y — —y and D is invariant under y — —y, we have {{, ydS = 0 and

JJV xF-AdS = Jf(?)-ky) ds = SJJdS = 3 Area(S) =3m2? =121
S D D

S-8: Let S be the portion of the paraboloid z = f(x,y) = 4 — x> — y? with
2+ (y —1)? < 1 and let fi be the upward normal to S. For this surface

fdS = (— fe(x,y)i— fy(x,y)j+k)dxdy = (2x1+2yj + k) dxdy
by (3.3.2) in the CLP-4 text. As (x,y,z) runs over S, (x,y) runs over the circular disk
D={(xy)|+(y-1)7<1}

For the given vector field

i j k

0 0 0

VxF:det ox @ 0z

Xz X Yz
=zi+xj+k

so that, by Stokes’ theorem (Theorem 4.4.1 in the CLP-4 text),

§F-dr= ||V xFonds
C S

z=f(xy)
/_/L
= JJ [2x (4 — x* — y*) +2xy + 1] dxdy
D
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By oddness under x — —x, all terms integrate to zero except for the last. So

j@F-dr:f dxdy = Area(D) = 7

S-9: The surface
S={(xyz)| -1<x<1, -1<y<l,z20,z=(1-x*)(1-9%)}
={(xvyz2)| -1<x<l -1<y<l, z=(1-2)1-%)}

Note that when x = 1lorx = —lory =1lory = —1, we havez = (1 — x2)(1 —y?) = 0. So
the boundary of S, call it C, is the boundary of the square —1 < x,y < 1, z = 0, oriented
counterclockwise. Here is a sketch of C.

(_171) y;I (1’1)

dx=0 dz=0
2—71‘( A

(=1,-1) a0 (1,—-1)

y=-—1
Apply Stokes’ theorem. Observing that z = 0 on C so that F = —yi + x%j,

vaxF-ﬁdS=§F-dr:\<]€[—yi+x3j]-dr
S C

C

_ fl —(—1)dx+fl(1)3dy+£_1 —(1)dx+f (1) dy

. / .- / - -/ - /

~~ ~" "

y=—1 side x=1 side y=1 side x=—1 side
=38

-10: We shall apply Stokes” Theorem. The curl of F is
i j k
VxF=det| % & | =Q+y)i-Gz+yj+0+2)k
¥ — yz siny—yz xz-+2y

The curve C is a triangle. All three vertices of the triangle obey x +y +z = 1. So the
triangle is the boundary of the surface S = { (x,y,z) [x >0, y>0,z=1-x-y >0 }.

Z A
n
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The equation of the surfaceis z = f(x,y) =1 —x —y. So, by (3.3.2) in the CLP-4 text
AdS=(-fii—f,j+k)dxdy
(i+j+k)dxdy

Here i is the upward pointing unit normal. The set of points (x, y) for which there is a
corresponding (x,y,z)inSisT={ (x,y) |x >0, y >0, x +y < 1 }, which is a triangle

ofarea }. Since V x F-adS = [(2+y)i — (z+y)j + (0+2)k] - (1 +j + k) dxdy = 2dxdy,

§F-dr= [|vxFnas
S

C
= JJZ dxdy =2Area(T) =1

S-11: Stokes’ theorem, which is Theorem 4.4.1 in the CLP-4 text, says that
§c F-dr = {{o V x F-dS for any surface S whose boundary is C. For the given vector

field

ik
V x F(x,y,z) = det | & g—y g
-z Xy
=i-j+k
Choose
2

Z

s={(xy2)|z=y F+5+5 <1}
—{(xy2)|z=y X+ <1}

to be the part of the plane z = y bounded by the ellipsoid.

(2,0,0)
T

As S is part of the plane z = f(x,y) = y, (3.3.2) of the CLP-4 text, gives that

AdS =+ (- fx, —fy, 1)dxdy
= +(0, -1, 1)dxdy
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As C has the standard orientation (counter-clockwise when viewed from high on the
z-axis), we want fi to have a positive z-component. So idS = (0, =1, 1)dxdy. From the
second form of S given above, we see that as (x,y,z) runs over S, (x,y) runs over

2
D={(xy|§+y <1}
Consequently, Stokes’ theorem gives that

ndS
ng dr—fj 0 -1, 1)dxdy

=2 ff dxdy = 2 Area(D)

The ellipse D, that is ’ﬁl—z +y? < 1, has semi-axes 4 = 2 and b = 1 and hence area
rtab = 27t. Finally

%F -dr =2Area(D) =4n

S-12: Note that the curve of part (a) is a simple closed curve that lies in the plane
X +y +z = 2 and is oriented in a counterclockwise direction as observed from the
positive x-axis. The curve of part (a) encloses a triangle. Two of the sides of the triangle

z

(0,0,2)

Lo
L

(0,2,0)

(2,0,0) Ll

x
are (0,2,0) — (2,0,0) = (—2,2,0) and (0,0,2) — (0,2,0) = (0, —2,2) so the area of the
triangle is

1 1 Y
~|(-2,2,0) x (0,-2,2)| = zdet |[-2 2 0| =5[(444)=2V3
2 2 5 2

So let’s do part (b) first.

(b) We are not told explicitly what C; is, so we certainly can’t do a direct evaluation.
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Instead, let’s use Stokes’ theorem (Theorem 4.4.1 in the CLP-4 text). The curl of F is

i ] k
VxFodet | & &
2 2 2
Yy
= 2yi+2zj+2xk
The upward pointing unit normal to E is fi = d \’/Jfk So, by Stokes’ theorem,
Izzf F.drzﬂvxF-ﬁdszH(zywzszxl})-’“—+kds
C, V3
R R
5 =2onR 4
——
= — +2z+2x)dS = —=Area(R) = 43
ﬁwa )ds = - Area(R)

(a) Denote by T the triangle enclosed by C;. By the computation that we have just done
in part (b)

4
I :J F.-dr = —Area(T) =8
! G V3 (1)

5-13: (a) Observe that
o the curve C; is one quarter of a circle in the xy-plane, centred on the origin, of
radius 2, starting at (2,0,0) and ending at (0,2,0) and
o the curve C; is one quarter of a circle in the yz-plane, centred on the origin, of
radius 2, starting at (0,2,0) and ending at (0,0,2) and
o the curve Cj3 is one quarter of a circle in the xz-plane, centred on the origin, of
radius 2, starting at (0,0,2) and ending at (2,0,0).

Here is a sketch.

&

(0,2,0)

Cs

(2,0,0)
X Ch

(b) C lies completely on the sphere x> + y? + z> = 4. So it is natural to choose
S:{(x,y,z)\xz-kyz-l—zzzél, x=>0,y>0,2z>0}

and to parametrize S using spherical coordinates

(6, ¢) = 2cosfsin @i+ 2sinfsingj+2cos ¢k, 0<6< g, 0<¢< g
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Since

g—g = —2sinfsin@i+2cosfsingj
0 .
a—r =2cosfOcos pi+2sinfcos@j—2singpk
so that
i j k

6 g 0
2cosfcosp 2sinfcosgp —2sing

—4cos@sin® @i — 4sinfsin® ¢ j — 4sin ¢ cos ¢ k

or o det | —2sinfsing 2cosfsing

(3.3.1) in the CLP-4 text gives

fidS = ir% X %d9d¢ = F4(cosfsin @i+ sinfsingj+ cos ¢ k) sin ¢ dodg
0~ ¢

We want fi to point outward, for compatibility with the orientation of C. So we choose

the 4 sign.
fidS =4(cosfsingi+sinfsingj+cosgk)sing dodg = 21(6, ¢) sin ¢ dode

(c) The vector field F looks too complicated for a direct evaluation of the line integral. So,
in preparation for an application of Stokes’ theorem, we compute

i j k
2 2 2

V x F = det ox (9_y 0z
in(x?) z-3x+In(1+1?) y+e*

So, by Stokes’ theorem (Theorem 4.4.1 in the CLP-4 text),

JF'dr:JfoF'ﬁdS
C
S

/2 /2 . N
= J dgof df (—4k) - (cosfsin ¢ i+ sinfsin¢j + cos ¢ k) 4sin ¢
0 0
/2 /2 o /2
:—16J d(pJ de cosq>sinq0:16zcos ¢
0 0 2 2 |

= —4r
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S-14: (a) The boundary, 0S1, of S; as specified in Stokes” theorem (Theorem 4.4.1 in the
CLP-4 text) is the circle y/x? + y? = 4, z = 4 oriented clockwise when viewed from high
on the z-axis. That is, we can parametrize 0S; by

r(t) = 4costi—4sintj+4k, 0<t<2rm
So
F(r(t)) -dr= (16sint, 16cost, —16sintcostcos(—16sint)) - (—4sint, —4cost, 0) dt
= —64dt

and, by Stokes’ theorem,

JJVXF nd5—§ F(r(t)) dr= —64 2ndt‘:—1287t

0
051

aS2a

V- S~

(b) The boundary, 0S,, of S, consists of two parts, a circle in the plane z = 4 and a circle
in the plane z = 1. We'll call the first part 0Sy,. It is the same as 0S;. We'll call the second
part 0Syy. It is the circle \/x2 + y2 = 1, z = 1 oriented counterclockwise when viewed from
high on the z-axis. We can parametrize it

r(t) = costi+sintj+k, 0<t<2rm
So, on 05y,
F(r(t)) -dr= (—sint, cost, sintcostcos(sint)) - (—sint, cost, 0) dt
=dt
and, by Stokes’ theorem,
27

JJV x F-fidS = 3€ F(r(t)) -dr+ § F(r(t)) -dr = —1287T+J dt
Sy 0S4 aSZb ’
= —1267

S-15: Denote by
S={(xyz)|z=x+4 > +y* <4}

the part of the plane z = x + 4 that is contained in the cylinder x> + y?> = 4. Orient S by
the downward pointing normal A = \% (1,0,—1). Then C is the boundary of S. The part

of C and S that are in the first octant are sketched below.
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We may parametrize S by
r(x,y) = (x,y,x+4) with x® +1? <4

So, .
i ] k
? X ?:det 101 =(-101)
9 010
and, by (3.3.1) in the CLP-4 text,
N _Or  Or B
nds = Fe a—ydxdy = (1,0,—1) dxdy

