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February 18, 2025. A map to the flag variety Fl,; = GLy1/B from
P! is linear if it is given by (zg : 1) — goZo + g1Z1, modulo elements
of B, where go, 91 € gl,,;; it is based if (1:0) — Id, again modulo
elements of B.

Theorem. The space of based linear maps P* — Fl,, 1 is isomorphic
to GL,, x C™.

Proof: For a based linear map, we may pick a representative in the
mod B equivalence class where go = Id. Then the map is uniquely
determined by the first n columns of g; , which in turn is determined
by (a,v) € gl,, x C™ as follows:

The corresponding map to Fl,, 1 is well defined if and only if the first
n columns of Idzg + g1z are independent for all A = zo/z;. This
condition is equivalent to the following:

Ker(a® — AI1d) NKer(v¥) =0 VA eC
< Im(a — A1d) & Im(v) = C"
<=  a degree n — 1 polynomial p such that p(a)v = 0

VA an eigenvalue of o

«— {v,av,...,a" v} spans C"
< (a,v) € f(GL, x C")

In the last step f : gl,, x C* — gl, x C™ is the map (a,v) — (B, w)
where B = (v|av|...|a" 1) is the matrix whose k" column is the

vector a*~1v and w = a™v. The theorem then fol-

lows from the observation that f|¢-1(gL, xcn) is an
isomorphism onto its image with inverse given by

ﬁ‘llw g1

and v is given by the 15 column of 5 W

The open set f~1(GL, x C") is given by the condition that (a,v) is
a stable representation of the quiver shown on the front of this card.
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