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1. Consider the differential equation

@
(b)
(©

(d)

32%y" + 5z + (x — 1)y =0 @
Classify the points0 < z < oo asordinary points, regular singular points, or irregular singular points.

&)
Find two values of r such that there are solutions of theform y(z) = 3 a,z"*".
n=0

Use the series expansion in (b) to determine two independent solutions of (1). You only need to calculate
thefirst three non-zero termsin each case.

Determine the radius of convergence of the seriesin ().
[25 marks]



(Question 1 Continued)



2. Find the solution to the following initial boundary value problem for the heat equation:

U = Ugp+u, 0<ax<l, t>0
uy(0,t) = Oandu,(l,t)=1
u(z,0) = cos(2mz), O<zx<1
. ! (_1)n+1 )
Hint: /cos(nﬂ'm) cos(x)dx = E=1 sin(1)
0

[20 marks]



(Question 2 Continued)



3. The displacement u(z,t) of astring of length 1 satisfies the wave equation us; = c®u,,. The string is set in

motion from its equilibrium position « = 0 with aninitial velocity g(z) while both the ends of the string are held
fixed.

(8 Write down the initial boundary value problem satisfied by the displacement w(x, ¢) of the string, and
determine the solution to this equation.

(b) Find u(z,t) when g(z) is defined as follows:

[15 marks]



(Question 3 Continued)



4. Use separation of variables to solve the following boundary value problem for part of the annular region:

Upr + =Up + —5Uoo
r r

Ue(ﬂ 0
u(a,d

)
)

0, a<r<b 0<O<m/2

0 and wg(r,7/2) =0
1+ cos(46) and u(b,0) =0

[20 marks]



(Question 4 Continued)



5. Consider the following Sturm-Liouville boundary value problem:
v +Xxy = 0, 0<zx<l1
y'(0) = 0 and y(1)+y'(1)=0

(@) Determinethe form of the eigenfunctions and the equation satisfied by the eigenvalues for boundary value

problem (2).
(b) Show that there exists an infinite sequence \,, of eigenvalues and estimate \,, for large values of n.

(©) Now show how you would use the above eigenvalues and eigenfunctions to solve the following initial
boundary value problem for the heat equation:;

U = Uge, O0<xz <1, t>0
ug(0,8) = Oandu(l,t) +u,(1,t) =0
u(z,0) = f(z), 0<z<l1

[20 marks]
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