We have chosen to “—" signin idS = J_rg—; X g—; dxdy to give the downward pointing
normal. As the curl of F is

i j k
VxF=det| & g—y ¢ ]
x> +2y sin(y) +z x+sin(z?)
=-1-j-2k

Stokes’” theorem (Theorem 4.4.1 in the CLP-4 text) gives

§F ~dr = JJV xF-AdS = Jf(—l,—l, —2)-(1,0,-1) dxdy = ffdxdy =4r
C S S S

S-16: (a) Note that all three vertices, (2,0,0), (0,2,0) and 0,0, 2), lie in the plane

x + 1y +z = 2. So the entire path lies in that plane too. In part (b) we will need to
2
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evaluate a line integral that clearly cannot be computed directly — we will need to use
Stokes’” theorem. So let’s use Stokes’s theorem in part (a) too. First, we find

A

1

i

j
V x F = det [% a_y aZ] =2y1+2zj+2x1
2 22 2
Let S be the triangular surface that is contained in the plane x +y +z = 2 and is
\f( 47 + k). Then,

bounded by L, L, and L3. Orient S by the normal vector fi =

V xF-fi= \%(ZyH—Zz]AJeri) (I+j+k) = 7§(x+y+z)
and, by Stokes’ theorem,
ng dr—JijF ﬁdS—ifJ(x+ +2z)d —iJJdS iAlrea(S)
- R / IRVER A
C S S S
The triangle S is half of the prallelogram with sides (0,2,0) — (2,0,0) = (-2,2,0) and
(0,0,2) — (2,0,0) = (—2,0,2). The area of the parallelogram is
(-2,2,0) x (—2,0,2)| = |(4,4,4)] = 4V3
So
3@ Fodr= —2/3=8
=7 =
C
(b) Let S be the specified surface. Then, as in part (a)
JE-dr= [[VxFads - %U(Hyﬂ)dsz %Uds - %Area@
C S S S
=443
-17: Let’s try Stokes’ theorem with
1. . x .
F = (z—i—m)z—f—xz]—i— <3xy (z+1)2)
The curl of F is
i j k
V x F = det % g_y %
z+ ﬁ xz 3xy— (z:1)2
1 1 .
—x)i— j+zk
(Bx — x)i <3y Z11) +(1+z) )]+z




Write
S={(xyz)|z=f(ry)=1-x%, 2> +y* <1}
For S, with the upward pointing normal, by (3.3.2) of the CLP-4 text,

AdS = (—fr, —fy, 1)dxdy
= (2xy, x*, 1)dxdy

so that
K—JL
V x F-fadS = {4x%y + (x* = 3x%y) + (1 — x*y) } dxdy

and, by Stokes’ theorem,
JF.dr:fJVxF-ﬁdS: fj {4x2y+x2—3x2y—|—1—x2y}dxdy
¢ S x24+y2<1

JCF.dr: Jf {x* +1}dxdy = 7 + ff x? dxdy

x24+y?<1

So

x24y2<1

To evaluate the final remaining integral, let’s switch to polar coordinates.

1 27T
Jf x* dxdy = J dr rf dé (rcos6)?
0 0

x2+y2<1
1 27T
= J dr 3 do cos?0
0 0
Since
27T 27T 1 2 in(2 27T
f cos? 0 df :f 1+ cos(26) 4o 2, s _
0 0 2 2 4 |,

we finally have S(lJ dr 13 S(ZJ" df cos’f = F and
57

T
F-dr = - = —
JoFar=me =
For an efficient, sneaky, way to evaluate Sén cos? 0 df, see Example 2.4.4 in the CLP-4 text
S-18: We are to evaluate a line integral around a curve C. We are told that C is the

boundary of a surface S that is contained in the plane x 4+ y 4+ z = 1, but we are not told
precisely what C is. So we are going to have to use Stokes’ theorem. The curl of F is

i j k
VxF=det |5 & 5| =2yi+2zj+2xk
ZZ x2 yZ
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and, by (3.3.3) of the CLP-4 text with G(x,y,z) = x+y +z,

ds = VG dxdy V3 dxdy
VG 1 R
AdS =+ ~dxd i+j4+k)dxdy=+—(@{@+j+Kk)dsS

Because C is oriented in a clockwise direction as observed from the positive z-axis

z

T
looking down at the plane, f is to point downwards, so that

1 R
AdS = ——(1+7+k)dS
fi ﬁ( j+k)

On S we have x + vy + z = 1, so that Stokes’ theorem gives

ggF-dr:fJ(VxF)-ﬁdS:JJZyi+zj+xf<).(—\%) (i+j+k)ds

J (y+z+x)d JdS———

since S has area 5.

S-19: We are to evaluate the line integral of a complicated vector field around a relatively
complicated closed curve. That certainly suggests that we should not try to evaluate the
integral directly. To see if Stokes” theorem looks promising, let’s compute the curl

i j k
ja) A
V x F = det & g_y = =k

~y+e*sinx y* y/ztanz

That’s suggestive. Next we need to find a surface whose boundary is C. First, here is a
sketch of C. We can choose the surface S to be the union of two flat parts:
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(2,2,0)

T

o the quadralateral Q in the yz-plane with vertices (0,0,0), (0,1,1), (0,1,2) and
(0,2,0) and
o the triangle T in the xy-plane with vertices (0,0,0), (0,2,0) and (2,2,0).

The normal to Q is —i and the normal to T is —k. Then Stokes’ theorem gives

LF-dr:JJVxF-ﬁdS
:gk-(—i)dSJrﬂk-(—k)ds
:_ﬂds

= —Area(T)

base helght
17N
179 "

=2

S-20: The integral looks messy. Let’s compute the curl of

F = (z+sinz)i+ (x> —x*y)j + (xcosz —y) k

to help gauge if Stokes’ theorem would be easier.

i j k
VxF=det| & 5 ¢ = —1+j+ (3x* —2xy) k
z+sinz x® —x%y xcosz—vy

That’s a lot simpler than F. For the surface z = f(x,y) = xy?, with downward pointing
normal (since C is traversed clockwise)

AdS = —(— fr,—fy, 1) dxdy = (% 2xy, —1) dxdy
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by (3.3.2) of the CLP-4 text, So, writing
S={(vyz) |z—xy P4y <1}
D={(xy)|x¥+y* <1}

Stoke’s theorem gives

JF-dr:fJVxF-ﬁdS:JJ{—y2+2xy—3x2+2xy}dxdy
C
S D

Jf {3x% 4+ y* — 4xy} dxdy
x24+y?<1

To evaluate this integral, switch to polar coordinates.

1 27T
f F.-dr = —J drrf de {372c0529+rzsin29—4rzsin9cos6}
C 0 0

1
:—4:7'(f drrd = —

since So sinfcosfdf = 5 So sin(260) d0 = 0 and Sén sin?fdf = So cos?>0df = 7. (See
Example 2.4.4 in the CLP-4 text.)

S-21: Here is a sketch of the part of S in the first octant.

/
T

The boundary, JS, of S is the circle X2+ yz =1,z = 1, oriented counterclockwise when
viewed from above. It is parametrized by

r(f) = cosfi+sinfj+k 0<6<2m

So Stokes” theorem gives

JVXF ndS—jEF dr

oS
F(x(t)) (1)

A

271 e A s —
:f (—sin29i+cos39j+ (mess)k) - (—sin@i+cosfj) do
0

27T
= f (sin3 0 + cos* 0) do
0

424



The integral of any odd power of sin 6 or cos 6 over 0 < 8 < 27 is zero. (See Example
4.4.6 in the CLP-4 text.) In particular, Sén sin® 6 df = 0. To integrate cos* § we use the trig

identity

2, cos(20)+1

cos” 0 = >
2(260) +2cos(20) + 1
. cogtg = 08 (20) + 4cos( )+
1 cos(40) +1  cos(20) 1
4 2 T2 1
_ 3 n cos(40)  cos(20)
-8 8 2

Finally

S-22: We are to evaluate the line integral of a complicated vector field around a relatively
complicated closed curve. That certainly suggests that we should not try to evaluate the
integral directly. As we are to use Stokes’ theorem, let’s compute the curl

i j &
VxF—det! ¢ g—y ¢ ] = 221 —2%j — (ycosx + xcos y)k
xsiny —ysinx (x—1y)z?

Next we need to find a surface whose boundary is C. First, here is a sketch of C. We can

(0,0,1) , (0721)
(7/2,0,1) Sy
S )
h (0,7/2,0) y
(7/2,0,0)

choose the surface S to be the union of two flat parts:

o the rectangle Sy in the xz-plane with vertices (0,0,0), (7/2,0,0), (7/2,0,1) and
(0,0,1) and

o the rectangle S, in the yz-plane with vertices (0,0,0), (0,0,1), (0,7/2,1) and
(0,7/2,0)
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The normal to Sy is —j and the normal to S, is —i. Then Stokes’ theorem gives

fp.drzﬂvxp.ﬁds
C

Hvxp ) ds+f V x F- (—i)dS

y

/2 1
J dxf dz z? —i—f dyf dz z°
0
:Jo dx§+L dyg
_

S-23: (a) Here is a sketch.

(b) We are to evaluate the line integral of a complicated vector field around a relatively
complicated closed curve. That certainly suggests that we should not try to evaluate the
integral directly. Let’s try Stokes’ theorem. First, we compute the curl

i j 12
V x F = det Sx g—y E
Ty tsin(¥?) F +sin(y?) 5(x+1)(y+2)

= (3x+1)- 1—|3-x>i_ (5(y+2)_%)7+ (- (1izx)2 * (142:1/)2) A

Next we need to find a surface S whose boundary is C. We can choose the surface S to be
the union of two flat parts:

Q
=
o
=)
=)
job]
=
o

o the triangle Sy in the xz-plane with vertices (0,0,0), (2,0,0
o the triangle S, in the yz-plane with vertices (0,0,0), (0,0,2), and (0, 3,0)

Note that

o The normal to Sy specified by Stokes’ theorem is —j. On Sy we have y = 0, so that
V x F-j simplifies to — (5(0 +2) — 2;5) = 8.
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o The normal to S, specified by Stokes’ theorem is —i. On S, we have x = 0, so that
V x F-isimplifies to (5(0+ 1) — 25) = 2.

