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Marks

[20] 1. Consider the following first order PDE
ut+u3um=0, t>0, —oco<x<+00

with u(z,0) = 1 when 0 < < 1 and u(x,0) = 0 otherwise.
(i) (15) Find the solution with expansion fan and shock.

(ii) (5) Locate the time ¢5 when the expansion fan hits the shock. Find the solution
when ¢t > tg.
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25] 2.

25] 3.

Consider the following wave equation
Uy — gy = fx,t), 0<z < o0, t>0
u(r,0) = ¢(z), ur(x,0) =Y(x), 0 <z < +00

w(0,t) = h(t), t >0

(i) (10) Find the general solution to the above wave equation when f = 0,¢ = 0 and
Y=0

(ii) (10) Find the solution to the above wave equation with
Flot) =at, d(e) =1, w(x)=sinz, h(t)=e'

(iii) (5) Use the energy method to show that the solution to the above wave equation
is unique.

Consider the following diffusion equation

Ut = Upy +2Up +u, O0<ax<1, t>0
u(z,0) =¢(z), 0<zx<l1
u(0,t) =0, 2uy(1,t) —u(l,t) =0, t >0

(i) (20) Use the method of separation of variables to find the general solution.

(ii) (5) Under what condition on the initial condition ¢ is the solution obtained in (i)
bounded? Justify your answer.
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4. Consider the following Laplace equation u;; + uy, = 0 in the disk of radius a defined
by D = {(z,y) | 22 +y* < a®}, with u(z,y) = 1 + 22 + 3zy on the boundary of D:
2?2 + 42 = a2,

(5) Without solving the problem explicitly, find the value of u(0,0), and the maximum
and minimum values of u in D. (5) Justify your answer.

5. Use the method of separation of variables to solve the following Laplace equation
Upy +Uyy =0 in D={(z,y) | 2> +y* >4, >0, y> 0},

uy(x,0) =0 for >0, and u(0,y) =0 fory >0,

u(z,y) =y?>on 22 +y?>=4,2 >0,y >0,

u(z,y) is bounded.
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