So Stokes” theorem gives

|.F dr_”vxpnds_ﬂvxp ds+ﬂvxy ds

— 8 Area(Sy) — 2 Area(S,) = 8%(2)(2) - 2%(3)(2)

=10

S-24: The boundary, 0S, of S is the circle x> + y?> = 1 oriented counter clockwise as usual.
It may be parametrized by r(0) = cos 01 + sin6j, 0 < 0 < 27. By Stokes’ theorem

Hvxpﬁdsz§§F-dr:fn1:(r(9)).%(e)de
S 0S

0
27
= J (sinh,0,3cosf) - (—sinb,cosh,0)do

.. 2 _
sin“0df = do > 1

- fﬂ 2t 1—cos(20) F - sin(29)r"
0 0 2 B

0

For an efficient, sneaky, way to evaluate S(z)n df sin? 6, see Example 2.4.4 in the CLP-4 text.

S-25: The given surface is an ellipsoid centred at (x,y,z) = (0,0,1). It caps a curve C in
the plane z = 0, given by x? + y?> = 4. This is a circle of radius 2 centred at the origin,
oriented counterclockwise when viewed from the positive z-axis.

Method I — double Stokes’: Let D denote the plane disk x? + y? < 4, z = 0. Using Stokes’
theorem twice gives

|[enas=|[vxFads—fr.ar—[[v<Fads— [[c nas
S S c D D

Now in D we have i = k and z = 0, so on this surface,

0 0 1
G f=(VxF) k=det “ & 2
2

2
(xz —y2cosz) x3e* xyzeX TV T2

= [3x%¢" + 3y’ cosz|__, =
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Hence, using polar coordinates,

gc.ﬁds - g:«s(xuyz)dxdy:3L2_"0f_0(rz)rdrd9 _ 3(2m)(8) = 20

Method II — single Stokes’: By Stokes’ theorem
JJG‘ﬁdS :J V xF-AadS = ng-dr

S S C
Parametrize the circle C using

r(6) =2cosfi+2sinfj, 0<6<2m
to obtain

dr PR .
dr = a0 df = (—2sinfi+2cos6j)db.
Then sincez = 0on_C,
F(x(0)) Y (6)

i+ (2cos€)3}) - (=2sinfi+2cos ) df
0

2 —
LfG-ndS:f (—(2sin)?

27T
= 16J (sin4 0 + cos* 0) df
0

By the double angle trig identities
cos? ) = 1+ cos(26) sin? @ = 1—cos(26)
2 2
we have
2 )
1-—- 20 1 26

sin* + cos* 6 = [ CO:( )] [ +C045( )]
_ 1, cos?(20) _ 1 1+ cos(49)
) + ) + —

So
27T 3 1 3
f(;.ﬁdszmj — 4+ —cos(40) ) d6 =16 x — x (271) = 2471
o \4 4 4
S
S-26: Note that .
i ] k
V x F = det g_x g_y % =2yi+2zj+2xk
2 32 P
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Let D be the disk in the plane x 4 y + z = 3 whose boundary is C and let

n = \% (i +j + k) be the upward unit normal to D. If the circle is oriented

counterclockwise, when viewed from above, then, by Stokes” theorem (Theorem 4.4.1 in
the CLP-4 text),

%F-dr:JJVxF.ﬁdS:\%Jf(Zyi+2zj~l—2xlA<)-(i+]A—|—1A<) ds
C D D
=3onD

:\%!}sz dszzfsgdszzfsmzz

S-27: Solution 1: Let S’ be the bottom surface of the cube, oriented with normal k. Then,
by Stokes’ theorem, since 0S = 05/,

J VxF-ﬁdSz%F-drz f]gF-dr:JJVxFﬁdS
S/

S 2s as/
Since
i ] k
V xF=det| £ % 2l =(, -,y —xz)
xyz xy* x%yz
andA=konS andz=—-1on$

1 1
= f dxf dy (v* + x)
-1 Ja

z=-1

1 1 1 4
:J dxf dyy2:2x2J dy y* = =
1 Ja 0 3

Solution 2: The boundary of S is the square C, with sides Cy, - - -, Cy, in the sketch

1 1
JJVXF-ﬁdS:J dxf dy (-, ,y*—xz) -k
-1 Ja
S/

(-1,1,-1) Cs (1,1,-1)

C4 A CQ

(-1,-1,-1" ¢, (1,—-1,-1)

JfoF-ﬁdSz%F-dr
S C

By Stokes’ theorem,
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Parametrize C; by x. Thatis, r(x) = xi —j —k, =1 < x < 1. Since r'(x) = , and

y=z=—-1lon(Cy,
xyz

1 1
F(r(x)) -1 dx = flx(—m(—l) dx

LlF-dr: JllF(r(x)) ¥ (x) dx = fl

=0 (since x is odd)

Parametrize C; by y. Thatis, r(y) =i +yj—k, -1 <y < 1. Sincer'(y) = j,and x = 1 on

Co,
xy?
1 1 —— y3 1 2
J F~dr:J F(r(y))-jdyzf 2 dy:{—} ==
Cy -1 -1 3 -1 3
Parametrize C3 by x. That s, r(x) = xi + j — k with x running from 1 to —1. (If you re
nervous about this, parametrize by t = —x. Thatis r(t) = —ti+j — k, —1 <t < 1) Since

r(x) =1,andy=1,z=-10onGC;s,

xyz

-1 S G
J F-dr= J F(r(x)) -idx = f x(1)(=1) dx =0  (since x is odd)
Cs 1 1

Parametrize Cy by y. That is, r(y) = —i + yj — k, with y running from 1 to —1. Since
r(y) =j,and x = —1on Cy,

vl 2
F~dr:J d f dy = — {—] =
fq 1 ) jdy = Dy* dy 314 3

All together

f VxF-ﬁdS:J F-dr+f F-dr—l—f F-dr+f F-dr:il
C G Cs Cy 3

S-28: Let’s try Stokes’ Theorem. Call F = yi — xj + xy k. Then

i ] k
_ o 2 2 Py -2k
V xF=det | & Y = i—yj—2k
y —x xy
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Now compute fi dS in the (1, v)-parametrization.

r(u,v) = (ucosv,usinv,v)

0
é(u,v) = (cosv,sinwv,0)
or .
%(u,v) = (—usino,ucosv,1)
i ik
or Or ! _] .
%x%:det cosv  sinv 0| = (sino, —cosv,u)
—usinv ucosv 1

fdS = (sinv, — cosv,u) dudo

Since u > 0, we do indeed have the upward pointing normal. So, Stokes” theorem tells us

fydx—xderxydz:f F-dr:JJVxF-ﬁdS
C C
S

1 27T
J duj dv (1 cosv, —usinv, —2) - (sinv, — cos v, u)
0 0

leuu] Mﬂdv(smv—z)]

0 0

1 27T
J du dv (2usinvcosv —2u) =
(—4m) = 21

N|—=

S-29: Given the form of F, direct evaluation looks hard. So let’s try Stokes’ theorem, using
as S the part of the plane G(x,v,z) = x + 2y — z = 7 that is inside x> — 2x + 4y* = 15.
Then

VG

~dxdy = +(i+2j — k) dxdy

ndsS =+
VG -k

As C is oriented counterclockwise when viewed from high, Stokes’ theorem specifies the
upward pointing normal so that AidS = — (1 +2j — k) dx dy.

From the observations that

i j k
V x F = det 2 g—y 2 =xi—(z+2x)k
e +yz cos(y?) —x2 sin(z2) + xy
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and that we can rewrite x> — 2x + 4y?> = 15 as (x — 1)? + 4y? = 16, we have

JE-dr= [V xFoads
C S

_ q (i — (2 +20)K]

(x-1)% 4 4y2<16

(x—1)2‘)+4y2<16

= [ [7 —4x — 2y] dx dy

(=1,-2,1)dxd
z=—7+x+2y ( ) xay

[—x — (=7 4+ x+2y +2x)|dxdy

J
(x—1)2+4y2<16

To evaluate the integrals of x and y we use that, for any region R in the xy—plane,

X_SSRxdxdy _ {fpydxdy
= —— y =
Area(R) Area(R)

2
+ 3—2 = 1 and so has area 7tab = 71 x 4 x 2 = 87 and centroid

(x—1)?
a2 2
(x421) +m <1},

Our ellipse is =,
(x,7) = (1,0). So, using R = { (x,y) |

i;F-dr:{JW—élx—Zy]dxdy

= Area(R){7 — 4x — 277}
— 87[7 —4x1—2x0] = 247

S-30: (a) The curl is

i j k
0 0 0 .
V xF:det ox a_y oz = (1—2XZ)]
24+ x24z 0 3+x%

(b) We are going to use Stokes” theorem. The specified curve C is not closed and so is not
the boundary of a surface. So we extend C to a closed curve C by appending to C the line

segment L from (2,0,0) to (0,0,0). In the figure below, C is the red curve and Cis C plus
the blue line segment. The closed curve C is boundary of the surface S that is the union
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of
o the triangle T; in the yz-plane with vertices (0,0,0), (0,0,3) and (0, 1,0) and with

normal vector —i and
o the triangle T, in the xy-plane with vertices (0,0,0), (0,1,0) and (2,0,0) and with

normal vector —k.

So, by Stokes’ theorem

JF-dquJF-dr— F F- dr—J V xF-ndS
C L Jo

= JVXF dS+JfV><F- —A

= q(l 2xz)] dS+JI (1-2xz)j-(~k)ds

Ty
=0

Consequently the integral of interest

0
fF.dr:—fF-dr:—JQ—kxz)dx sincedy =dz=z=0onL
C L 2

2 3

X 20

— | (242 = |2x+——| =22

L(er)dx [x+3}0 3

S-31: (a) by direct evaluation: The curl of G is
i j k
VxG=det|% § H|=2
X -z y
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The part of S in the first octant is sketched in the figure on the left below. S consists of
two parts — the cylindrical surface

S1={(xy2)|yY+22=9,0<x<5}

and the disc
S={(xyz)|x=0, ¥ +22<9}

The normal fi to S; always points radially outward from the cylinder and so always has i
component zero. The normal of Sy is —1. So the flux is

ﬂv x G-AdS = Uzi-ﬁds+ﬂzi- (—1)ds
S S5

S

(a) using Stokes’ theorem: Let’s use Stokes’ theorem. The boundary ¢S of S is the cirlce
y2 + 22 =9, x = 5, oriented clockwise when viewed from far down the x-axis. We’ll
parametrize it by r(6) = (5,3 cos 6, —3sin6). Then Stokes’ theorem gives

J VxG-AdS=¢G-dr

(b) This time we’ll use the divergence theorem. The surface S is not closed. So we’ll use
the auxilary surface formed by “topping S off” with the cap T = { (5,y,z) | y* +2*> <9 }.
If we give T the normal vector i, this auxiliary surface, the union of S and T, is the
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boundary of V = { (x,y,z) | y¥* + 2% <9, 0 < x <5 }. So the divergence theorem gives

JJF ndS+JJF ndS—JJF nds
e

=0

since V - F = 0. Thus the flux of interest is

JJF-ﬁdS:—JJF-ﬁdS:—JJF-idS:—JJ(2+z)dS
S T T T
= -2 ff ds since szs = 0, because z is odd

= —187 since T has area 97t

S-32: (a) Since

o £ is defined when x # 0 and

o x1+¥ = o(1+2*)Inx jg Jefined when In x is defined, which is when x > 0 (assuming
that we are not allowed to use complex numbers) and

o y”yz = ¢(11¥)InY js defined when In y is defined, which is when y > 0 and

o cos’(Inz) is defined when In z is defined, which when z > 0

the domain of F is
D={(xyz)|x>0y>02z>0}

(b) The domain D is both connected (any two points in D can be joined by a curve that
lies completely in D) and simply connected (any simple closed curve in D can be shrunk
to a point continuously in D).

(c) The curl of F is
i j k
V x F = det g 2—y Z = (2x —/x)k
% +al+? 21+ cosd(Inz)

(d) The integrand for direct evaluation looks very complicated. On the other hand V x F
is quite simple. So let’s try Stokes” thoerem. Denote

S={(vyz)|2<x<42<y<4z=2}

The boundary of S is C. Because of the clockwise orientation of C, we assign the normal
vector —k to S. See the sketch below
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Then, by Stokes’ theorem,

QEF-dr:gvxF-ﬁdszgvxF.(—R)dsz— f(zx—ﬁ)ds

4 4 4

:J dxf dy (2x—1) :J dx2(2x - 1) :fZ[xzflnx}
2 2 2

= 2[12-1In2] =2In2-24

4

2

(e) Since V x Fis not 0, F cannot be conservative.

S-33: (a) By the vector identity V - (V x G) = 0 (Theorem 4.1.7.a of the CLP-4 text). So
we must have

0 0 0
=V .-F=— —(axé¥ — (y? — xe¥z?
0=V F o (xz) + 5 (axe¥z + byz) + = (y° — xez”)

=z + (axe¥z + bz) + ( — 2xe¥z)
=(1+Db)z+ (a—2)xe¥z
Soweneeda =2and b = —1.

(b) Note that the boundary, 05, is the circle x2 4+ yz =1,z =0, oriented
counter-clockwise. Also note that, if we knew what G was, we would be able to use

Stokes’ theorem to give
Up-ﬁds :H(v «G)-AdS = ;ﬁc-dr
S S

0S

So let’s find a vector potential G. That is, let’s try and find a vector field
G = G114+ G2j + Gz k that obeys V x G = F, or equivalently,

0G3  0G
— = =Fh =xz
oy 0z
0G3  0Gy

SIS P B — oyl —
0x 0z 2 rezTyz
92 U1 p 2 el
e p» 3 =Y —xe’/z
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Let’s also require that Gz = 0. (If this is mysterious to you, review §4.1.2 in the CLP-4
text.) Then the equations above simplify to

oz

% = 2xe¥z — yz
0G2 8G1 o 2_ ]/ 2
ox oy Y TF

Now the first equation contains only a single unknown, namely G, and we can find all
Gy's that obey the first equation simply by integrating with respect to z:

2
G =~ +N(xy)

Note that, because % treats x and y as constants, the constant of integration N is allowed
to depend on x and y.

Similarly, the second equation contains only a single unknown, Gy, and is easily solved
by integrating with respect to z. The second equation is satisfied if and only if

1
Gy = xe¥z? — Eyz2 + M(x,y)

for some function M.

Finally, the third equation is also satisfied if and only if M(x,y) and N(x,y) obey

0 xz? 0 z2
c (= O (gev2 _YE — 12 _ xe¥?
(3x( 5 —I—N(x,y)) 3 <xe z 5 -|—M(x,y)> Y- —xeVz
which simplifies to

ON oM 5

E(x,y) - W(x/y) =Y

This is one linear equation in two unknowns, M and N. Typically, we can easily solve
one linear equation in one unknown. So we are free to eliminate one of the unknowns by
setting, for example, M = 0, and then choosing any N that obeys

ON 5
g(x,y) =Yy

Integrating with respect to x gives, as one possible choice, N(x,y) = xy?. So we have
found a vector potential. Namely

G = (xeyz2 — %yzz) i+ (xyz — x722>j

We can now evaluate the flux. Parametrize 0S by

r(0) = cosfi+sinfj
' (6) = —sinfi+ cosbj
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with 0 < 6 < 27. So

-
JfF-ﬁdS: G -dr
J

S 0S
G(r(0)) r'(0)

P27 A~

= cosGsinz(?;A -r—sinGi-l—cosO]A\ de
J

r27
= J sin” 0 cos? 6 df
0
(271 — cos(26) 1+ cos(26)
= dé
Jo 2 2
1 27T
=—| {1-cos*(20)} d6
4 Jo
1 2" 1+ cos(49)
[ e g
1 1 27T
=- -2 sincef cos(40) d6 =0
4 2 0
_
4

S-34: Considering that there are ten line segments in C, it is probably not very efficient to
use direct evaluation. Two other possible methods come to mind. If F is conservative, we
can use F’s potential. Even if F is not conservative, it may be possible to efficiently use
Stokes” (or Green'’s) theorem. So let’s compute

i ] k
VxFodet|% & 4| =k
y 2x—10 O

As V x F # 0, the vector field F is not conservative. As V x F # 0 is very simple, it looks
like Stokes’ theorem could provide an efficient way to compute the integral. The left
tigure below contains a sketch of C.

Yy (4,5) Y (4,5)




The curve C is not closed, and so is not the boundary of a surface, so we cannot apply
Stokes’ theorem directly. But we can easily come up with a surface whose boundary
contains C. Let R be the shaded region in the figure on the right above. The boundary ¢R

of R consists of two parts — C and the line segment L. The normal of R for —k (since dR
is oriented clockwise). So Stokes’ theorem gives

fCF.dHLF-dr:gvxF-(—l}) dszg(ﬁ)-(—k) dS — —Area(R)

R is the union of 5 triangles, each of height 1 and base 1. So

Area(R)sz%xlxlzg
If we denote by —L the line segment from (0,0) to (5,5), we can parametrize —L by

r(t) =t(5,5),0<t<1land
F(x(t)) r'(t)

1, A~ ~ ——
f F.dr:f (5ti + (10t~ 10)) - (51 + 5)) dt:f
—L 0 0

%
2

1

5(15¢ — 10)dt = 25 (; - 2)

All together

F-dr:—Area(R)—kJ F-dr:—§—§:—15

fc F.-dr = —Area(R) — J _L 5" %

L

S-35: If we parametrize the curve as
x = 2cost Yy = 2sinf z = x* = 4cos* 6 0<0<2m

then the term sin x(0)? x’(6) in the integral will be sin (4 cos?#) (—2sin ). That looks
hard to integrate. So let’s try Stokes’ theorem. The curl of F is

k
2| = —xi+zk

The curve C is the boundary of the surface
S={(xyz) }x2+y2 < 4, z:xz}

with upward pointing normal. For the surface z = f(x,y) = x?, (3.3.2) in the CLP-4 text
gives

nds

I
H

[ fx(e,y)i— fy(x,y)] + K] dxdy
[ —2xi+ k] dxdy

I
H+
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Since we want the upward pointing normal
fdS = [ - 2xi+k]dxdy
So by Stokes’ theorem (Theorem 4.4.1 in the CLP-4 text)

jg dr—JfoF fdsS = Jf —xi+ x2 k) [-2xi+k] dxdy

x2412<4
=3 JJ x? dxdy
x2412<4
Switching to polar coordinates
2 27T
%F-dr:3 E drr . d r* cos? 6

C

[ 2 27T

=3 J r3dr] [J c0529d9]
| Jo 0
4 27T

:321[f cos(29)+1d9

0 2
=127

For an efficient, sneaky, way to evaluate S(z)n cos? t dt see Example 2.4.4 in the CLP-4 text.

f}«:.drzg(vxﬁ).ﬁds

f v E—f—la—I;I) AdS =0

S-36: By Stokes” Theorem,

so Faraday’s law becomes

This is true for all surfaces S. So the integrand, assuming that it is continuous, must be
zero.
To see this, let G = (V xE+1 °H> Suppose that G(xg) # 0. Pick a unit vector fi in the

direction of G(xp). Let S be a very small flat disk centered on xy with normal f (the
vector we picked). Then G(xp) - i > 0 and, by continuity, G(x) - i > 0 for all x on S, if we

have picked S small enough. Then {f¢ ( x E+ 1%?) -fidS > 0, whichisa

contradiction. So G = 0 everywhere and we conclude that

VxE—l—lﬁ—I;I:O
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S-37: The curl of the specified vector field is

For every t, we have x(t) = z(t) and x(t)? + y(t)? + z(t)? = 2. So the specified curve is
the intersection of the plane x = z and the sphere x> + y? + z> = 2. This curve is the
boundary of the circular disk

D={(xyz)|x=z xz—l—y2+zz<2}

The curve is oriented so that (x(t),y(t)) = (cost,v2sint) runs in the standard
(CounterclockW1se) direction. So the unit normal to D used in Stokes theorem has
positive k component. Since the plane x — z = 0 has unit normal + - 7 L.(1,0,—1), the unit

normal used in Stokes’ theorem is i = \/LE (—1,0,1). By Stokes’ theorem

ffF dr_”vxls ndS—\fJJESyzzsll -(~1,0,1) dS

C fﬂ (1-377)d

The disk D is invariant under the reflection (x,y,z) — (—x,y, —z). Since y?z> is odd
under this reflection, {{, y*z> ds = 0 and

;F-dr = \% J ds = \%Area(D)
D

Because the centre of the ball x? + y? + z? < 2 (namely (0,0, 0)) is contained in the plane
x = z, the radius of the disk D is the same as the radius of the sphere x? + > + z? = 2. So
D has radius v2 and

1
§F -dr = \/—EArea(D) =

S-38: The curl of the vector field F = zi + xj — y k is
VxF=-1+j+k

The unit normal to the plane x +y + z = 1, with positive k component as required by
Stokes’ theorem in this case, is i = \/Lg (1,1,1). If we denote by D the circular disk

441



x+y+z=1,x%+y?+ 22 < 1, then Stokes’ theorem (Theorem 4.4.1 in the CLP-4 text)
says

ﬁzdx—i—xdy—ydz—\(ﬁ F.-dr = JJV xF-AdS = fJ(—l,l,l)-\%(LLl)dS
C

= \—@Area(D)

A reasonable guess for the centre of the disk is 1(1,1,1). (This guess is just based on
symmetry.) To check this we just need to observe that it is indeed on the plane

x +y+z = 1 and that the distance from (1, 1,1) to any point (x,y,z) obeying
x+y+z=1landx?>+y*+2z% = 1,name1y

e e LIRE B

2

3

is the same. This also tells us that D has radius \/g and hence area %7‘(. So the specified

line integral is 3 f

S-39: (a) We parametrize S in cylindrical coordinates:

r(r,0) =rcosfi+rsinfj+rk with0<r<1,0<0<m

(b) We compute
or S
T—c0591+51n9]+k
or
or
w0 = —rsinfi+rcosfj
fdS = ?x%drd@ +(—rcosfi—rsinfj+rk)drdd

To calculate the downward flux, we use the minus sign. We find

T 1
va-ﬁds :f dGJ dr (rcos@,rsinf, —2r) - (rcos0,rsinf, —r)
0 0

Y3 1
:f dBJ dr 3r* = 7r®
0 0

(c) Solution 1: Let P be the path along line segments from (1,0,1) to (0,0,0) and from
(0,0,0) to (—1,0,1). Here is a sketch. P is in blue.

1
=7
r=0
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(1,0,1)

Then

JFdr—i—J F-dr:fJVxF-ﬁdS
C P 5

by Stokes” Theorem. Along P, the vector field F is orthogonal to the curve so that
S?? F - dr = 0. Note that V x F is the vector field v from part (b). Thus

| Frar=[[vaas—x
C
S

(c) Solution 2: Let L be the line segment from (1,0,1) to (—1,0,1) and let
R = {(x,y,z)}x2 +y2 <Ly=>0z=1
Here is a sketch. £ is in blue and R is shaded.
(_L 07 1)

Then
JF-dr—FJ F-dr:JJVxF-(—lA()dS
C L
R

by Stokes” Theorem. Along L, the vector field F = j is orthogonal to the curve (which has
direction —1 so that § . F - dr = 0. Note that V x F is the vector field v from part (b). Thus

LF-dr:gv-Rdszgzzdszzg dS =2Area(R) =1

443



S-40: Let S’ be the portion of x +y + z = 1 that is inside the sphere x> 4+ y? + z?> = 1. Then
0S = 0S', so, by Stokes’ theorem, (with fi always the upward pointing normal)

g(vxp)-ﬁdsz éﬁp-dr:ipdr:g(vxm-ﬁds

oS’
As
i j k
VxF=det| & g_y 2 | =-20G+j+k)

Yy—2z z—X X—Y

and,on S, fi = \%(i+j+f<)

g(v x F)-hdS = ﬂ (—2v3)dS = —2v3 x Area(S')

S’ is the intersection of a plane with a sphere and so is a circular disk. It’s center
(X¢, Ye, zc) has to obey x. + y. + z. = 1. By symmetry, x; = y. = z¢, S0 Xc = Yo = 2¢ = %
Any point, (x,v,z), which satisfies both x + y +z = 1 and x* + y?> + z2 = 1, obeys

1\2 1\? N, ., o, 2 1 2 1 2
(x 3> +(y 3> +<z 3) oyt 28 - Sty +a) + 35 st3=3

That is, any point on the boundary of S’ is a distance \/g from (1, 3, 1). So the radius of

S’ is %, the area of S’ is %71 and

4
V xF) fidS = -2V3 x Area(S') = ——7
[ ()= -7
S/
- -
Solutions to Exercises 5 — Jump to TABLE OF CONTENTS
S-1: (a) True. For any constant vector a = (a1, ay,43),
i ] k
axr=det |a; ay az| = (apz —azy)i — (a1z — asx)j + (a1y — axx)j
X Yy z

This vector field does indeed have divergence 0.
(b) True. This is our conservative field screening condition Theorem 4.1.7.b.
(c) True. This is one of our vector identities, namely Theorem 4.1.4.c.

(d) False. The trap here is that F need not be defined at the origin. We saw, in Example
3.4.2 of the CLP-4 text, that the point source Fg = ";‘—‘g had flux 47tm through every sphere
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centred on the origin. We also saw, in Example 4.2.7 of the CLP-4 text, that the
divergence V - Fs = 0 everywhere except at the origin (where it is not defined). So if we
choose m to be a very big negative number (say —10'%’) and add in a very small vector
field with positive divergence (say 107190 (i + yj + zk)), we will get the vector field

F = —10'0 | r|3 4+ 10719(x + yj + zk) which has divergence V- F = 3 x 107190 > 0
everywhere except at the origin. The flux of this field through the specified sphere will be
—471 x 10'% plus a very small positive number.

(e) True. The statement that “the flux out of one hemisphere is equal to the flux into the
opposite hemisphere” is equivalent to the statement that “the flux out of the sphere is
equal to zero”. Since V - F = 0 everywhere, that is true by the divergence theorem.

(f) That depends.

{f k = 0, then % = 0, so that 9 = T is a constant. So 1(s) = sT + 1(0) is part of a straight
ine.

If x > 0, then, because the curve is in a plane, the torsion 7 is zero and the Frenet-Serret
formulae reduce to

dt . dN .
e kN Fra T
Now consider the centre of curvature c(s) = r(s) + 1N(s). Since
de dr 1dN 1 R
T tig —TE)+-(—xT(s) =0
c(s) is a constant and
1
x(s) —¢| = *

which says that the curve is part of the circle of radius % centred on c.

(g) False. We saw in Examples 2.3.14 and 4.3.8 of the CLP-4 text that the given vector
tield is not conservative.

(h) False. For example, if P = —y, then §-F - dr = — §- y dx is the area inside C. See
Corollary 4.3.5 in the CLP-4 text.

(i) False.

If flj—‘t’ = ais a constant, then v(t) = at + vy. Integrating a second time,

r(t) = %a t2 + vo t + 1. This is not a spiral, whether or not the speed is constant. (In fact,
for the speed |v(t)| = |at + vp| to be constant, a has to be 0, so that r(t) = vof +1pisa
straight line.)

Another way to come to the same conclusion uses

25 A S A
a(t) = 2010 + (0 (S 0) Ny

As the speed is a constant, it reduces to
ds, \2.
a(t) = x(t) (3 (1)) (o
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As a(t) is a constant, its direction, N(t), is also a constant. The normal vector to a spiral is
not constant.

S-2: (a) False. For any constant vector a = (a1, ay,43),

i ] k
axr=det|a; ay az| = (a2z—azy)i — (a1z — asx)j + (a1y — ax)j
X Yy z
So
1 j k
V x (axr)=det g—x g—y % = 211 + 2a5] + 2a3k
Az —azy —a1zZ+asx a1y — ax

is nonzero, unless the constant vector a = 0.

(b) False. For example, if f(x) = x?, then
V- (Vf)=V-(Vx?) =V (2xi) =2

(c) False. For example, if F = x%i, then

V(V-F)=V(V-(x*%) =V (2x) =2

(d) False. The trap here is that F need not be defined at the origin. We saw, in Example
3.4.2 of the CLP-4 text, that the point source F = % had flux 47tm through every sphere

centred on the origin. We also saw, in Example 4.2.7 of the CLP-4 text, that the
divergence V - F = 0 everywhere except at the origin (where it is not defined).

(e) True. Any simple, smooth, closed curve in IR? that avoids the origin is the boundary
of a surface S that also avoids the origin. Then, by Stokes’ theorem,

§F‘dr:JJV><F-ﬁdS:O
S

C
(f) True. Let S = { r | [r— ¢| = R } be a sphere. Denoteby V = { r | [r — ¢| < R } the ball
whose boundary is S. Let H be one hemisphere of S with outward pointing normal and
let H' be the other hemisphere of S with inward point normal. Then the boundary of V,

with outward pointing normal, can be viewed as consisting of two parts, namely H and
—H’, where by —H' we mean H' but with outward pointing normal. Then, by the

divergence theorem
|[F-nas - [|Fonds—[[Fnas
H H ov

:ff V.-FdV >0
v
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which implies that {§,, F-idS > (., F-fidS.

(g) False. The trap here is that the curve is in IR?, not R?. As we saw in Example 1.4.4 of
the CLP-4 text, a helix has constant curvature, but does not lie in a plane and so is not
part of a circle.

(h) False. Even if we restrict F to the xy-plane (i.e. to z = 0), this vector field is not
conservative. We saw that in Examples 2.3.14 and 4.3.8 of the CLP-4 text.

(i) False. For example, the vector field F = x k is always parallel to the z-axis. So its flow
lines are also all parallel to the z-axis. But if the closed curve C consists of the line
segments

L; from (0,0,0)
L, from (1,0,0)
L3 from (1,0,1)
Ly from (0,0,1)

to (1,0,0), followed by

to (1,0,1), followed by

to (0,0,1), followed by
back to (0,0,0),

o O O O

then
oSLFdr—Sé -idx = Osincek L 7, dr =idx on L; and
o SL F- clr—g0 R .kdz = 1since x = 1and dr = kdz on L, and
oSLF dr——Sé( -idx = 0 since k 1 iand
(0k

oSLFdr——SO )-kdz = 0since x = 0 on Ly.

All together

JF-dr:J F-dr—l—f F‘dr—i—J F-dr+f F-dr=1
C Ly Ly Ls Ly

(j) True. If the speed |v| is constant then

dHZ d

dt( v)=2v-a

S-3: (a) False. 1 (t) is the full acceleration. So [r”(t)] is the magnitude of the full
acceleration, not just the tangential component of acceleration. For example, if

r(t) = costi+ sintj (i.e. the particle is just going around in circles), the acceleration
r’(t) = —costi—sintj is perpendicular to the direction of motion. So the tangential
component of acceleration is zero, while [r"(¢)| = 1.

(b) T(t) is the tangent vector to the curve at r(t). N(t) and B(t) are both perpendicular to
T(t) (and to each other) and so span the plane normal to the curve at r(t).

(c) True. This is (half of) Theorem 2.4.8 in the CLP-4 text.

(d) False. The statement V x (V - F) = 0 is just plain gibberish, because V - F is a scalar
valued function and there is no such thing as the curl of a scalar valued function.
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(e) False. For example if F = i, then, by the divergence theorem,

gF.ﬁdszwv.dezo

Here V = { x,y,z | x> + y* + 22 < 1 } is the inside of the sphere.

(f) True. If S is the boundary of the solid region E, then we can orient S by always
choosing the normal vector that points into E.

S-4: (a) The helix is approximately a bunch of circles stacked one on top of each other.
The radius of the circles increase as z increases. So the curvature decreases as z increases.

(b) Here are two arguments both of which conclude that f(x) is D.

o If C were the graph y = f(x), then f’(x) would have two points of discontinuity.
The curvature x(x) would not the defined at those two points. The function whose
graph is D is defined everywhere and so cannot be the curvature of the function
whose graph is C.

o The function whose graph is D has two inflection points. So its curvature is zero at
two points. The function whose graph is C is indeed zero at two points (that in fact
correspond to the inflection points of D). So D is the graph of f(x) and C is the
graph of «(x).

(c) For any fixed y, x> + z? = 1 is a circle of radius 1. So we can parametrize it by
x(0) = cos6,z(0) =sinb, 0 < 6 < 271. The y-coordinate of any point on the intersection
is determined by y = xz. So we can use

r(0) = cos@i +sinfk +sinf cosfj 0<60 <2

(d) We are told that the helical ramp starts starts with the y-axis when z = 0.

o In the cases of parametrisations (a) and (c), z = 0 forces u = 0 and u = 0 forces

x = y = 0. That is only the origin, not the y-axis. So we can rule out (a) and(c).
o In the case of parametrisation (b), z = 0 forces v = 0 and v = 0 forces y = 0 and

x = u. As u varies that sweeps out the x-axis, not the y-axis. So we can rule out (b).
o In the case of parametrisation (d), z = 0 forces v = 0 and v = 0 forces x = 0 and

y = u. As u varies that sweeps out the y-axis, which is what we want.

Furthermore

o we are told that z = v runs from 0 to 5 and that
o x2 4 y2 —ur>14

So we want parametrisation (d) with domain |u| > 2,0 < v < 5.

(e) Straight lines have curvature 0. So one acceptable parametrized curve is r(t) = t1,
0<t<l
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(f) The cube S has six sides. So the outward flux through 0S5 is 6 and, by the divergence

theorem,
6:H1:.ﬁdszﬂ v.dezH cdv =C
0S S S

since S has volume one. So C = 6.

(g) For the vector field F to be conservative, we need

6’F1 . an
" ox
— a—(ax+by) = a—(cx +dy)
oy ox
— b=c

When b = ¢, an allowed potential is §x* + bxy + %yz. The specified set is

{(a,b,c,d)

a,b,c,dallrealand b = ¢ }

(h) By the definition of arclength parametrisation, the arclength along the curve between
r(0) and r(s) is s. In particular, the arclength between r(0) and r(3) is 3 and the arclength
between r(0) and r(5), which is the same as the arclength between r(0) and r(3) plus the
arclength between r(3) and r(5), is 5. So the arclength between r(3) and r(5) is 5 — 3 = 2.

(i) In this solution, we’ll use, for example —T to refer to the curve T, but with the arrow
pointing in the opposite direction to that of the arrow on T.

In parts (2), (3) and (4) we will choose F to be the vector field

_ ¥y . X .
G(xly) - x2+y21+ XZ +y2]

We saw, in Example 2.3.14 of the CLP-4 text, that V x G = 0 except at the origin where it
is not defined. We also saw, in Example 4.3.8 of the CLP-4 text, that <§C G -dr = 27t for
any counterclockwise oriented circle centred on the origin.

(1) Let R4 be the region between S and T. It is the shaded region in the figure on the
left below. Note that R is contained in the domain of F, so that V x F = 0 on all of
R1. The boundary of R is S — T, meaning that the boundary consists of two parts,
with one part being S and the other part being —T. So, by Stokes’” theorem

JFdr—JF-dr:f F-dr:HVxF-Rdszo
S T 0R4q =
1

and (1) is true.
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(2) False. Choose a coordinate system so that Q is at the origin and choose F = G. We

saw, in Examples 2.3.14 and 4.3.8 of the CLP-4 text, that the curl of G vanished
everywhere except at the origin, where it was not defined, but that {, G - dr # 0.

(3),(4) False. Here is a counterxample that shows that both (3) and (4) are false. Choose a

coordinate system so that Q is at the origin and choose F = G. By Stokes’ theorem

JG-dr:JGdr:O
S T

because V x G = 0 everywhere inside S, including at P. So now both parts (3) and
(4) reduce to the claim that §{; G -dr = {; G - dr.

We saw, in Example 4.3.8 of the CLP-4 text, that {; G - dr = 27.

To finish off the counterexample, we’'ll now show that {,; G - dr = —27. Let R, be
the region between U and R. It is the shaded region in the figure on the right above.
Note that V x G = 0 on all of R,. including at P. The boundary of R, is —U — R,
meaning that the boundary consists of two parts, with one part being —U and the
other part being —R. So, by Stokes’ theorem

—fc.dr—fc-dr: G-drzﬂvxc-ﬁdszo
u R R, =
2

and {;G -dr=—-{;G-dr =27

(5) False. For any conservative vector field F, with potential f, SV F - dr is just the

difference of the values of f at the two end points of V. It is easy to choose an f for
which those two values are different. For example f(x,y) = x does the job.

(j) Let S be any closed surface and denote by V the volume that it encloses. Presumably
the question assumes that S is oriented so that S = JV. Then by the divergence theorem

|[Foads=[[Fnas=[[[v-Fav
S ov 1%

This is exactly the volume of V if V - F = 1 everywhere. One vector field Fwith V- F =1
everywhere is F = x1.

(k) Let C be the counterclockwise boundary of a small square centred on P, like the blue
curve in the figure below, but much smaller. Call the square (the inside of C) S.
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By Stokes’ theorem

J VxF-RdS:ng-dr
S C

o The contribution to §. F - dr coming from the left and right sides of C will be zero,
because F is perpendicular to dr there.

o The contribution to §, F - dr coming from the top of C will be negative, because
there F is a positive number times 7 and dr is a negative number times i.

o The contribution to §. F - dr coming from the bottom of C will be positive, because
there F is a positive number times i and dr is a positive number times 1.

o The magnitude of the contribution from the top of C will be larger than the
magnitude of the contribution from the bottom of C, because |F| is larger on the top
than on the bottom.

So, all together, §, F - dr < 0, and consequently (taking a limit as the square size tends to
zero) V x F - k is negative at P.

5-5: (a) False. We could have, for example, V - F zero at one point and strictly positive
elsewhere. One example would be F = x*1 + % + z3 k, with S; and S, being the upward
oriented top and bottom hemispheres, respectively, of the unit sphere x? + y> + z2 = 1.

(b) False. The conditions that (1) V x F = 0 and (2) the domain of F is simply-connected,
are sufficient, but not necessary, to imply that F is conservative. For example the vector
tield F = 0, with any domain at all, is conservative with potential 0. Another example
(which does not depend on choosing a domain that is smaller than the largest possible
domain) is F = Vﬂ;% with domain { (x,y,z) | (x,y) # (0,0) }. That s, the domain is R®
with the z-axis removed.

(c) That's true. Consider any point r(fp) on a parametrized curve r(t). That’s the blue
point in the figure below. The centre of curvature for the curve at r(f) is

A r(to)
T
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¢ = r(ty) + p(to)N(tp). It is the red dot in the figure.

o The radius of the osculating circle is the distance from its centre, ¢, to any point of
the circle, like r(tg). That's [r(tg) — ¢| = |p(to)N(to)| = p(to). The curvature of the
osculating circle is one over its radius. So its curvature is ﬁ = k(to).

o The unit normal to the osculating circle at () is a unit vector in the opposite
direction to the radius vector from the centre c to r(fp). The radius vector is
1(tg) — co = —p(to)N(tg), so the unit normal is N(tp).

o The osculating circle lies in the plane that best fits the curve near r(fy). (See the
beginning of §1.4 in the CLP-4 text.) So the unit tangents to the osculating circle at
1(t) are perpendicular to both N(ty) and B(ty) and so are either T(t) or —T(to),
depending on how we orient the osculating circle.

(d) False. Kepler’s third law is that a planet orbiting a sun has the square of the period
proportional to the cube of the major axis of the orbit.

(e) True. That’s part (a) of Theorem 4.1.7 in the CLP-4 text.
(f) True. Every domain contains closed surfaces. This has nothing to do with vector fields.
(g) True. We saw this in Example 2.3.4 in the CLP-4 text.

(h) False. Let F be an everywhere defined conservative vector field with potential ¢.
Then V x F = 0 everywhere. If P and Q are two points and if ¢(P) — ¢(Q) =3 and if C
is a curve from Q to P, then SC F - dr = 3. One example would be ¢(x,y,z) = x, F =1,

P =(3,0,0),Q=(0,0,0).

(i) False. The normal component of acceleration depends on speed, as well as curvature.

(j) False. The curve r; contains only points in the xy-plane. Every r,(f) with f # 0 has a
nonzero z-coordinate.

S-6: (a) False. Changing the orientation of a surface does not change dS at all. (It changes
AdS by a factor of (—1).) So

| £as=-+]] ras

S -

which is not — {§ ¢ f dS, unless the integral is zero.

(b) False. For every vector field with two continuous partial derivatives, V- (V x F) =0
(see Theorem 4.1.7.a in the CLP-4 text), so the divergence theorem gives

g(vxF).ﬁds:fﬂvmvxF)dvzo

whether or not F is conservative.

(c) True. Define the vector field F = fi. Then, by Stokes” theorem,

Lfdx:LF-dr:ngF-ﬁdszg(Z—f;j—g—f;li) -fdS
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(d) True. The left hand side, (Vf) x (Vf), is zero because (V f) is parallel to itself and
the right hand side V x (V) is zero by Theorem 4.1.7.b (the screening test for
conservative fields) of the CLP-4 text.

(e) True. The curve r(f) = (2 ,0, 1) + 1 (4 , —1, —2) is a straight line. Straight lines have
curvature 0.

f) True. In general |1/ (t)| = Under arc length parametrization t = s so that ds =1.
(f) g = gthp

(g) True. If F is a constant vector fleld, then, by the divergence thoerem,
|[¥-nas = [[[v-rav—|[[oav -0
S 14 14

(h) False. The statement V x F = (x,y, z) means that F is a vector potential for the vector
field G = (x,y, z). But G fails the screening test V - G = 0 for vector potentials.

S-7: (a) P is the x-component of F. As we travel vertically upward through A, that
x-component decreases. Hence P, < 0 at A.

(b) Q is the y-component of F. As we travel horizontally to the right through A, that
y-component increases. Hence Q, > 0 at A.

)V xF=(Qx— )k and Q, — P, > 0 at A, so that the curl of F at A is in the direction
of +k.

(d) Along the curve C; the magnitude of the angle between F and dr is less than 90°, so
that F-dr > Oand f, F-dr>0.

(e) Along the curve C, the magnitude of the angle between F and dr is greater than 90°,
sothatF-dr <0and {, F-dr <0.

(f) I F were conservative, we would have Scl F.dr = SCZ F - dr. As these two integrals
have opposite signs F is not conservative. (Since F is not conservative, it is not the
gradient of some function. At A, P, > 0 and Q, > 0. So F is not divergence free and is not
the curl of a vector potential.)

S-8: (a) False. The curve ry contains only points with z > 0. Every r(t) with t < 0 has
z < 0.

(b) True. 1(t*) = r1(t) and t? runs from 0 to 1 as t runs from 0 to 1.
(c) True. In general |¢'(t)| = 4. Whent =5, & = 1.

(d) False. The curve need not even lie in a plane. For example, as we saw in Example
1.4.4 of the CLP-4 text, the helix r(t) = acosti+ bsintj + bt k has constant curvature
K = -z butis not a circle.

(e) True. If the speed |v| = /v - v of a moving object is constant, then

d
0:$(v-v) =2v-a
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(f) False. If the vector field F(x,y,z) = _—yzi -+

/ 2+y21 + x2+y
Examples 2.3.14 and 4.3.8 of the CLP-4 text that the vector field
conservative.

P +y2 -] + zk were conservative, its

——], to the xy-plane would also be conservative. But we saw in

21+

restriction

j is not

2+y x2+y2

(g) False. The vector field of part (f), with domain { (x,y,z) | x> + y* > 1 }, provides a
counterexample.

(h) False. The curve x> + y? = 2 can not be shrunk to a point continuously in
{(xy) | *+y*>1}

(i) True. Any curvein { (x,y) | ¥ > x* } can be shrunk to a point continuously in

{(xy)|y>x*}

(j) True. By the divergence theorem,

‘ngFﬁd&:Q‘V(VdeV:O

since V - (V x F) = 0 by the vector identity of Theorem 4.1.7.a in the CLP-4 text.

S9:

(a) True. In general |¥'(t)| = 3? Whent =s, gi =1.

(b) False. The curve need not even lie in a plane. For example, as we saw in Example
1.4.4 of the CLP-4 text, the helix r(t) = acosti+ bsintj+ bt k has constant curvature
K= 20 +b2 but is not a circle.

(c) True. See Theorem 2.4.7 of the CLP-4 text.

(d) False. The vector field F(x,y,z) =

_|_

2 _Wz " _’ﬁyzj, with domain

{(x,y,2) | P+y*>1}
provides a counterexample.
(e) False. The curve r; contains only points with z > 0. Every r,(f) with t < 0has z < 0.
(f) True. ro(#?) = r1(t) and #* runs from 0 to 1 as t runs from 0 to 1.
(g) True. V - (V x F) = 0 by the vector identity of Theorem 4.1.7.a in the CLP-4 text.
(h) False. A counterexample is f(x,y,z) = x2. Ithas Vf = 2xiand hence V - (Vf) = 2.

(i) False. The curve x2 + y? = 2 can not be shrunk to a point continuously in
{(xy) | *+y*>1}
(j) True. Any curvein { (x,y) | y > x> } can be shrunk to a point continuously in

{(xy) |y>2*}
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S-10: (a) False. Vf = 0 if and only if f is constant. But if f is the constant K, then - f ds
is K times the length of C, which need not be zero.

(b) False. Any curve which lies in a plane has constant binormal. For example, the circle
r(t) = costi+ sintj + 0k has constant binormal B = k, but is not a straight line.

(c) True. If r(t) has constant speed, the ( 5 (t))2 = 1'(t) - ¥'(t) is constant and

(d) False. For the line integral {- (F x G) - dr to be independent of the path C, the vector
field F x G has to be conservative and so has to obey V x (F x G) = 0. But

o Not all vector fields are conservative. For example, the vector field H = x j obeys
V x H = k and so is not conservative.

o We can make F x G be any vector field through ]ud1c10us Ch01ces of F and G. For
example, if F = xkand G =i, then Fx G = xk xi=xj =

(e) True. The contribution to §- f ds from an “infinitesmal piece of C” is the value of f on
the piece times the length of the piece. That does not depend on the orientation of the
piece.

(f) False. The two vectors in the cross product % gﬁ are identical. So the cross product
is 0.
(g) False. The integral is completely independent of x(u, v) and y(u, v). In particular if,
for example, x(u,v) = 157u, y(u,v) = 157v, z(1,v) = 0 then

1/2
o (1 + (2—5)2 + (%)2> dudv is always exactly the area of D, while the area of S is
1572 times the area of D.

(h) True. If the fluid is incompressible then its flow preserves volumes and consequently
V.-F=0.

(i) Not only False, but Ridiculous. The left had side is scalar valued while the right hand
side is vector valued.

S-11: (a) True. That V - (V x F) = 0 is the vector identity of Theorem 4.1.7.a. That
identity is the basis of the vector potential screening test.

(b) False. If F is not conservative, then {~ F - dr will depend on the endpoints of C.
(c) True. If Vf = 0, then

%(x,y,z) =0 — f(x,y,2) =gy, 2)
Lepn=0o  —  Luo- — g2 =he)
%(x,y,z) =0 — W(z) =0 = h(z) =C




for some functions g(y, z), h(z) and constant C.

(d) False. The curl V x F is zero for every conservative vector fields F. There are many
nonconstant conservative vector fields, like F(x,y,z) = x1i.

(e) True. As S is closed, it is the boundary of a solid region V. Then, by the divergence

theorem,
JJFﬁdS :fj V. -FdV =0
S 1%

(f) True. If SC F - dr = 0O for every closed curve C, then F is conservative by Theorem 2.4.7
in the CLP-4 text. Consequently, V x F = 0 by Theorem 2.3.9.

(g) True. If the speed |v| is constant then

!
o dt

d

0 |V\Z=E(v-v):2v-a

Since T = ﬁ, T-a = 0 too. Here, we have assumed that the constant |v]| is not zero. If the
constant |v| is zero, then T is not defined at all (and a = 0).

(h) False. The trap here is that the curve is in IR?, not R%. As we saw in Example 1.4.4 of
the CLP-4 text, a helix has constant curvature, but does not lie in a plane and so is not
part of a circle.

(i) False. The trap here is that we are told nothing about V - F. As an example, let S; be
the hemisphere
Si={(xvyz)|*+y¥*+2z2=12>0}

with upward pointing normal and S, be the disk
So={(xy0)|x*+y* <1}

also with upward pointing normal.

=>

S1

S

Set
Vz{(x,y,Z)\0<z<\m,x2+y2<1}

Then the boundary, 0V, of V consists of two parts, namely S; (with normal pointing
upwards) and S, (but with normal pointing downwards). The divergence theorem
(Theorem 4.2.2 of the CLP-4 text) gives

JfF-ﬁdS—ffF-ﬁdS = Jf V. .FdV
51 Sy |4
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If V- F > 0 (as is the case, for example, if F = x1) then Sgsl F-AdS— SSSZ F-AdSis
definitely nonzero.

(j) True. This is one of Kepler’s laws. See §1.9 in the CLP-4 text.

S-12: It’s (b). (a) is gibberish — the left hand side is a scalar while the right hand side is a
vector. (c) is also gibberish — the left hand side is a vector while the right hand side is a
scalar. (b) is the vector identity of Theorem 4.1.4.c in the CLP-4 text.

S-13: (a) False. For example, if f(x,y,z) = x2, then Vf=2xiand V-V f =2.

(b) Not only false, but ridiculous. The left hand side is a vector while the right hand side
is a scalar.

(c) Not only false, but ridiculous. The right hand side is a vector while the left hand side
is a scalar.

(d) True. That’s the screening test for conservative fields, Theorem 4.1.7.b in the CLP-4
text.

(e) Not only false, but ridiculous. The curl of a scalar function is not defined.

(f) True. That’s the screening test for vector potentials, Theorem 4.1.7.a in the CLP-4 text.

(g) False.
r 0 X 0 y 0 z
V — = = 4 -
|2 axﬂ+yl+%*ﬂ@xl+%+a2+azﬂ+yl+£
__ 1 B 2x? N 1 B 2y°
xZ + yZ + ZZ [xz + yz + 22]2 xZ + yZ + Z2 [xz + ]/2 + 22]2
1 272

+ —
x2+y2+22 [x2+y2+22]2
3[x? + y? + 2% — 2x? — 2y% — 272
2+ y2 22

1
X242+ 22

(h) False. For any constant vector w = (w1, wz, w3),

i j k
wxr=det |w wy w3| = (wrz—wsy)i— (w1z— w3x)j+ (w1y — wrx)j
X Yy oz
So
i j k
V x (w x r) = det g—x g—y % = 2w1l + 2wyj + 2wsk
Wz — w3y —wiz+ wsx w1y — wrx
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is nonzero, unless the constant vector w = 0.

(i) True. The given equation is equivalent (by the vector identity Theorem 4.1.4.c in the

CLP-4 text) to
g V~(fF)dV:JQfF-ﬁdS

which is true by the divergence theorem.

(j) False. One of the variants of the divergence theorem given in Theorem 4.2.9 of the

CLP-4 textis
ﬂfﬁdszﬂ Vfdv
oQ Q

Note that the sign on the right hand side is “+”, not “—". In order for the equation given
in part (j) to be true, it would be necessary that {{{, V£ dV = 0 for all smooth scalar
functions f. That’s silly. One counterexample is

fxy=x Q={(xyz) |+ +2<1}

Then

ands—ﬂ (xi+yj+zk) s—zﬂx ds
H Vfdv__m dvz_ffﬂdv

The coefficient of 7 is obviously strictly positive in the upper integral and strictly negative
in the lower integral.

S-14: (a) True. If the vector field is F = ai 4 bj + ck, then f(x,y,z) = ax + by + cz obeys
= V{ and so is a potential for F.

(b) False. For example the vector field F = xi — yj obeys V - F = 0 but is not a constant
vector field.

(c) True, assuming that r(¢) is not indentically 0. If r(¢) and % are orthogonal at all points

of the curve C, then

d dr
S0 x(0) = 26()- S (0) =0

So x(t)? +y(t)? + z(t)? = 1(t) - r(t) is a constant. If r(t) is not indentically 0, that constant
must be strictly positive. That is x(¢)? + y(t)? + z(t)? = a? for some constant a > 0.

(d) False. The curvature (see §1.5 in the CLP-4 text) is




Changing the orientation of the curve amounts to replacing ¢ by —t. This changes the
signs of T and r’, but does not change x, because the absolute values eliminate the signs.

(e) False. For example, the vector field F = 0, with domain { (x,y,z) |x*+y*> >0 }isa
conservative vector field (with potential 0) whose domain is not simply connected. As a

less nitpicky example, let F = Vf with f = + 5. The biggest possible domain for this

vector field is also { (x,y,z) | x> +y* >0 }.

S-15: (a) We are to compute the divergence of x?y i + ¢¥ sin x j 4 ¢** k. Since

0
= (x%y) = 2xy
(3— (e¥sinx) = e¥sinx
0
E(ezx) = xe
the specified divergence is

V. (x*yi+e¥sinxj+ e k) = 2xy + ¢ sinx + xe**

(b) The specified curl is

i ik
V x (cosx?i—yzj+xzk) =det | & g—y | =yi—zj
cosx? —y3z xz

(c) In principle, the domain could be any subset of { (x,y,z) | x> + y* > 0 }. We are not
told which subset to use, so, by default, D is the maximal domain

D={(xyz)|x¥*+y">0}={(xy2)]|(xy) #(0,0)}

This D is connected (any two points in D can be joined by a curve that lies completely in
D) but is not simply connected (the simple closed curve r(6) = cos 61 +sin6j,

0 < 0 < 27t lies in D but cannot be shrunk to a point continuously in D). So (I) and (IV)
are true. That’s (iii).

(d) False. If the position of the particle at time t is r(t) = cos t1 + sint], then its speed is

the constant 1 but its acceleration is — cos t7 — sin t j, which is nonzero.

S-16: (a) True. By the vector identity of Theorem 4.1.5.c in the CLP-4 text,
Vx (fVf) = (V) x(V )+ fV x(Vf)=0

The second term vanished because of the screening test vector identity of Theorem
4.1.7 b in the CLP-4 text.

(b) True. That’s the vector identity of Theorem 4.1.4.c in the CLP-4 text.
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(c) True. To have constant curvature 0 the curve must have unit tangent vector T(s)
obeying
dT
)=

(See §1.5 in the CLP-4 text.) So r'(s) = T(s) must be a constant vector. Call it Tj.
Integrating gives

0

1(s) = sTo + 1o
for some constant vector ry. So r(s) lies on the same straight line for all s.

(d) False. The trap here is that the curve is in R3, not R2. As we saw in Example 1.4.4 of
the CLP-4 text, a helix has constant curvature, but does not lie in a plane and so is not
part of a circle.

(e) True. The vector field F = V f is conservative. So, by Theorem 2.4.7.b in the CLP-4
text, the work integral

fo-dr:J F-dr =0
C C

for any closed curve C, and, in particular, for any circle C.

(f) True. The statement that “the flux out of one hemisphere is equal to the flux into the
opposite hemisphere” is equivalent to the statement that “the flux out of the sphere is
equal to zero”. Since V - F = 0 everywhere, that is true by the divergence theorem.

(g) True. Let S be the boundary of the solid region V. Then, by the divergence theorem
(Theorem 4.2.9 of the CLP-4 text),

UVxF-ﬁdS:U V. (VxF)dv

But V - (V x F) is identically zero, by the screening test vector identity of Theorem
4.1.7.a in the CLP-4 text. So the integral is zero.

-17: (a) True. Let F be the vector field. We are assuming that V x F = 0 on all of R3. Asa
result, F = V¢ for some potential function ¢. We are also assuming that

0=V -F=V: V¢ = ( ca+ 622 + 622)4) This is the definition of “¢ is harmonic”.

(b) False. Let F be the vector field. We are assuming that F = V¢ for some potential
function ¢. If S is any smooth closed surface, with S being the boundary of the solid V,
then, by the divergence theorem, the outward flux of F through S is

Hpﬁdszﬂ V-dezﬂ V-Vc;)dV:ffJ(g%Jrgiszr%)cj)dV
S Vv v \%

If, for example, ¢ = x?, then (ﬁx2 + 4 ia T ﬂZZ)(]) = 2 and the flux of F through S is twice
the volume of V, which is not zero.
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S-18: (a) True. The vector field V f is conservative and the work done by a conservative
field around any closed curve is zero.

(b) False. By the vector identity Theorem 4.1.7.a in the CLP-4 text, we have
V- (VxF)=0

for all vector fields F. But V - (xi+yj 4+ zk) = 3.

S-19: (a) §- Vf - dr = 0 is the work done along the curve using the conservative force V.
That work is difference between the potential f at the final point minus the potential f at
the initial point. If the final and initial points are both on the level surface f(x,y,z) = 0,
that difference is zero.

(b) The rate of change of the specified vector is

d /
av(t) xr(t) = v (t) x r(t) +v(t) x v(t)

The first term vanishes because v/(t) = a(t) = f()r(¢) is parallel to r(¢). The second
term vanishes because v(t) = v(t).

(c) Call the constant vector v x r of part (b) N. This vector is a constant and is
perpendicular to both v(f) and r(¢). In particular

N-r(t) =0

Assuming that N is nonzero, this is the equation of the plane through the origin with
normal vector N.

(d) Yes, as long as T, N, and B are well-defined, since B = T x N.

(e) No. When the maximum speed occurs j—i; = 0 so that a = «(f) (%(iﬁ))2 N(t). If the

speed and (constant) curvature are nonzero, the acceleration is nonzero.

S-20: We apply Green’s Theorem:
B ok JR
LFldx-l—dey—Jf(ax ay)dxd]/
R
1 1
(a) 5 J —ydx+xdy = 5 Jf {1—(-1)}dxdy = Area(R)
¢ R
1 1
(b) EJ —xdx+ydy = 5 JJdedy =0 # Area(R)
C
R

(c) Lydx = ff{ — 1} dxdy = —Area(R) # Area(R)
R
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(d) L3y dx +4xdy = Jf {4 -3} dxdy = Area(R)
R

S-21: (a) True. Since v = |v| = 1 is constant, we have
do . - . «
a= 3 T+0%N =0T +xN.
Thus 1 = |a| = x|N|, ie., x = 1.

(a) (Again.) Since v-v = lv|? = 1 for all ¢, differentiation givesv-a=0,ie,v .l a
always. It follows that |v x a] = |v||a|sinf = 1 always, because the angle 6 here is

always 7t/2. Thus, for all ¢,
_Jvxal 1

Er - =1
v 1

(b) True . By the divergence theorem, if V is the solid bounded by S,

HVW-ﬁdS:ﬂJV-(Vﬁ)dV:O

since V- (V x F) = 0.

(c) False. If F = 0 and G is any nonzero, conservative field, like G = 2xi = V(x?), then

§F-dr:§G-dr:0
C

C

for every closed curve C.

S-22: (a) Define Q(t) = r(t) x v(t). Then by the product rule,

It follows that Q) is constant.

(b) By the divergence theorem, where R is the solid cylinder as described,

£J(xi—yj+zzﬁ)-ﬁd5 :fyu—uzz) dvzzfﬂzdv

The solid R clearly has reflection symmetry across the plane z = 2. So the z-coordinate of
the centre of mass of R, i.e. the average value of z over R, i.e.

WrzdV _ igzdV

T edV  VoI(R)
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is 2. Hence
H(xi—yj+zz k) - AdS = 22Vol(R) = 4Vol(R)
S

By basic geometry, Vol(R) = 7r?h = 7tb?2. Hence

ﬂ(xi—yﬁzzﬁ) . fdS = 87h?
S

(c) By Stokes’ theorem (Theorem 4.4.1 in the CLP-4 text),

;F-dr:JJG-ﬁdS — JJVXF-ﬁdS:JJG-ﬁdS
D D D

oD
— U(VxF—G)-ﬁdS:O
D

for all disks D. Because this is true for all disks D, the integrand must be zero. To see this,
let H=V x F — G. Suppose that H(xg) # 0. Pick a unit vector fi in the direction of
H(xp). Let D be a very small flat disk centered on x( with normal f (the vector we
picked). Then H(xg) - i > 0 and, by continuity, H(x) - i > 0 for all x on D, if we have
picked D small enough. Then {{, (V x F— G) - 1dS > 0, which is a contradiction. So we
conclude that V x F — G = 0 and hence G = V x F.
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